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PBEFACE 

THE SIXTH EDITION. 



In issuing tlie Sixth Edition of the present work, it may 
not be improper to mention that the Second Edition, 
published in 1863, was altered in several respects from 
the First Edition, pubUehed in 1860, and that each Rub- 
Bequent Edition has imdergone a careful revision. In 
the present Edition some changes have been made in 
the technical terms employed, and two chapters have 
been rewritten : viz. Chapter IX., Part I., on the ' De- 
flection and Rupture of Beams;' and Chapter III., 
Part II., on ' Force and Motion.' At the end of the 
latter will be found the three laws of motion, as stated 
by Newton, together with his illustrations of them, 
translated from the Introduction to the 'Principia,' 
All the Examples have been worked through several 
times, and it may he presumed that the Answers are 
correct, with few exceptions. The unit of force in 
which they are expressed — with such exceptions as are 
apparent from the context — is the gravitation unit. 



VI PEEFACE TO THE SIXTH EDITION. 

tbe force of one pound, as defined on p. 48. What is 
meant by the absolute unit of force is explained in 
Chapter III. of Fart II., and the subject is illustrated 
by some Examples. Ou the whole, it is hoped that the 
later Editions have been considerably improved. 

J. F. T. 
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PEEFACB 

THE FIRST EDITION. 



The following Treatise ib designed to be an Introdnction 
to the science of Applied Mecha/mcs ; in this it differu 
from all the elementary works commonly in nse, which 
are introductory to BoMotujI Mecka/nics. How great a 
difference is cansed by this circumstance will appear from 
an inspection of the Contents ; it may, however, be men- 
lioned that, at the least, one-half of the present work has 
DO counterpart in any Elementary Treatise that haa fallen 
under the author's notice. That so great a divergence from 
the usnal type should be possible seems sufBcient reason for 
believing that something ia wanting in the ordinary works ; 
but how far the present will supply that want is, of course, 
another question. It was originally intended to be a book 
of Examples, and a supplement to others already in exist- 
ence : it was, however, foimd that by a few additions 
it could be made independent, and it was thought that 
what was gained in point of convenience by completeness, 
would more than compensate a small increase of aze and 
cost, , ,. ,,, ^,^,1,,,,^ 



VlU PREFACE TO 

The Twk is intended to comprise two courses : tlie firat 
ia contained in Chapter I., the first section of Chapter II., 
and Chapter III. of Fart I., and in Chapter I. of Part II. ; 
the second forms the remainder of the book. The first 
course may be read by any one who understands arithmetic, 
a little algebra, practical geometry, and the rules of men- 
suration ; in many of the Examples it is intended that a 
geometrical construction should take the place of calcu- 
lation: instances of the use of construction are given in 
Examples 178, 216, &c. In this course the principles of 
the science are merely stated, their formal demoustra- 
tion being reserved to the second course ; in other words, 
the order most convenient for teaching and learning has 
been followed at some sacrifice of the systematic develop- 
ment of the subject. The second course jn-esupposes that 
the reader is acquainted with Euclid, algebra, and trigo- 
nometry, as coromonly taught in schools j a very few 
Examples are inserted which require some acquaintance 
with co-ordinate geometry and the differential calculus j • 
the reason for their insertion wiU generally be obvious 
from the contest in which they occur. Frequent use has 
been made of simple geometrical limits ; they will pro- 
bably present but little diflScolty to the reader; some 
remarks on the subject of limits will be found iu the 
Appendix. 

Very many Examples require numerical answers ; it is 
hoped that, but few of the arithmetical operations will 
prove laborious to any one who possesses a proper fecility 
in manipulating numbers, and it must be remembered 

* Moat of l^«>e Examples us contained in Chap. IX., Put I. ; tha 
othetB are dietingituhed bj an Bateiislc. 



THE FIBST EDITION. IX 

that few tMngs are more important to a learner in the 
earlier stages of bis progress than that he should be con- 
tinually referred to the nmnerical results that follow from 
the formulae he investigates. Hints and explanations have 
been &eely given in connection with the more difficult 
Kxamples, and it is hoped thej will be found sufficient to 
enable the reader to complete the solutions, though many 
of them are important mechanical theorem^, and some of 
them but rarely to be met with (e.g. Examples 134, 149, 
393, 429, 522, 553, 566, &&.). 

A list ia aubjoiaed of the principal works referred to in 
drawing up the present Treatise ; particular instances of 
obhgation are acknowledged in the footnotes in the course 
of the work. A more explicit recognition of assistance is 
due to the Eev. H. Moeeley, Canon of Bristol ; about two 
hundred of the Examples were given by him to bis classes 
at King's College, London, in the years 1840, I, 2, 3 ; 
these he very kindly placed at the author's disposal, and 
also gave hi'm permission to use freely his excellent Treatise 
on the 'Mechanical Principles of Engineering' — a permis- 
sion of which great use has been made, 

Stus CoLLoaB: Augatt 1S60. 
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PEACTICAIi MECHANICS. 



OS SOME OF THE PHYSICAL PBOPERTIEg OF MATEEIALfl. 

1. Properties of Materials. — The p-esent chapter is 
intended to serve as an introduction to those that follow. 
It contains examples illustrative of the more obvious 
physical properties of the materials commonly used in 
construction and machinery. These physical properties 
are (1) Weight; (2) Expansion or Contraction, produced 
by change of temperature ; (3) Elongation and Compres- 
sion, produced by Tension or Pressure; (4) Resistance 
offered to Bupture by Tension ; (5) Eesistance offered to 
Eupture by Compreaeion. 

2. Weight. — For estimatmg the weight of bodies with 
sufficient accuracy it may be assumed that the weight of 
a cubic foot of water is 1000 oz. This number is easily 
remembered, and is within a very little of the truth. In 
every example contained in the following pages wherein 
the weight of bodies is concerned, it will be assumed that 
the weight of a cubic foot of water is 1000 oz,, nnless the 
contrary is specified. As a matter of feet, a cubic foot of 
pure water at 39° F, (when its density is greatest) weighs 
998'8 oz. It may also be convenient for the reader to 
remember that a gallon contains 277*274 cubio inches. 
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and that a gallon of water at the standard temperature 
(62" F.) weighs 10 lbs. 

£1. I. — A reMrrair ia intemallj 12 ft. long, B ft. vide, and 3 ft. deep : 
determine ths veight of Uie water it eoatuDS wbea fall, and the least 
enoT piodnc«d b; cooaidering that eadi cubic foot TsighB 1000 oe. 

Jm. Weight, 6 tons, cwt. SO lbs. 
Error, 13} lbs. 

£r. 2. — A cylindrical holier terminated bj plane eods, is intemallj IS ft. 
long aod t fU in dinraetei ; through the lover half pass lengthviee SO fire- 
tnbee, 3 in. in external diameter: determine the Tolome and weight of the 
water contained in it when the surface of the water passes thningli the 
centres of the ends. Ant. Vol. 5713 cubic ft. 

Weight, I ton, 12 cwts. qr. S-S lbs. 

Ex.3. — The snrfoce of a pond measures 10 acres; in tiie'course of a 
period of dry weather the enrface falls 1} in. by evaporation : what is the 
weight of the water that has been withdrawn ? Am. 1 5:i0 tons, nearly. 

3. Specific Gravity. — The specific gravity or specific 
density of a Bolid oc liquid substance is the proportion 
which the weight of a certain volume of that substance 
bears to the weight of an equal volume of wat«r ; thus 
wheo it is stated that the specific gravity of cast iron is 
7-2070, it means that a cubic foot, or a cubic inch, &c., 
of oast iron weighs 7-2070 times as much as a cubic foot, 
cubic inch, &c., of water; consequently a cubic foot of 
cast iron will weigh 7207 oz., and in general, if 3 is the 
specific gravity of a substance, a cubic foot of it will weigh 
1000 3 oz., at least with sufficient accuracy in almost all 
cases. The following table gives the specific grarities of 
some common materials : — 





TiBLB I. 




SPECIFIC GEAVITIE3. 




MitaU. 






Brass (caat) . 


. . 83968 




lP-3617 


Steel (bard) . 


. 7-8163 


Gold 22 carat (do.) . 


17-&894 


Iron (cast) 


. . 7-2070 


Mercnry . . . 


13-6681 


,. (wrought). 


. 7-7880 


Lead (cast) 


11-8623 


Tin (cast). . 


. . 7-29U 


Pure SUver (hammered) 


lO'fiio: 


Zinc (owt) . 


. M»08 


ajir"(cast) . . 


fi7E80 







SPECIFIC GRAVIIX S 

Stonet and Earth. 

Hiurble (vlute Italian) . 2-833 Fortlaud Su>ne . . . 2145 

SUie (Wcstmoral&nd) . 2'7»1 Coal (KflinnatU) . . 1'2700 

Gruiite (Ab^deoo) . . 2'6SS Brick (Bed) . . . 2168 

Biving Stone . . . 2'4168 Clay 1-919 

MiU StoDS . , . 2-4S36 .Sand (Itirer) . . . I-SS6 

Grindston* . . . 21429 Chalk (metui) . . . 2 316 

Wood* (Jhy). 

Elm 0-S88 I Oak (English) . . 0-93i 

Fir(Kpi) . . . 0-768 Teak (Indian) . . . 0-flS7 

Larch .... 0522 Cork .... 0'2100 
Hahog&D; (Spuueh). . 0800 | 

1 foot length of Sempen cope veig:b8 in lbs. 0-015 x {das. in ineheB)'. 

1 „ \ Cable weiglu in Iba. 0027 x (circ in inchee)*. 

1 eabic foot of Brickwork neighs 112 lbs. 
NoTK. — The above nnrabers, vhare printed to fonr pUcei of decimals, 
are taken from Dr. Young's Ltctura on Natural FhUoioph/, vol. ii. p. SU3 ; 
where printed to three places of decimals, ftom Ur. Hoseley's Mechiatict oj 
Enginteratg, laC ed. p. S22. A definite specific gravit; is assigned to each 
sabetance to prevent ambiguity in working the following examples. It will 
be nmarked, howecer, that difTerent specimens of the same substance bare 
difierent Bpeclfic gravities : thus of IS specimens of cast iron the specific 
gTHvitieB hBTB been found to varj from 7'29S to 6'963. The reader must, 
cherafoie, bear in tniod that the numbers In the text give mean values fn>m 
which the specific gravity of anj specimen of a given substance will not 
largely vary — though the Lmits of variation are greater with some sub- 
stances than with others. A similar remark applies to all quantities 
determined by experiment. 

Ex. 4. — What is the weight of a rectangular block of marble S3 ft. long, 
and in section 12 ft square ? Aas. Weight, 6S7 tone, 14 cwts. 3 qrs. 

Ex. 6.— The girth of a tree is 3 it. at top, 3 ft 9 in. at bottom, it is 1 4 ft 
long. DMennins its weight according as it is larch, oak, or mahogany. 
Also, its valae at the following prices : larch, 2s. Sd. ; oak, It. ; mahogany, 
IIU. per cubic foot rough. 

Am, Vol. 12-74 cnMc ft. 

Weight: Larcli, 416.1b». Oak, 744 lbs. Mah. 637 lbs. 
Price: „ li. lis. lOrf. „ 4i. 9j. 2if. „ 121. 2s. Id, 

[The volnme to be determined as that of the frustum of a rone.] 
K'-. 6.— l-ind the weight of a rectangular mass of oak, 12 ft. long. 4 ft. 
broad, and 2^ feet thick. What would be the weight of a ma«s of granite 
of the same dimennousf Ant. Oak, 62 cwts, 2 qrs. 6 lbs, 

Oranite, I7S cwle. 3 qrt, 3 J lbs. 
a 2 ,, ,- ,„ v.,v-v.v,^ 
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Ex. 7, — Find the separaleweigbtBof a oast-iion biill. lin. iDrsdiiiB.Bnd 
of a copper cylinder 3 ft. long, the diameter of whose base is 1 iD. DoMr- 
mine aJso ihe diminnbioD in the weight of the boll if a hole were cnt through 
it which the cjlinder would exactl; fit, the axis of the cylinder poaiing 
through the centra of the sphera. Abo, find the enoi that resolta fnna 
conaideting the part cat awaj a perfect cylinder, 

Jai. Weight of Bphere, 111S'(I9 ox. 
„ cylinder, 1438 ob. 

part cut from sphere, 36-201 M. 
Error, 0-102 oi. 

Bx, 8.— If a )0-in. ihsU were of caat iron, and were S tn. thick, what 
would be its weight supposing it complete? If thew^ght of a 10 in. aheU 
ware 86 lbs., what would be its thickness supposing it complete ? 

Am. (1) 107 lbs. (2) 141 in. 

Ex. 9. — A hammer oonsista of a rectangular mass of wrought iron,6 in. 
long, and 3 in. by 2 in. in secdon ; its handle is of oak, and is a cylinder 
3 ft. 6 in. long, on a base of I in. in radius. Determine its weight. 

Aiu. 12'83 lbs. 

Ex. 10. — A pendulum consists of a t^lindrical rod of steel 40 in. long, on 
a bass whose diameter measures | in. ; to ihe end of this is screwed a steel 
cylinder \ in. thick, and l\ in. in ladius, which fits aceimtely a hollow 
-cylinder of glasa, containing mercury 6 in. deep, the glass Tcesel Weighing 
3 OS. Determiue the weight of the pendulum. Jxt. 360-S oz. 

Ex. II. — Determioe the weight of a leaden cone whose height is 1 ft. and 
Tadins of base in. ; determine also the external radius of thst hollow cast 
iron sphere which ia 1 in. thick, and equals ths cone in weight. 

Am. (1) 18fi'74 lbs. (2) 803 in. 

Ex. 12. — A rectangular mass of cast iron S ft long, 6 in. wide, and 3 in. 
deep, has fitted square ti> its end a cube of the same materials whose edge 
is li ft. long; find its weight. Jot. 1858 lbs. 

Ex, 13 It is reckoned that a foot length of iron pipe weighs S4'4 lbs. 

iriien the diameter of the bore is 4 in, and the thickness of the metal IJin. : 
what does this asaame to he the specific gravity of iron ? Ant. 7197- 

Bx. li. — A cast-iron column 10 ft. high and 6 in. in diameter will safely 
snpport a weight of 17) Ions, whether it be solid, or hollow and 1 in. thick ; 
determine: — (1) the weight of a solid column ; (2) the number of equally 
strong hollow calamus that can be made ont of fiOO solid columns ; (8) the 
price of 600 solid columns at 10s. per cwt. and of 500 hcUow columns at 
lis. Sd.per ewt. ; (4) the cost of sending the 600 solid and the 600 hollovr 
eolnmns to a ^ren place at Che mte of 10s. Bd. per ton. 

Jut. (1) S64'4 Iba. (2) 900. (3) mil. 3s. aolid. 123SZ, l«s. hidlow. 
(4) 1031. 13*. solid. 671. lit. hoUow. 



BBICKWORE. It 

Ex. IB. — Daterminethevreight of ahoUorle&deDt^liiider whoulengtb 
ts 3 in., intamsl radios 1} in., and tbickneea 1) in. Jm. 2S'121 Itw. 

Ex. le.^Determias the Height of B grindstone 4 ft. ID diameter and S in. 
thick, fitted with a vronght-iKin azJB of whidi the part within the iMie ia 
2 in. eqoare, and the projecting paita eaoh 4 in. long with a (action 2 in. in 
diameter. J.ia. 113S lbs. 

Ex. 17. — Setarmine theweight of uioeJcdoor 7 ft. high, 3 ft. wide, and 
1) in. thick. Ait4. IfiS^ Ibe. 

Ex, 18. — There ia a fly wheel of east iron the external radina of whose 
tim is S ft. and internal radini 1 ft. 6 in. ; it ie 4 in. thick, and is connected 
with the centre bj 8 epakea i in. wide and I in. thick, atrengthened by a 
flange on each aide 1 in. square (to that their section is a cross i in. long 
uid 8 in. wide), each spoke is 4 fL long ; (he centre to which they join the 
rim has the same thicknesB as the rim, ia solid, and (of conrae) 6 in. in 
radina : determine tha wei^ of the whole. Jm. 2959 lbs. 

Ex. 19. — There are two romns each 100 ft long and 30 ft. wide; theoneja 
floored with oak planking 1^ in. thick ; the other with deal planking (Biga 
Sr) 1} in. diick. Determine the weights of the flooca and their cost, the 
price of deal being 3s. and oak 7». per cubic foot. 

Am. Deal floor wei^ 17,S48 lbs. costs &fil. 6i. 

Oak „ 18,242 lbs. „ 1091. 7s. 6d. 

Ex. 20. — A cnbie foot of copper is drawn into wire ^ of an inch in dia- 
meter; whiit length of wire is made? Jm. 46,936 it 

Ex. SI. — It is said that gold can be dzuwn into wire one miUionth paK 
of an inch thick ; what will be the length (^ soch a wire that caa be made 
from an oance of pare goldf Jm. 1,793,448 miles. 

Ex. 22.— It is said that silver leaf can bo made n^gj of an inch thick ; 
how many ounces of ailTBrwonld be required to make an acre of snchtulTer 
leaf? Jnt. 2S4'8 oz. 

4. Briekwork. — The meaBUTement tind determinatioii 
of the weight of brickwork depend upon the following 
data: — 

(1) A rod of brickwork haa a Bur^e of 1 sqtiare rod 
(or 30^ square yarda) and a thicknees of a brick and a 
half, i.e. of 1 ft. IJ in., or it contains 306 cnbic feet. 

(2) A rod of brickwork contains about 4500 bricks in 
mortar, or 5000 bricks laid dry. 

(3) A rod of brickwork requires SJ loads (i.e. 3j cubic 
yards) of sand and 18 bushels of stone lime. 
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(4) A brick measures 8^ X 4^ X 2} incbeB, i.e. a quarter 
of an inch each way less thau 9 x 4^ x 3 inches. 

(5) A bricklayer's hod measures 16 x 9 x 9 inches, and 
can contain 20 bricks. Labourers, however, commonly 
put 10 or 12 brickB into it.* 

Ex. 23. — HowmanfTodBofbrickiroTksra therein a square tower 117 ft- 
hiidi and 23 (t by T ft. at ita bsw, eit«niall7,aiid 3 bricka thick ? Deter- 
nuDS tba nnmber of bricks Mqniied to bnild the tower and their prica 
M It. lOi. per thoiuaiid. 

.iiu. (1) 62-48 rods. (2) 236,000 bricks. (8) 354J. 

£r. 24. — A tover the baae of vhleh measBreB eitemallf B ft. flqnan n 
GO ft. high sod 2 bricks thick ; haw manj bricks are required to build it, 
and how maoj loads of sand and boahelB of lime ? Determine also the cost 
of the materials if the bricks coat 1^ 10*. per thoosaiid, sand &t. 4d. per 
load, and lime li. 8d, per Imahel. 

Jju. (1) 7*36 rods. (2) 33,000 bricks, 26} loads of sand, 
132^ bushels of lime, (i) CoSt 671. S». 24. 

Er. SS. — Hoir luanj rods of brickwork are there in a reserroir of a leet- 
angular form, the internal measurements of which are 20 ft. long, S ft. 
wide, and 12 ft. deep; the work being 2 bricks thick, vii. both walls and 
floor ; and the resenoir being open at the top ? Am. 4-43, 

Ex. 26.— Find how man; rods of brickwork there are in a wall SSO ft. 
long, 1 7 ft. high, and 2 bricks thick ; and determine the cost of the material 
from the data in Ex. 24. Jnt. (1) 30 rods. (2) 27M. lOi. 

Ex. 27.— If the wall in the last example had an additional 2 ft. of fonn- 
dation 3 bricks tbicl^ and were supported b; 20 square bntlreseea reaching 
to the top of the wall 2 bricks thick, on fonndations 3 bricks thick, and 
measuring 2} ft. in a direction perpendicular to the &ce of the wall ; deter- 
mine the number of tods of brickwork in the fonndations and bnttreeses. 
Jm. 10-2 tods. 

Ex. SS.^'What would be the cont of the carriage of the bricks in th« 
wall described ia the last two examples at Sa. 9d. per thousand ? 

Abs. 4«- 16*. 

£lr, 29.— The following are the actual dimenrions of the brickwork (fttle 
ontor shrll of the chimney of St Bolloi, Glasgow. Commeneing from the 
top, there are five dirisiona ; the lops of these divisions are respectively 
43S|, 350^, 2I0j, 114 J. S4j ft. above the ground; the external diameters 
at the lopt of the divisions are respectively 13 ft. 6 in,, 16 ft. 9 in., 24 ft., 
SO ft. 6 in., 35 ft. Thediameteron the ground is 40 ft.; the thicknesses of 

* Weale's Coniraetor'i Prke Book for 1850, p. 230. 
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tlu divisions are reapecUvelj IJ. 2, !}, 3, and 3} bricki ; beloirgTiiUDd the 
brickwork reucliea 1 1 ft., with a nnifona eiUmal diameter of 40 ft. ; the 
first ti feet ace 3 ft. thick ; in the lemBming 6 feet the thickneaB giado- 
sll; incre&Bea to 12 ft. DBtarmiae the nombiir of rods of bricWork 
coDtoJned in tha chinmeyi the Dumbec of hiicke emphifed, their coat 
at 12. lie. 3d. per tbousand; also, if the moitar were of land and stona 
lime, determins the number of loads of nai sod bnsheU of atone lima 
leqaired, and dieic cost at, St. 4d. par bad, and If. Sd. par bnshel re- 
Bpectively. 

[The anrtaee of eadt diriaioa of tha chimney ma; be oooaidered as that 
of a conic fraatnm; the real Tolmns of each diTision will be the diSsrence 
between the volamea of tn^o conic trnstuma. A snfflcieDtlj dose approii- 
matioD may be obtaiaed h; ntolLipIying the mean BUrface by the thitineea 
and coDBidering the slant side equal to the height ; the Tolonie of the part 
below ground is to be determined accurately.] 

Jm. (1) 2ia rods, or 981,000 bricks, (2) Cost of bricks, 
ia32I. I6a. Zd. (3) 7S3 loads of sand, coating 
2U3f. 9<. id. (1) 3921 bushels of Ume, ccating 3271. 

5. Expansion aitd contraction by heat. — It is found 
tliat all bodies experience a small change of volume on the 
^plication of heat. la general, the change is oue of in- 
crease,* and with sufficient accuracy may be considered to 
obey the following law within moderate ranges of tempera- 
tmre. If a volume v be increased by A V when its tem- 
perature is raised one degree, it will be increased by n }< £ v 
when the temperature is raised n degrees, i.e. the in- 
crease of volume is proportional to the increase of tem- 
perature. The same rule holds for the expansions in !en^^ 
which a body experiences from an increase of temperature. 
In order to fix the conception of a degree of temperature 
(with sufficient accuracy for our present purpose), it will 
be proper to mention that when heat is applied to ice the 
water produced by melting retjiins a constant temperature 
until the whole of the ice is melted. This temperature 
serves as one fixed point, and is called the freezing point. 
Moreover, boiling water in free contact with Uie air also 
keeps at a constant temperature (at least when the baro- 
* Water, new f^eemng point, is s eimapicuoiu eweptioo. 
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m^«r standa at a given height). This fa^t, therefore, 
Buppliea a second fixed point, and is called the boiling 
point, viz., vhea the barometer stands at thirty inches. 
These two points being fixed, the graduation is arbitrary. 
The scale of Fahienheit'a thermometer (which is commonly 
used in England) ia constructed by dividing the space be- 
tween the freezing and boiling points into 180 equal parts, 
termed degreea, and by commencing the graduation 32° 
below freezing point, ao that the freezing point ia marked 
32°, and the boiling point 212°. In the centigrade ther- 
mometer (now commonly used in acientific investigation) 
the graduation begins at the freezing point and the in- 
terval between the freezing and boiling points ia divided 
into 100 equal parts called degrees.* It is easy to see 
that if at any temperature Fahrenheit's thermometer 
stood at P° and the centigrade at c°, we should have 



B*. 30. — Tb« density of inter is greatest at 3°-9 on ths centigrade scale ; 
what i* the aametemperaniFe called on Fohranheit's scale 7 Ani. 30°'O2'F. 

Ei. 31. — The ataikdaid temperatars not nnfrequentlj refarted to in 
Engliah experiments is f l)°F. ; irhat mmld tiie same temperatnta be called 
on the centigrade scale? Am. 1S°*S6 C 

Ex. 32. — If the centigrade thenaometer stood at 8° beloir tew, M at 
—6° C, what vonld the same tempDrBtDre beioartedon Talirenheit's scale ? 
Aw. 23° F. 



The following table gives the fractional part of the 
whole by which substances expand when heated : f — 

* In mawnni'BthBcmometeTthe freezing point is marked Eero, and Um 
iKolii^ point 80°: conse^nentlj -jgj- - gy. 

f EVom Dr. Young^s Natural Pmoit^hg, yd. ii. p. 380. 
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Table U. 
EXPANSION PEOBUCED BY HEAT. 



In length: Glass Tube 


from S2« to am P. 


''.ISS^Sp* 


AQthoittj 


O-0007781S 


000000431 


Roy 


Platinum 


0-000858 


0-00000476 


Borda 


„ Cast Iron 


0-001] og( 


0-00000617 




:; "rz"} 

Sl«elr(>d8 


0011S8 


O0000OS42 


Borda 


0-001U17 


O00P0O636 


Roy 




0-|}0189a8 


000001062 




Lead 


00(^2887 


0-00001692 


SmeatoD 




0001700 


0-00000944 




In TOlame : Mercury . 
p«ent) J 




0'0001041S 


Boj 




0-000O86B8 


Committee of 






Eoyal SociBtj 



Ex. 34,— Tbe Isngth of the base line of the Ordnance Surrey «n 
Eonnslow Heath was foond to be 27,404 ft. ; this -was measured flrat by 
glass tubes, and then by steel chains ; if, in correcting the glass tubes for 
temperature, a uniform error of 1° in eisess had been committed, and in 
eoneeting the steel chain an error of 1° in defect had been committed, what 
Tould have been the difference between the apparent measurements ? 

Atu. 3-Sl in. 

Ex. 36. — If the wrought-iron rails on a railway are 10 miles long when 
at a temperBtnte of 33° below freezing, by how much will they lengthen if 
their temperature is raised to 88° F. f Am. 29-S3 it. 

Ex. 86. — Bomsden's brass yard exceeded Shnekbuigh's by 0'00260S of 
tD inch ; what would be the difi^nce of their temperatures when seen- 
iBtely the same length 7 Am. 6°'6 F. 

Ex. 87. — Two rods, respectiyelT of iron and brass, * b and o d, are fas- 
tened together in the 

middle; tieyareaocu- . '"'^ ' 

lately the same length, / ^ 

at 62" F. ; to their ends .' _ \ 

are fostened by pivots /- — — — 

tongues c l ■ and n b F L I 

which are perpendi- ^ 

cular to the bars, at 62° F.; in conteqaenee of the unequal expansion or con- 
tiaetion of the bars the tongues will assume different positions, as shown by 
the dotted lines ; it is required t« determine the length of CB, that the point ■ 
may remain nnmoved by the expansion or contraction of the bar. The length 
of A Bit lOft-aod thedialanca Adis l-72Sin. .^nt. aB-*-42S in. 



ni 
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£^. 18. — If the «xpuunoD is lengtli of & aabatance id t times the l«i^h 
■t a giron tempentnre, ohow th&t ths eipanston in Tolimw will b« varj 
nearly 3 e times the Tolome at diaC temperatnre. 

Ex. 39. — Tha volnmaof amasaof leadbeingacnhiafijot&t 60°F.,«hBt 
wiU be ita Tolnme at 0° F.T ud vhat ac 88° F. 7 

Jtu. At 0° F. 0-697134 enhia ft. 
At 88" F. 1-00133728 cubit (t. 
£r. iO. — There is half a eabio iw3i of meicni; id athemiometec at 32" 
7. 1 when the temperature ii iwsad to 82° F. ths meaearj aacends i in. ; 
what is the diametoi of the bore of the glasa tube T .^lu. 0'02S3 in. 

6. EUmgation prodiieed by teaaion Tbe principle 

on which this detennination is made is the following : — 
Suppose the length of a beam or bar to be L feet, the area 
of its section to be E square inches, then if by the appli- 
cation of a tension of F lbs. its length becomes l+2, it 
appears from experiment that 

I:l::I:e 

E 
where e is a constant number depending on the natnie of 
the material, and called the Modulus of Elasticity. 

It is found that all Bubstances obey this law when the 
degree of extension does not exceed certain limits; the 
limits are different in different substances, and in many 
are very narrow. It appears also that within these limits 
(i.e. the limits of elasticity) a tension producing a certain 
degree of extension will, if applied in the opposite direc- 
tion so as to become a pressure, produce an equal degree 
of compression. 

It will be observed that - is the tension or pressure 
per square inch of the section of the beam or bar. It is 
also plain that if - were equal to E then woxild I be equal 
to L, so that the modulus of elasticity is that tension 
per square inch of the section of a bar which would double 
ita length if ita elasticity continued perfect. It is, per- 
haps, unneceaaaiy to remark that no solid substance has 
limits of elasticity xay way approaching this in extent. 



ELONGATION PRODUCED BY TENM^JlN IVflmSIT"! 



Tablb UL 
MODULI OF ELASTICITY.* 



UMutal 


M«l.d«5 


— 1 — 1 


Vrranght Icon bars 
CsBtlroa . 

„ Braaa . . 
Sleel (hard) . 
Copper wire . . 


29,000,000 
17.000.000 
8,930,000 
29,000,000 
17.000,000 




1,«0,000 
1,060.000 
1,830.000 
700,000 



Ex. 41. — Sy bow much Tonld a bar of wrought iron ^ of an inch square 
and 100 &■ long lengthen under a Uneion of 2 tow (neglecting the might 
uf the bad ? Jnt. 0'247 ft. 

»tiH«loaBStiaiof»«tod]*Blia.sqBBnand tOft. 
i)!|ected to a temian of 40 tons. What vonld bare been ita 
itbrasg? ^<. Steel 003 ft. Brees 01 fL 



long vhen e 
eioDgatioi 

Ex. 43. — A bar of wrought iron 2 in. Bqnue haa its ends flied between 
two immoTsble blocks when the temperslure ia 20° F. ; what preseore will 
it exert agunst them if the temperature becomes 96° F. ? Jiu. 26} tons. 

Ex. 44. — A wall of hrickwDrb 2 ft. thick And 12 ft. bighissapportsdbj 
columns of oat 6 in. in radius, 18 ft. high and It ft. apart &om centre to 
centM; determine the preaanre per sqnore inch c£ the section d the 
columns, and the amount of their compression. 

.^M. (1) 3S27 lbs. (2)Ain.neMlr. 

Ex. 45, — lu the taet eiainple if the wall bad bean of Portland stooe and 
1} fL thick, vbat would bave been tJie preaanre per square inch and the 
degree of compreBBioD? ..4 tu. (1) 248-9 lbs. (2) ^ in. 

Ex. 44. — In the last example if the oak eolnmM were replaced b; 
wTought'iTon bars 2 in. square what would be the degree of compreseion? 
and at '^at tempemtoie weald ddb of the iron bars have the same lengdi 
s8itha«wheaQnpreBSedatS2°F.? Ant. (l)^in. (2) 69-8° F. 

Ex. 47.— A bar of wronght iron a sqaare ioob in section is fixed firmly 
between two immovailt blocks which are 60 ft. apart; if the temperature it 
raised 60°F. above that which tlie bar bad wb«a fixed, find the prassaia 
produced Hgainat these blocks. Aat, 9309 Ibe. 

Ex. 48.— In the last example, if only one of the blocks were immoTable 
and the other were capable of revolving round a joint 12 it. below tha 
point at which it ia met bj tbe rod, deUrmlne the angle through which 
it will be turned by tbe expansion of tbe rod, " " ' 



• Bused on Mr. Moseley's .V«i. Eng. p. 622, c 
Banltine's Applud MtehtiuKt, p. 631. 



■ 4' 36". 
npared with Mr. 
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&. 4B. — It is obserrsd that t*o opposite iralla of an andont building 
Bie each 8° ont of the vertical, the inclination being outward; to bring them 
into the peipendienlar, the following means aie employed ; at certun inter- 
vala iioD bare are placed acron the building, their ende paeaing throii^ the 
walls and projecting on the oatside, on these ends strong plal«s or washers 
are screwed; tlierodsaTethenbeated,andeipaDd; in this etata the washers 
are screwed tightly against the oalside of the walls and the rode allowed to 
cool, when they oontnct and draw the walla together; the process being 
cootinned nntil the walls become rertiiad.* If we enppoee the rods t« be 
GO ft. long and 8 square inches in section, and to be fastened 15 ft. above 
Uie Joint of the masonry, roond wbtch walla wiU be made to torn ; and if 
the range of temperature is titaa 60° F. to 210° F. ; det«rmiue the number 
of times the bars must be heated before the openliaB is complete, and ths 
tension which would tend to draw the walls together if the; were entirely 
immovable. Jm. (1) 27 times. (2) 100,S72 Ibe. 

7. Resistance to rupture by tearing or tenacity. — 
When the tension whicli elongates a bar attains a certain 
magnitude, the bar will break. If we determine by ex- 
periment this tension in lbs. per square inch, we obtain 
the tenatniy of the substcuice. It is manifest that the 
tension which will tear a bat whose section is n square 
inches will be n times the tenacity. 
Tabu 17. 
TENACITIES. 



iUtetiil 


T«i»lt» 


UatecUl 


TenKdly 


Wrought Iron 

(bars) . . . 
(iflt Iron (average) 
Iron wire ropes 
Cast Brass . 
Copper wire . 


67.200 lbs. 
16, GOO „ 
80,000 „ 
18,000 „ 
60,000 „ 


Oak (English) . 
Larch .■ . 

iL<^'. : 

Hempen ropes . 


17,300 lbs. 
10,000 „ 
12,000 „ 
13,600 „ 
fi,600 „ 



Bx, SO. — How great a tension will a cylindrical bar of wrought iron 
bear which ie ^ of an inch in diameter 7 and b; what fraction of ita length 
would it lengthen under this tension if the elasticity continued perfect ? 
Atu. (1) 3208 lbs. (2) 0-0023. 

Bx. 61. — How many iron wires ^ of an inch in diameter most be put 
together to anst^ a weight of 3 tons 7 Atu. 1 3. 

• The walls of Armagh Cathadral were restored to a Tartical position 
by this process. Darnell's Chemitiri/, p. 103. 
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Ex. 52. — Wh&t is tiie length of a bar of wrought inm Thidi, being ias- 
p«nded leFlJcall;, vonld break bf ita awn weight? Atu. 19,890 ft. 

Ex. fiS.^WIiat Mnidon willa bar of oak 1} m-aquare tnstain? 

Am. Se,92S lbs. 

Ex. 6*. — Whnt tension will a cylindrical bar of laich IJ in, in diameter 
nistain? ^ru. 17,671 Ibe. 

Ex. 65. — If a rape be made of wires whose diametar ia d, s!iow tbat the 
Dumber of wina in each sgnan inch of tile lection of the rope is retf 
neailj given by the formula ,, j, or ^-t^ 

Ex. 66.-^Haw many wires ^ of nu indi in diameter must be pat together 
Ui form a rope a aqnare inch in section ? Ant, lis. 

Ex. 67- — If the nnmbec of wires ^ of an inch in diameter which onist 
be put ti^iether to fbrm a rope one square inch in section be determined by 
each of tl^ formnln in Ex, 55, what is the dilBereDCe between the results ? 
Jni. 4'8. 

Ex. 68. — Show that the number of Iba. weight in a foot length of a rope 
made of iron wire ia given b; the formula (eirc in inches)* x 0-214 very 
neariy ; the specific gravity of iioa wire being aasumed to be the same as 
that of wrought iron. 

Ex. 69. — Show that if a n^ of hemp and a rope of iron wire have the 
B«me strength, the circumference of the latter li about }- of the circum- 
ference, and its weight about \ of the weight of the former. 

8. Resistance to rupture by •presawre. — There are as 
many as five forme which the resnltB of crushing assume 
in different bodies. They are ennmerated as follows by 
Mr. Kankine : * — 

(1) Grushi/ng by spUttmg, when the substance divides 
in a direction nearly parallel to the direction of the pres- 
snre. This occurs in the case of hard homogeneous sub- 
stancea of a glassy texture. 

(2) Cruakmg by ahearmg, when the substance divides 
along a plane inclined at a certain angle to ihe direction 
of the force, the upper part of the substance sliding upon 
the lower. This fact was ascertained, and its conditions 
investigated, by Mr. Hodgkinson. It takes place in the 
case of substances of a granular texture, such as cast iron, 

* AppUtd Mechaaia, p. SD3. See also Mr. Uoseley'a Maciania cf 
S^giititring, pp. SiB, &li. 
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and most kinds of stone and brick. To exhibit ita effects 
the height of the block to be crushed must be at the least 
one and a half times its thickness. In the above cases 
the resistance to crushing is considerably great«r than the 
tenacity. In the case of cast iron the resistance is more 
than six times the tenacity. 

(3) Crushing by hvlging, when the material spreads 
like compressed dough. This takes place with ductile 
substances, such as wrought iron in short blocks. In this 
ease the re^tance is somewhat less than the tenacity, 
being in^srfought iron about J of the tenacity. 

(4) Crvsking by erippUn^, which is characteristic of 
fibrous substances, and takes place when the thrust acts 
along the fibres in timbers and in bars of wrought iron 
that are too long to yield by bulging. It consists in a 
lateral yielding, and sometimes separation of the fibres; 
In the case of dry timber the resistance is about -J of the 
tenacity, in the case of moist timber about ^ of the 
tenacity ; consequently moist timber is only half as strong 
as dry when subjected to a crushing force. 

(5) Crushiag by croaabrealdng, which is the mode of 
frai;ture in columns and struts where the length greatly 
exceeds the diameter. Under the breaking load they 
yield sideways, and are broken across like beam's under a 
tiansverse pressure. 



CBUSHINa PKESSOEE IN LB3. PER SQUARE INCH. 




UU«U1 


Prewirs 


Mstartal 


PiBBim 




Wconght Iron 
Cast Iron (aireragB) 
„ Brass . 
Brick . 
Sandstone 


36,000 

112,000 

10,300 

SOO 

4,000 

4,000 


Granits (sTerage) . 
Oak (English) di7 

KcjRig^ d,j '. 


8,000 
9,500 
6,500 
6.000 
10,300 










^ ^^'^ 





WORKING STRESS. 16 

Si. eo.-^Vrhftt muat bs t}ie h«gbt of a eolumn of oat iron producing 
Uiat preBama par sqn&re inch which voDld crush a noall column of the s&ido 
material ? ^>u. Sfi^uS ft. 

Ex. 61. — Compare the h«ghU of colnmiu of east iron, wrought iron, cast 
IsasB, and larch fir, which would produce the pressnre per square inch 
leqnisite for crashiug ihort colnmos of their respective matariala ? 

Jm. 1'475:0'439: 0116: 1. 

9. UUvmate and proof strength amd working stress. — 
It must be bonie in mind that no material ia in practice 
subjected to the stress which it is capable of supporting. 
This will appear very clearly &om the following defi- 
nitions : " — 

(1) The ultimate strength of a solid is the stress re- 
quired to produce fracture in some specified way. 

(2) The proof strength is the stress required to produce 
the greatest strain in some specified way consisteDt with 
safety. A stress exceeding the proof strength, though it 
does not produce immediate fracture, will produce it by 
long application or frequent repetition. - 

(3) The working stress is always made less than the 
proof strength in a certain ratio determined by experience. 

In cases of wrought-iron boilers, timber, brick, and 
stone, the ultitiiaie strength is from 2 to 3 times the 
proof strength, and from 8 to 10 times the working 
stress. In the following examples the v)orkmg stress is 
assumed to be ■j'jth of the ultimate strength : — 

Ex. 62, — A watt of brickwork 3 it. thick ie supported at intervaU trl 
10 it. b; sandstone columns 9 in. in diameter ; to wliat height can the wall 
ba carried ? .^tts. 7*6 ft. 

Ex. 63. — If in the last example the colomna had been of brickwork 2 ft, 
thick, to what height could tha work then be carried? Jiu. 10-8 ft,. 

Er. 81.— To what height conld the wall in fir. il be carried with safety 
•0 tar as the strength of the columns is concerned ? Aiw. 34-26 ft. 

El. 6fi. — Uaka the same determination with regard to Bx, 49. 

Am. 4«-8 ft. 

* Bankine, Applied MichanUm. p. 273. 
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Br. 66. — What 'would have beea the heights in (ach of the last examplu 
iflh«c(dimmahadbMDof brickworlif What if of limestone? What if oT 
granite f Jm. BricWork, 2-9 ft. 3 9 it. 

Limestone, 14'4 ft. 19'3 (t / 

Granite, 289 ft. 38-6 ft. / 
Bpc. 67. — Awallof brickwod, M ft. high and 3 ft. thick, is to be eacried 
by colomiu of brickwork 20 ft. apart, &om centre to centra ; determme the 
least diameter consistent with safety. Make the same determinatjon if the 
colnmns wen of gHUUt«. Jsi. 73i in. brickvorit. 23| in, granite. 

10. Strength of eaat^on oolwnma. — ^The columnB in 
tlie preceding examples a^e supposed to follow the law of 
the crushing of short colunma. It m&y be instructive to 
add the following particulars, which have reference to the 
crushing of cas<>-iron columns exceeding that length. The 
greatest part of our knowledge of this subject is due to ex- 
periments conducted by Mr. HodgMnson, who thus states 
his conclusions with regard to the form of the ends of iron 
colunms : — * 1st. A long circular pillar, with its ends flat, 
is about three times as strong as a pillar of the same length . 
and diameter with its ends rounded in such a manner that 

the pressure would pass through the axis 2nd. If 

a pillar of the same length and diameter as the preceding 
has one end rounded and one flat, the strength will be 
twice as great as that of one with both ends rounded. 
3rd. If, therefore, three pillars be taken, differing only in 
the forms of their ends, the first having both ends rounded, 
the second having one end rounded and one flat, and 
the third both ends flat, the strength of these pillars will 
be as 1 — 2 — 3 nearly.' Mr. Hodgkinson further considers 
that the breaking weight w of a hollow column is given 
in tons by the formula 

«'-«^— jr«- 
and that of a solid column by the formula 

IJ3.S 

D,0„..cihyGOOglC 
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where u and m are conatants depending on the nature of 
the iron, D the externa] and d the internal diameters of 
vthe column in inches, and I the length in feet. The 
values of H and m. vary considerably vith different kinds 
of iron, but may be taken at 42 tons. The limits of 
variation in the valnes of m. are'49'94 and 39*60.* 

Ex. 68, — Determine the broaliDg vnght of ft solJJoBat-iton colDnm 
20 ft. Itigh and 6 in. in diameter. Ana. ISS'3 tooa. 

Bt. 69. — DetermiiK tbe bieaUng weight of the colnmn in tbe last ei- 
Mnfla if it wen bt^ov and 1 in. thick. Aiu. 137'6 t«n«. 

Er. 70. — Determine the tLiakneaH of a colnnui 20 ft. high And 7 in. !■ 
axteniBl diameter, -rhich ia as strong ae tbat in Ex. S8. Atu. 0774 in. 

■ JVoDMii^ ^ (k Asyol &<»«y, ToL TiiL p. S18. 
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CHAPTER n. 
OK WOBE ; OB, THE EFFICHENCr OF AOERTS. 

11. Z)e/£niti<m of work. — An agent is said to do wwk 
when it caoses the point of application of the force it exerts 
to move thiough a certain distance ; thus a carpenter em- 
ployed in planing vood worl^, since he cauBeu the point of 
application of the force he exerts to move through a cer- 
tain distance, and the same is true of any agent that works 
in the sense here intended. For the sake of distinctness it 
may be observed that the unioa oi force and inotion is essen- 
tial to the conception of work ; thus when the expansive 
force of steam Ufts the piston of a steam engine it does work. 
In the boiler, though it produces an enormous pressure, it 
does no work, since the pressure is unaccompanied by mo- 
tion. The unit by which the work of different agents is 
expressed numerically according to the practice of English 
writers is called a foot>pound ; it is defined as follows : — 

Def. — The work done when the force of 1 lb. is exerted 
through a distance of 1 ft. w iAe direction of the force ia 
a foot-pound. 

The following important principle is closely connected 
with this definition. When a force of p lbs. is exerted 
through a distance of s ft., it does PS foot-pounds, the force 
being exerted along the hne in which its point of applies^ 
tion is made to move. For since a foot-pound is done when 
a force of 1 lb. is exerted through 1 ft., there must be 2 
foot-pounds done when a force of 2 lbs. is exerted through 
1 ft., 3 foot-pounds when a force of 3 lbs. is exerted through 
1 ft., and generally p foot-potuds when a force of P lbs. is 
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exerted through 1 ft. Again, since P foot-pounds are done 
when a force of F lbs. is exerted through I h,, there must 
be 2 ? done when it is exerted through 2 ft., 3 f when it is 
exerted through 3 ft., and generally P S foot-pounds must 
be done when the force of p lbs. is exerted through s ft. 

Ex. 71. — HtnrmaDjfoot-pDUiidB are tipeiidedinnLi>niig2cwt8. tluvugli 
SO&tkums? An». 40,3^ZU. 

Ex. 72. — The tnean pressure od the piaton of a steHin pnginc is 16 lbs. 
per sq. in., the length of Ihe stroke is 6 fL : if the una. of thn piaton U 
448 eq. in., hair many foot-ponnds are done par stroke? Jiu. 40,32(f. 

12. Comparieon of the effix^eticy of agents. — If the 
above examples are compared, it ^nll be seen that the 
work done during each stroke by the steam on the pieton 
of the engine is equivalent to the work expended in 
raising 2 cwts. through a height of 30 fathoms; and 
whatever agent raises this weight must do as much work 
as that done by the steam. In these examples we have 
not considered the iime in which the work is done ; let 
UB then suppose that the engine in Ex. 72 makes 10 
strokes per minute ; the expansive force of the steam will 
then do 403,200 foot-pounds per minute. Now, if we 
suppose an agent, or a number of agents, to raise a 
weight of 1 ton through 30 &thoms in one minute, they 
will do exactly 2240x180 or 403,200 foot-pounds per 
minute. It is plain that under these circumstanees 
the comparison is complete between the efficiency of the 
expansive force of the steam and the efficiency of the 
other agents, and that they are reciprocal^ equivalent. 
Hence we infer the general principle — 

The number of foot-poiinda of work yielded by any 
agent in a given time is a true measure of its efficiency 
or workmg power, i.e. of its rate of doing w<yrJc, 

Of course it follows from this principle that the working 

powers of two agents or their rates of doing work are in 

the ratio of the number . «f foot-pounds done by them in 

the same time. , , ^,^,1,,,,^ 

• » '- . 
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The most frniiliar instance of this mode of measoring 
the power of aa agent is fiimished by the steam engine, 
whose efficiency is estimated in horse-power, aa when we 
speak of an engine of ' twenty horae-power.' IVom some 
experiments, Mr. Watt concluded that a horse is capable 
of yielding 33,000 foofc-poonds per minute. The con- 
. elusion, as far aa regards the efficiency of the animal, is 
not very correct ; it has, however, fixed the meaning ot 
the term horae-power when applied to a steam engine. 
Hence 

Def. — A steam engine works with one horse-power 
when it yidda 33,000 foot-pownde per Tnwiute. 

Of course an engine of n horse-power yields n times 
33,000 foot-pounds per minute. 

Ex. 73. — The piiUm of a eteam sngine is 16 in. ia dtametei, iU strolt* 
M 2^ fl. long; it nwkea 40 atrokea per minute ; the mean preBBure of the 
tteom on it is 16 Iba. per aqiure inch ; vhat unmbBr of foot-poanda i« 
■kine b; tba atesin per minnte, and vhat is the hoFse-powet of thti engine? 
Jiu. 266.072 ft.-pds. 8-03 H.-P. 
Et. Tt. — A weight (^l^ tons is to be raised from a deptJi of 60 &thomi 
hi 1 misote ; detennioe the hone-poirer of the eDgitn capable of doing tke 
work. Jia. 30 ft H.-P. 

Ex. 76.— 'Hie reaistuice to the motion of a cert^n body is 440 lbs ; 
bow mxy faot-ponnda must be expended in making this bodj move Over 
30 Bulea in one honr? What must be the hoFse-power of an engine that 
does tlie HBe ■amber of foot-pounde in the aame time T 

Am. 69,690,000 fL-pds. 3SJ H.-P. 

13. AppUeation of the foregowig prmci^le8.~-A con- 
aiderable numberof practical questions can be answered by 
means of the principles already laid down, viz. such ques- 
tions as the horse-power of the engine required to do a 
certain amount of work, the time in which an engine of a 

certain power will do a certain amount of work, &c 

They are all done by following the same method, viz. First, 
from a consideration of the work to be done, obtain the 
number of foot-pounds that must be expended in a certain 
tame. If < zt from a consideration of the power of the agent 
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obttun the namber of foot-pounds yielded in the same time. 
One of these eipreBaionH will contain an unknown quantity, 
but, since by the terms of the question they are equal, 
they will form an equation from which the uokoown 
quantity can be readily determined. 

Ex. 76. — An eDgina ia Teqnir«d to raise a treigM of 13 ewta. from * 
depth of 140 fathoma in 3 tninntce ; determine it« horse-pover. 

Let X be the required hoTse-powar ; then the uomber of foot-potindi 

yielded in 3 minntei will equal 83,000x2x3; &1eo the namber of fijol' 

pounds required to raise 13 cwU. from a depth of 140 fath. eqnslelSx 112 

X 140 X 6. And sinoe these tvo numbers ace eqoal we ia,vt 

33,000x 3 xf ~ 13 X 112 X IKI K S. 

.*. r= 12-36 H.-P. 

Ex, 17. — b hov muif minutes would an engine working at 25 hone- 
power raise a load of 12 crts. from a depth of 160 btlioms ? 

Ami. l'S64 min. 

Ex, 73. — A locomotive engine draws a gross load at 60 lens at the rate 
of 20 miles an boor; tbe resistaoees are at the rate ef Slbs. per ton; what 
Host be tJie horse-power of the engine? 

[The reader must bear in mind Urnt the work to be done is to orercome 
» resistance of 430 Ibi. through 20 miles in one hoar.] Am. 3£-6 H.-P. 

Er. 79. — What most be the horse-power of an en^ne Chat raises 20 cnbie 
feet of water per minnlA from a depth of 200 fathoms ? Atu. 4G ^ H.-P. 

J!r. 80. — How many cubic feet of water would an engine working at 100 
horsa-power raise per minDUi from a depth of 2S fbithoms ? Aitt. 362. 

Ex. 81.— How iuany cabio feet of water will an ei^tine of 260 horse- 
power raise per minate ^m a deptii of 200 fatboma? Ant. 110 cnb. R,. 

Ex. 82. — It being required to raise 100 cable feet of water per minute 
bom a depth ot 495 ft., what most be the horse-power of the engine ? 
Am. 98| H.-F. 

Er. 83. — Thrae is a mine witi three shafts which ore respectiTely 300, 
4S0, and SOO ft. deep : it ia required to raise Aom the first 80, from the 
Mcond 60, from tlie tbiid 40 cutnc feet trf water per minute ; what must 
be the horse-power of the engine ? Jm. 134|| H.-F. 

Ex. 84. — At what rate per hour wiE » locomtdire engine of 80 horse- 
power draw a train weighing 90 tons gross, the resistances being 8 lbs. per 
tan? Ant. 16626 miles. 

Ex. 86. — What ia the gross weight a! a train which an engine of 25 
horse-power will draw at the rate of 2S miles an honr, resistances being 8 
lbs. per ton T Ant. 46876 tons. 

Ex, 80. — A train whose gross weight is 80 tons IntTels at the rate of 
30 miles an hour; if the lesistance' is Bibs, per ton, what is the horse- 
power of the engine I Jf^ 3*n H.-P. 
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Ex, ST. — An engine woikiog vith the sftme poweF aa (hat in tht ItMt 
example draws a train at tha rate of 30 milsB an hour ; the reoitanee* 
bung 7 lbs. per ton, what lb the gross weight of the tnin ? 

Ant. 60^ tons. 

Ex. BB— What moat be the length of the stroke of ihe piston of an 
engine, the surface of which is 1 SOO sqaare inches, which makes ZQ strakea 
per minu(«, so that with a mean pressure of 12 Its. on each square inch of 
the piston, the engine maj be of 80 hoTBB-power? Am. 7 J ft. 

Ex. 89. — The diameter of the piston of an eo^ne is 80 in., the length 
of the stroke ia 10 ft., it mskee 11 etrokea per minote, and the mean pieeanre 
of the steam on the pistil is 12 lbs. per aqoare inch : what is the hone- 
power? Jm. 201-06 R.-P. 

Ex. 90. — Und the hose-power of an en^ne that will raise in one minnto 
100 cubic feet of water f^m a depth of 600 feet Aita. 113/[ H.-P. 

Ex, 91. — A train weighing 50 tons is drawn along a railwa? at the rata 
of 20 miles an hoar ; the reeistaaces being 8 lbs. per too, find the horsa- 
power of the engine. Am. 21^ H.-P. 

Ex. 93. — The cylinder of a steam engine has an internal diameter of 3 
tl. ; the IsngUi of the stroke is 6 A- ; it makes 6 strokes per minute ; undec 
what effectiTe prefisnre per square inch would it have to work in order that 
7S hone-power may be doas on the piston? Aitt. 67'61 lbs. 

Ex. 63. — What moat be the horse-power of a stationary engine that 
. draws a weight of ISO tons along a homontal road at the rate of 30 miles 
per hour, Mction being 8 lbs. per ton ? Atts. 9fl H.-P. 

14. Mod/uiiia of a machine. — An agent rarely, if ever, 
doea a conaiderable amount of useful work directly, but 
nearly always through the intervention of a machine, by 
which the motive power of the agent is bo applied ae to 
overcome the resistance in the most convenient manner. 
For instance, when a steam engine raises water out of a 
shaft, the motive power is the pressure of the steam on 
the piston, the resistaDce to be overcome is the we^ht of 
the water, the beam, crank, &c., of the engine are the 
means by which the motive power is applied so as to 
overcome the resistance. Now it will be remarked that 
each part of the machine offers more or less resistance to 
the motion, ao that a certain part of the work done by 
the motive power must be espended in overcoming 
these resistances, i.e. in reference to the purpose of the 
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machine, must be expended uadeaaly. The remainder bf 
the work done by the motive power will be expended 
ueeftiUy in accomplishing that pmpose. 

If the number of foot-pounds done by the agent is 
represented by u, the number expended in overcoming 
prejudicial resistanoea by Uo, and the number expended 
usefully by Ui, all in the same given time, then it admits 
of proof in the case of a machine moving uniformly, that 

ii=u, + u,. 
It also appears that in most machines D, bears to tt a 
constant ratio, so that 

D, = KD 
where the letter K denotes some proper fraction, depending 
on the nature of the machine ; this fraction is called the 
modulus of the machine ; the following table, taken from 
Creneral Morin's Aide-Mimoire de Mica/nAque Pratique, 
gives the value of K for different classes of steam engines : — 
Tabu TL 
MODUIJ OF STEAM ENSDJES. 
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Bk. St. — Tbe diameter of the pUton of s itMun engii» b SO b. ; it 
mkM 1 1 ttxdkea per miDate ; the length of each itroke i« S ft. ; tbs mean 
prewnr* per square in. 15 Iba. Tha modulus of the engiae being O'Sfi, 
detetmioe the aamber of cubic feeC of mter it vill raiaa per boor bom » 
depth of SO fitthona. 

]The Doniber of foot-poondi dona bj iteun on pwton in <Hie hoiir 
eqnale t x 30'x 3 x Ifi x II m flO ; this nDrabw nmltiplied bj 0-S5 will gin 
the nnmber of foot-poondB luefally spent in niging water; hence tha 
ntunber of eabic fret of water ia found.] Jut. TTS8 cnb. ft. 

Ex. 9S.— The diamelat of tha piaton of wi engine ia SO in., the mean 
praasnta of the ateam ia IS Iba. per aqnan inch, the length of the stroke ia 
10 ft., the Diunber of atrakea mads per minuta ia 11. How msD; cnbio 
fyti c/ wtUx will it laiae per minate from a depth of 2S0 &thoma, its 
modnlna being 0-6 T Aju. 12'4S cub. fL 

Ex. 96. — Jf the engine in tha Uat example had raiaed 66 cobie feet of 
water per minute from a depth of 250 fathoma, what would have been its 
modslns? .ins. 0'7T71. 

£r. 07. — How man J itiokea per minnte must the engine In Ex. 95 make 
in Older to latae IS enbio feat of water par minota &om the given depth ? 
J»t.i. 

Ex. 9B. — What most b« the length of tha atroka of an angina whose 
modnlna is 0'65iaiid whose other dimensions and conditions of workidg ora 
the some OS in Ex. 95, if thaj both do the same qnantitj of useful work ? 
An*. 9-23 ft. 

Ex. 99. — The diameter of the cylinder of an en^ne ia 80 inches, the 
piston makes per minnte 8 atiokss of 10^ ft. nndei a mean pressnre of IS 
iba. per aqnare inch ; the modnlna of the engine is 0'55. How monj cabio 
ftat of water will it raiae from a depth of 112 fL in one minnte? 

Am. 48678 enb. ft. 

Ex. 100.— If in tha last example the engine raised a wraght of 60,433 
Iba. through SO ft. in one minnte, what must be the mean preasnra per 
•qnare inch on the piaton ? Atu. 2S'S7 Iba. 

Ex. 101.— If tha diameter (^ the fustoB of the engine in Ex. 90 hod 
been SS in., what addition in horte-powei wonld that make to the «m^u{ 
poweroftheengiae? Jii$. 13-38 H/-P. 

15. Work of ■water-wkeeU.^Siiherto we have con- 
sidered only one kind of motive power, viz. the preasure 
of steam. The same principles are applicaUe to machines 
worked by any other motive power, as by the muscular 
force of animal agents, the pressure of moving air, or of 
&Uing water. The last of these, viz. the power of (aUing 
water, is, next to steam, the most conspicuous example of 
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WORK OF WATEE-T 

work done on a large scale by an inanimate fl^^^W f^^^.'S^^^ 
^lall therefijre consider eomevhab particularly ti 
cation of this power by meana of water-wbeels. 

It is plain that 1 lb. of water, in descending throngfa I 
foot, must accumulate as much work as wonld be required, 
to raise it throogh 1 foot, and hence if p lbs. of water 
descend through^ feet, they will accumulate P A foot-pound 
of work ; and if, moreover, we suppose this water to descend 
against an obstacle, auch as the float boards of a water- 
wheel, the amoimt of work so accumulated will be done 
upon the wheel, and this work may then be applied to 
any useful purpose after a certain deduction has been 
made on account of prejudicial redstances. 

It must be borne in mind that the height of the fiiU is 
the difierence between the levels of the sur&ce of tie water 




in the reservoir aiid in the exit canal or tail-race ; in the 
case of overshot wheels it is supposed that the extreme 
circumference of the wheel is just in contact with the siu^ 
taxe of the water in the tail-race. The height is represented 
by A B in the accompanying figures ; of which fig. 2 repre- 
sents the ordinary undershot wheel with plane float board-; 
fig. 8 the breast wheel, in which the water acta upon the 
float boards considerably above the level of the tail-race. 
Fig. 4 represents the ovwshot wheel. 



PRACTICAL MECHANICS. 




The following table exhibits the moduli of various kinds 
of wrtter-wheels. It is founded on results given in General 
Morin's Aide-Mimovre. In the table h denotes the length 
of the line A B in figs. 2, 3, 4, and K denotes the length of 
B C in fig. 3 : — 

Tabli TII. 
MODDIJ OF WATER-WHEELS. 
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£r. 102. — The mean sectioD of a stream is fi ft. by 2 ft. ; itfl mean veto- 
aty is Sfi ft. per minnto ; there is u f&U of 13 ft od lliis atraani, at which ia 
eiecMd a iratai-wheel whose modulas ia 0'63 ; detBimiae the horse-power 
of the wheel. Ana. S6 H.-F. 

Ex. 103. — Id how maEj honrs wonld the wheel in the bit example grind 
1000 guorteia of wheat, ic beiiig asaomed that each horee-power will grind 
1 iHishel per honr? Ane. 1438 hours. 

Er. 101. — How many quarters of wiieat willliie same whtel grind in 72 
honra? Am. S0'41 quartere. 

i!<r. lOfi, — Suppose the wheel in Si. 102 to hare replaced an undershot 
wheel with flat float hoards, whose modulus was 0*25, detarmiue the num- 
ber of quarters of irheat each wheel will grind in 24 honn. 

A«i. (1) 6-5. (2) lfl'8. 

Ex. lOS. — How many cubic feet of water mnit he made to dewend the 
&11 per minute in Ex. 102, 3, that the wheel ma; grind at the rate of 3} 
quarters per hour? Am. 1749'S. 

Ex. 107-— Qiren the str«am in Ex. 102, 3, what must be the height of 
the &11 to grind 1^ quarters per honr; first, if the modulus of the wheel 
is 0'40, next, if it is 0-47, and lastly, if it ia 0'6& ? 

AiK. (1) 37-7 ft. (2) 32 ft. (3) 23'2 ft 

.&. 1U8. — The mean section of a GtreaTQ is 8 ft. b; 1 ft.; iUmeanvela- 
ffltj is 40 ft. per minute; it has a fall of 1 7 J ft. ; it is required to raise wata 
to a height of 300 ft. by means of a vater-wheel whose modulus is 7 ; how 
many cubic feet will it raise per minute ? Atu. 1307 cnb. ft. 

Ex. 109. — To what height would theirheel in the last example raise 
SJ cnbic feet of water per minute ? Ant. 1742f ft. 

Ex. 110.— The mean section of a stream is Ij ft. by 11 ft. ; its mean 
Telodtj is 2} miles per hour ; there is on it a Eb!1 of 6 ft. on which is erected 
a wheel whose modnlns is 0'7 ; this wheel is employed to raise the hammers 
of a forge, each of which weighs 2 tone, and baa a lift of li ft. ; how many 
lifts of a hammer will the wheel yield per minute ? Axt. 142 nearly. 

£ie. 111. — In the last example determine the mean depth of the stream 
if the wheel yields 135 lifts per minute. Am. 1'43 ft. 

Ex. 112. — In £r. 110 howmanycuhicfeetof water mnstdeaceod the EhU 
per minute to yield 97 lifts of the hammer per minute ? Ant. 2483 cnb. ft 

Ex. 113. — Determine how many qnarters of com the mill in Ex, 110 
might he made to grind in six days if it were to vaA fbr 13 hours daily. 
Am. 2815 quarters. 

Ex. 114. — Downn 14-ft. f^l 200 cub. ft. of water descend are^ minnt^ 
«od turn a wheel whose modulus is O'S. The wheel lifts wat«r ftom the 
bottom of the fall to n height of ISl ft. ; how many cubic teet wilt be thus 
misad per minute ? If the water vere raised from the Cop of the fkll to tha 
aame point, what would the number of cubic feet then be f 

Am. (1) 31-1 cub. ft. (2) 347 cnb. ft. 

[Of COnlW in the second rase the number of cubic feet of water taken 
flora the top of ths mil being x, the number of feet that torn the wheel will 
be200-x.] '' ' " ^"■"■'t'l'^ 
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£r. lis. — W&ter htw to b« miaad ftvm a mine 120 H.dMp, thavholeof 
the 'water ruwd foinu a atceam vitli a &11 of 3Q fL, the machiDeiy by 
Thieh the vater is caUed is vcarkedbj a Bteam SDgiDS of SO hone-pover, and 
•a oTenbot vbeel vhoee modalaiis O'Tlfi turned bjthe steam ; datermioe 
tha whole niimbet of cubic fwt laiBed -get miante. Am. 2S7'8 cab. ft. 

JIi. lis. — In the last example, if the ground aUonad an exit to be made 
for the water 30 ft. below tbe month of the shaft {by which of course the 
&11 is eotirelj lost), what mnBt b« the hone-power of the eoginc to raise per 
■ninnte the same amoant of watet as before ? Jnt. 45-S H.-P. 

16. Thi vjork of Uvvng agents. — The efficiency of men 
and animals is estimated in the same manner as that of the 
inanim&te agents already considered, viz., by the number of 
footr-pounds of work they are capable of yielding in a given 
time. The mimber yielded mider given circnmstances by 
any particular agent must of course be determined by expe> 
riment. The results of experiment on this matter are re- 
gistered in the tables that follow; they ure based on similar 
tables given in General Morin's Aide-M4moire. It must 
be borne in mind that these tables give mean results when 
the agent works in the best manner. It would be very 
possible for the agents to work with greater velocities than 
those assigned, but were this done they would yield a much 
smaller daily amount of work — compare the work done 
l^ a horse walking with that done by a horse trotting. 
Table VnL 
■WORK DONE BY MEN AND ANIMALS. 
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The following table gives the useful effect of men and 
animals employed in the horizontal transport of burdens. 
The second and third columna give the useful effect, viz. 
the product of the weight in lbs, and the distance in feet. 
The reader must not mistake this for the foot-pounds 
done by the agent, the agent being employed not in rais- 
ing the weight, but in overcoming the passive resistances, 
friction, &c., which depend on the weight indeed, but are 
only a fraction of it. 

T*BL» EL 



Ag»t 




DiefolEllKt 


ITiefal 


Ponndi 


Velool^ ! 


portad.* 




uhm 

perHr. 


Man VBlkiDg on a 

without Dur<wn» 
i.e. tmnsportiiig 
his OTTO weight 


100 


28,398,000 


42,330 


145 


292 


SS2 


log materials in 

tbeela, ratting 
with it empty for 
a nsw load 


10-0 


13,026,000 


21,710 


22U 


99 


112 


Do. do. iDBwhael- 

burow 


lO-O 


7.816.000 


13,030 


130 


100 


1-14 


lAbonrer walking 
irith A weight on 
his back 


7-0 


6,470,000 


13,030 


90 


1 16 


1-84 


hiB back and re- 
ed for a new load 


fi-O 


6,087,000 


14,110 


I4S 


97 


110 



WORK OF LIVINQ AGENTS. 
TiBLB IX. [conlinaed). 



AgaA 


tdonoC 

sa 


0»M Effect 


"SET 


POOD* 


T-* 1 


f«ud 


P^ 


Itat, 


Do. do. on a huid- 

barrow 


10-0 


i,29S,m 


7160 


110 


06 


0-74 


walbiDg, always 
Uden 


lO'O 


200,iW2,000 


334,300 


ISM 


223 


2-63 


Do. do. tiatting 


4-5 


90,203,000 


334,300 


7M 


44S 
121 


6-06 


Do. transportiDg 
nuteriols i n a cart, 


10-0 


109,408,000 


182,3SO 


1500 


a weight on hu 


10-0 


34,386,000 


67,810 


270 


212 


2-41 


Do. do. trotting 


7-0 


32,092,000 


76,410 


180 


424 


4-82 



Ex. 117. — How many men would be required to rnise by means of 
a eapstoD an anchor weigbing 1 ton from a depth of 30 tathoms, in 1 5 
minuUB? Aru. 9 nearlj. 

Mx. IIS. — In what timo would 20 men raise the anchor in tbe last 
example? .^liu. 61 min. 

Ex. 119.— ThniBgh bov great a distance vonld 30 men mise tbe anchor 
in Er. 117 in each minute P Am. 42 ft. nearlj. 

Ex. 120. — There ia a well IfiO ^ deep, a labonrer raises water &om it by 
a rope and pnllBj ; bow many onbic feet of water will be raise in a day ? 
Atu. 60 onb. ft. 

Ex. 121.^How many onbie feet of water would a steam engine of 10 
horso-power raise from this well in 24 hoers ? How many labonrers wunld 
be required to do tbe same amount of work if they raised the vatei by 
wheel-and-«iles, and how many if they raised it by means of capstans ? 
How many horses would do the same amount of worli walking in whim 
gins? Am. (1) 60,688 cubic feet. (2> 380 labourers, 

(3) 317 labonrers. (4) 68 horses. 

Ex. 122. — In how many minutes could 20 men working on a capstan 
laise an anchor weighing 2 tuns from a dapth of 200 fathoms ? 

Ant. S5-BB min. 
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Ex. 133. — Hmr many msD would in tO tninsteB raiM the aaehoi in th* 
last example T An*. \3 men. 

Ex. 124.— Thnm^ how man; hlhoma conld IS men niae the anchot of 
Ex. 132iD 10 nlnntesT Atu. 17| naoAj. 

Ex. 125. — ICJSsienaieiequiredtoTaiaeaouiehorthiongh ISOfathoms 
iaZOininaUa,vhatlniut be the weight or that KDcborf A»t. 753^ lbs. 

Ex. 126. — A town ia 8itnat«d ZS miles from die month of » coal pit, 
ftom which ooal i« taken to the town by a UtbI railway on which tie ro- 
eialaacB is 10 lb& pec ton ; the engine employed ia of IA hcase-power and 
veighs with its tender 10 tone ; each truck weighs 3 tona and containg 
7 Waa of coal ; on each jonrney the engine takes S full tmcki and retnma 
with 5 empty tmcks ; auppoeing no time to be lost at the ends of the 
journey, how many torn of co^s will be taken to the town in 4S boui«r 
How many horseB would be required to convey the sune qoEUitily of coala 
in ths suae tunef Am. (1) MS tim. (S) 665 hoisei. 

17. Renutrka on the work yidded by different agents. 
— 'Fho following remarks upon the piecediog tables and 
examples are worthy of the atteotion of the reader : — 

(1) Every agent must be allowed to move at a certain 
rate in order to do the greatest amount of woik it is cap- 
able of yielding ; thus, a horse walbdog does considerably 
more work than a horse trotting, as an inspection of the 
tables will show. And this is true not of animate agents 
only, but also of inanimate ; thus the work yielded by the 
consumption of a given quantity of coal will be larger in 
the case of a slow than of a fast engine. 

(2) Also, in order that an animate agent may do its 
greatest amount of work, it must not be required to exert 
more than a certain force. This ia also plain from an 
inspection of the table. 

(3^ It follows from the above considerations that 
though two agents may be capable of doing the same work 
in the same time, it may be in practice impossible or dis- 
advantageous to substitute the one for the other. Thus 
an ox and a horse walking in a whim gin do very nearly 
the same amount of work ; but since the ox moves more 
slowly, and exerts a greater force than the horse, it 
woidd generally be disadvantageous to substitute a horse 
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tor an ox ih a machine requiring a. alofr keavy preasure. 
Again, in cases where great speed is a deaideratum., it 
would generally be impiracticable by any machinery to 
make tJie slow agent perform the labour of the rapid 
agent ; as, for instance, in the case of locomotion. 

18. On the coat of labour. — The chief elements in 
the cost of labour may be enumerated as follows : — 

(1 ) In the case of human labour, the whole cost is the 
wages paid. 

(2) In the case of a horse, the elements of expense are 
attendance, keep, and the original cost ; the last is but a 
Bmall portion of the expense. Tbns, if we suppose a horse 
to cost 201. and to continue in working order for ten 
years, and reckon the valae of money at four per cent, 
per annum, the element of cost would be 2*4651. yearly, 
or not quite Is. per week. 

(3) In the case of a steam engine, the chief elements 
are the original cost and subsequent repairs, attendance, 
and fiiel. Of these elements the most important is that 
of fuel ; and accordingly there ia a special definition of 
the power i^ an engine with reference to the consumption 
of fuel. The definition is as follows : — 

Def. — The number of foot-pounds of work yielded by 
an engine in consequence of the consumption of 1 bushel 
(i.e. 84 lbs.) of coal, is called the duty of that engine. 

The extent to which the economy of fuel may be carried 
is very remarkably illustrated by the engines employed to 
drain the mines in Cornwall. In 1815, the average duty 
of these engines was 20 millions; in 1843, by reason of 
miccessive improvements, the average duty had become 
60 millions, Meeting a saving of 85,0002. per annum ; * 

* Boume <m the Steam Engine, p. 171. It may be remuked that this 

rosnlt dapeDda largslj on the conatmction of ths boiler ; I lb. of oosi in 
the Cornish boiler eraporatsa 11} lbs. of wnter, while in the waggrm-shiiped 
boiler 87 is the nmiinLum.— FAtBuran, Utejiu InformtaiBH, p. 177. 
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it is stated also, that, in the oaae of one engine, the duty 
■was raised to 125 millions. 

The actual cost of 1,000,000 foot-pounds of work, when 
done hy different agents, cannot be specified vith great 
precision ; but a sufficiently accurate notion of the relative 
cost of different agents may perhaps be obtained firom the 
annexed table, which has been calculated upon the follow- 
ing suppositions : — 

(1) The wages of a labourer, 3a. a day. 

(2) Keep of a horse, 2s. a day ; attendance of 6 horses, 
3s. a day ; coat of each horse, 2d. a day. 

(3) Steam engine of 50 horse-power, at an annual cost 
of '5{. per horse-power; atteadance, 128. a day; coal, Gd. 
a bushel.' 

Tabli X. 
COST OF LABOUR. 



ClunuUrolAsnit 


Cart per UUlion 


h) Labourer niaing veights hj rape an 

(3) LalKJurer luraing & winch 

(4) Labourer tujuiDg b. capeton 

(5) Hotse in a whim gin trotting . 
ley Horas in a whim gin walking . 

(7) EoFgewalUuginacart . 

(8) Steam engine, dntj 20 milliona , 

(9) Steam engine, dntj SO miUiona. 


"pull 


ej ; 


8867 pffflM 
63M „ 
28-80 „ 
2400 „ 
1-S48 „ 
3'79i „ 
a-040 „ 

0-429 „ 
0198 „ 



• la ffmb'»Oin(rarfi'r'»PriceBooAfDt 1869 tbeprioBeof TariouHsteam 
eoginea aw ertiniated to be from 2W. to Z5t. jwc hocs&-power, boilePB 
and fittings indaded;.aa the nominal hons'power (which is determined 
b; meaanrement) ia coneiderabl]' lees than the working horse-power, the 
estimate in the text ia wry ample ; tliat estimate aasumea iOl. to be the cost 
of a hone-power, and that 1 per sent, will repraaent interest on capital, 
repwn, and restitntion. It may interest the reader to consider the following 
statement taken from Mr. R. Stephenson's paper on S^lwsy Economy which 
forma an appendix to Mr. Smilea's Lift <tf Gtorge Styiensi/ii, In 1SS4 
there were in the Uoited Kingdom 9,000 locomotiTe engines coating frnm 
20001. to 2JS001. apiece, and coDauming annually 13 million tona <^ coke, 
made from 20 million tons of coaJ. It appears moreover that if a railwaj 
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Jlr, I2T. — Hovmanj bnsheU of <wal must be expended in s daj of 24 
honn in rainog ISO cable feet of mter per minute from s depth of 100 
ftthonu; the dut; of the eiigiiie bmag 60 milliooa P Ana. 135 buihala. 

Ex. 128, — Determine tlie miinbef of horses vorking in whim ^ds re- 
quired to do tie vork of lite last example. Determine also the weekly 
esTing efiectad by emptojiug steam power, sapposing; tlie total weellj ei- 
peius of the engine to be double the price of coals consumed ; the coals 
costing 10«. a ten ; and each horse 20i. a week. 

An». (1) 9S0 borsea. (2) 9211. 111. Od. weekly earing. 

Ex. 1Z9. — Tbers are tbreo distinct levels to be pamped in a mine, the 
iiBt 100 fathoms deep, the second 120,tbe third 160 ; 30 cubic feet of water 
are to come from the first, 40 ftom the second, and 60 from the third per 
niiute; the duty of the engine is TO millions. Determine its working 
horse-power and the consumption of coeJ per hour. 

Jot. (I) 191 H.-P. (2) Si buBhets. 

Ex, 130. — In the last eiampto suppose there is another level of 160 
fiithoms to be pumped, that the engine doea as much work as before for the 
other levels, and that the utmost power of the engine is 2T5 S.-P. Find 
die greatest number of cubic feet of water that can be raised from the 
fourth level. Jm, 46^ cub. ft. 

Ex. 131. — An engine raises ersry minute a cnbic feet of vatet from a 
depth of 1 fothoms, n cubic feet of water from a depth of b fathoms, and 
c cubic feet of water from a depth of e &tboms. The diameter of the 
piston of the st«am engine iaifin., the length of the stroke Z ft., it makes n 
strokes per minute ; also it consumes o bushels of coal in twenty-ibur hours, 
and has a modulus m. Determine (1) the pressure per square inch upon 
the piston; (2) the horse-power of the engine (as measured 1^ piessnre of 
steam on piston) ; (3) its dntj. 

Jm. (n t500(Aa + Bi + ce) M^io + BS + co 



„, 640,QOO(*g+Bi + ce) 

Ex. 132.-~Water is to be rused from three levels- of 20, 30, and' 40' 
fiiUiams respectively ; 10 cubic feet of water are to be taken per minute 
from the Snt, 20 from the second, and 40 from the third. The eng^ con- 
■omea 16 bushels of coal in a day. The diameteB of the piston is i ft., it 
makes 10 strokes of 6 ft. each per minnte. The modulus of the engine is 
0*05. Find the pressure per square inch on the piston, the hoise-power 
(si« measured by pressure of steam) and the duty of the engine. 

JM. (1) 13-75 lbs. (3) (nearly) 12 H.-P. (8) 133,000,000 duty, 

company start with 100 new engines, about 20 or 25 wiU need repair at the 
end of four years, and after that there will' always be sbovt 23 in th» 
-workshop. 
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Et. IS3. — ID&. I28«iipp>mtli«e[ieineutd trucksontheoneluDd.uid 
tlie horees utd e»H* on the other, h> want Tencml eveiy ten jean : soppoM 
Also tbiit each hone »nd tan eosta 401., th*t one maa sttsuds to erei; six 
honei and is paid 3t, a dsj, th4t a&ch horse'a keep is I4. 64. a iaj, that 
Ibere &ie tiro tDropikei 00 tha lotd at each of vhich thaie is a toll of 6d. ; 
detenoine ihs coM of ttaiiapoiting US toiu of ooals. Next ntppose the 
•Dgine and tander to coat 1000/., each track 1201, (IS tracks are required 
to preTent loai of time) ; that Uieie are three driTan and three atoken 
each at S«. a day ; that moDey ia worth 6 per cent, and that each mile of 
road coat lO.OOU. to make, and 36G{. a year to keep id repair ; determine 
in this case the coat of transpoiting US tona of coala. Also if coal coat 3*, 
* ton at the pit month, what will it cost in the town accoiding to each 
method of transpait, neglecting profit 7 

Aiu. (1> am. (2) 1331. (8) I2<. e<{: a ton by cart. 
(4) St. ed.aU>abj nil 

[Interest OD tlie mat price of engine, tntki, hoaea and carts can be 
DtgLectad.] 



SECnOH II. 

19. On the work done by a variahU force. — ITiere 
are two important qoestiona in the subject of work which 
we shall treat in the present section : they are, (1) the 
work done by a variable force, when exerted throogh a 
certain distance ; (2) the total amount of work done in 
PiQ. t. raising a number of weights through differ- 
ent heights. 

As an introduction to the theorem which 
followR, it may be remarked that, if a con- 
stant force of F lbs. act through a distance of 
8 feet, and if a rectangle A B c D be drawn, of 
which the base a b represents the 8 feet on 
scale, and the perpendicular a d represents 
the P lbs. on the same scale : then, since the 
area of a B C d contains p s squaie units on 
the same scale, the area will correctly represent the work 
done by P. 

,, ,--,.,uyCt.)t)'.^le 
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PTfypoaiHon 1. 

If a varidlde force act through a ceiia/vn, diatcmce, and 
if a curve be dravm vtt auck a Tnammxf thai the ahsdsBa 
and corrmpondimg ordiitate of cmy povtit repreaent re- 
apedwely ike distance through which the force haa acted 
and ike magvAtude of the force, then wiU the area of the 
ey/rve between any two ordmatea represent the work done 
by the force while ac^/ng through a diatcmce represented 
by the difference between the extreme abad^acB. 

When the force has acted lirough a distance represented 
on a certain scale by A M, suppose it to be represented on 
the same scate by FN ; also, fdj. «. 

when it has acted through 
a. distance A u, suppose it to 
be represented on the scale 
by Q M ; let the curve p q 
be drawn in such a manner 
that any ordinate (pj 
represents the force when it 
has acted through a distance an, ; we have to prove that 
the area pnmq represents the work done by the force 
while acting through the distance n h. 

Divide N M into any number of equal parts in N^ Nj, w,, 
.... draw the ordinateap,N,,p^2,p,M, .... and oom- 
plet« the rectangles PN,, PjN,, p^h, .... Now, we shall 
nearly represent the actual case-if we suppose the force, 
while acting successively through the short distances nn,, 
8,N^N^, .... toretein unchanged the magnitudeithas 
at the beginning of those distances respectively ; and we 
shall re^iresent the case more nearly the smalleT we make 
the distances, i.e. the greater the number of parts into 
which we divide N H ; the actual case being the limit con- 
tinuaUy approached as the number of parts is increased. 

But if the force acts uniformly through each distance. 



ve P Q •*' /f 

lanner j, /V~ 

rhfin it. ^ ' '• *■ 



88 PBACnCAL MECHANICS. 

it will do a number of units of work represented by tbe 

sum of the rectangular areas pNi, p,Nj, p^n, and 

this being true whatever be the number of the small 
distances, the work actually done will be properly repre- 
sented- by the limit of the sum of these rectangles, i.e. 
by the curvilinear area P n m q. 

Cor, — It must be borne in mind that the scale most 
be the same for lbs. aud for feet ; thus, if the scale be in 
iucheB, p N muBt be as many inches long aa the force con- 
tains lbs., and n m must be as many inches long as the 
distance represented contains feet ; this being so, the area 
of the curve in square inches will give the number of foot^ 
pounds of work. 

£t. 131. — A rope I ft. long and -weighing w Iba. per foot hanga bjr ods 
end 1 detenoins the ooinbei of foot-pounds of vork reqiiired to wind np a 
ft. of the length. 

no. 7. Take i B on scale eqnal to t, drav a c 

Bt light &nglef to A B and on the game scale 
equal to uA join BC; in ab takeanjpoint 
K, dravEirpamUel tOAO, then 

N^ Therefore m-WRB, i.e. the oidinate FN 

X^^ Mpreaente on acab the weight of tbe rope 

^S^ left hanging when the extremis has been 

a nieed through a qiaoe a h. Therefore the 
area ABO rt^tefente the nnmber of fbot- 
ponnds required to irind ap the vhole rope, and the area c a r h the nninbei 
of foot-poonde required to wind np a length a m of the n^a. Hence if o 
ia tlie required nnmber of fbot-pounda, 

v-«x.<i-|). 

Hence also the oomber of foot-poond* (v,) reqmred to wind np tbe 
whole loge it given by the formula 

Ex. 136. — A weight of 2 cwt. has to be raised from a depth of 100 
folhoms by a rope 3 in. in drcumfbrence ; determine the nnmber of foot- 
pounds that most be expended in raising it, and the number of minnte* 
in which i men woold do the work by meane of a capstan. 

Atu. (1) 207,300 It-pds. (2) i6-S min. 

^ ^I^^ - 
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Er. 136. — How he»Ty will that aoehor lie which 13 man will raU« by 
taesna of a capctAn from a depth of 18Q fothonu in 40 mio., mppoung the 
caU« to wpigh 1 12t Ibe. (neglecting the bnoyancf of the yntet) t 

Jtu. St6 lbs. 
Ex. 137- — A chain each foot of which weight S liia. is nspeoded f^m 
the top of a shaft, the depth of which ia 50 fathoms; determine thenumb^ 
of foot-potuxlB required to wind np each enccesaiTS 100 ft. of its length ; 
determine also the length of the chain which will reqaire twice as manf 
fbot-pounde to wind it np. 

Jru. (1) 200,000, 120,000, 40,000 ft.-pda. rsapectiTclj. (3) 424 ft 
Ex. ISS. — If a ehaia 300 ft. long and weighing S Iba. per foot it woond 
up in 4 min., how nuDj men working on a capstan would do it? Bow 
iziaiiy borsei walking in awhimg^n? How many steam horses ? Hov 
msnj of each agrut wonld be required if the weight per fcwt of the ehija 
were donbled F And how many if the length of the chain wa» doubled? 
-teJ. (1) 29 men, (2) SI horses. (3) 2^ horae-power. 
(4) 6T men. 10-2 horses. 6^ horse-power. 

(6) 116 men, 20-4 horses. 10^^ horaa-power, 

Xx, 139- — A. chain is a ft. long ; divide it into » parts such that the 
irinding up c^ each may reqaire the same nmnber of foot-poands. 
Jm. 

Ex. 140. — Ooal is raised from tiie bottom to the month of a pit ISO ft. 
deep in loads of a quarter of a ton ; the box conbuning it weighs 1 cwt., the 
rope by which it is raised is 8 in. in eircnmferenee ; delermina the number 
of fbob'tioands spent in rising the cool, and tJie number spent in rainug 
the bos and rope. If the lifting engine works with lO-horse power, 
determine tbe weight of coals raised in 2 hours, supposing the ascent and 
descent of the box to take equal times. 

Ana. (1) 84,000 ft^pds. to raise coal. (2) 21,3S61 fV.-pds. to rvae 
box and rope. (3) 47 tons. 

£f. 141. — In the last example suppose machinery to be employed by 
means of which the same drum winds np the rope of an ascending box and 
unwinds that of a descending hra. Determine the number of tons raised in 
S hours.* Afu. 118 tons. 

[Of course the imA done by tjie descending bos and rope will UFsrly 
equal that expended on the aecending box and rope — ttie weight of box 
and rope can therefore be neglected.] 

* The primary object of this mode of workjug was, probably, to gave 
Kme, the ssTlng of labour bung an accidental result ; though that saTing 
is very oonsidarabla. 
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Ex. 143. — DstaraiDe tha nnmbar of ton! niaed under the eoaditioiia of 
Ex. 110 and 111, Mppoaing | a miimM U eipendsd in filling oi emptjing 
Ihebox. Ani-il) IS^toos. (2) 39} tons. 

£t. 113. — If 4 cwt. of m&terial are drawo froia > depth of 80 fathoms bja 
npa S in. in aronmferenoe, lto« muiy foot-poiinila aia expended in rsiBing 
them, and nhat hoiae-paweri* TiaoMaarjto raise them in 4} miaateaf 
A*. (1) 344,640 ft.-pds. (2) a-32 H..p. 

Ex. Ht. — A lopa S in. in eiicnntferenee ii stioi^ enough to bear a 
iroAing tension of 4 cm. ; how manj foot-poonds aie irssted in the laat 
example bj using a rope d in. in drcnmfbreiice 7 Am. 82,944 ft.-[>d8. 

Ex, 1 4S. — A vindiDg eng^e niiaet to the Borface a load of 1 3 cvt. in 
6J minutaBfrom a depth of llj hthonu; the rope employed is a flat lope 
conipogad of 3 ropes aaah 3 in. in drcmnfeieDce. What is the hoise-pover 
of tha engine? Jiu. 5'S7 H.-P. 

Ex. 146. — If tlie mgiae in the last exmnple have a (r^indei 20 in. in 
dinineter, and makes per minnte IS titiokes of 2 ft. lOin., nndervbatmeiiii 
[HnssuTepei aquare inch of steam does it work if its modulus is D-SS? 

Jm. 26-6 lbs. 

20. The steam indicaior, — A very iiuitructive appli- 
cation of Proposition 1 occurs in the steam indicator, which 
no. 8. may be suffici^itly described as ^^ 

lows: AB is a small hcdlow cylindei 
pontaining a powerful spring, ^hich 
can be ptutlj seen through the aper- 
ture EF; within the indicator is a 
small pistoD or plunger (marked in 
the figure by dotted lines^ whicb is 
kept down by the spring, bo that if it 
is forced up, the compression of the 
spring gives the amount of the com- 
pressing fcffce, which can be read off 
on the scale CD by means of tbe> 
pointer Q H, which rises and lalls with 
the plunger. The end H of the pointer 
^ sarries a pencQ, the point of which 

rests against a sheet of paper wrapped round a cylindCT- 
E L ; if this cyUnder be stationary, and the pencil move, 
a vertical straight line will be described ; if the pencil be 
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stationary, and the cylinder revolve, a horizontal Btraight 
line will be deeoribed ; but if both the pencil move and 
the cylinder revolve, a curved line will be deecribed. To 
obtain the required curve it is neceBsary that the cylinder 
K L should turn in contrary directions during the up and 
down sbrokes of the piston. This is effected by means of 
a, clockspriug placed within the cylinder K L. On the up 
stroke the string mh, which is fiistened round the cylin- 
der, is pulled in the direction u n, causing the cylinder to 
turn from left to right and winding up the s^Hriog. On 
the down strolce the string tends to slacken, the spring 
uncoils and turns k l back from right to left. 

The insbmrnent is used in the following manner : — • 
The end A being screwed into an aperture properly con- 
structed, the steam in the interior of the cylinder of the 
steam engine can be admitted into the indicator by opening 
the cock P ; at first, however, the cock P is shut, so that 
the pointer remains stationary. The end of the string M n 
is attached to some part of the engine * in such a manner 
that the cylinder k l makes one revolution while the piston 
of the steam engine makes a stroke ; this being done, and 
the cock kept shut, the pencil will trace on the paper a 
straight Une called the atmospheric line: on the next 
stroke the cock is opened, and now the steam pressing on 
the plunger the pencil will rise or fell according as the 
pressure of the steam is greater fio. ». 

or leas than that of the atmo- 
sphere, and will describe a curve 
that will return into itself at the 
end of a double stroke (or revolu- 
tion). The area of the curve 
thus described will give the amount of work done by the 
■team during a, single stroke. 



* Oaoenllj Um mffioB-^aft. 
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To explain this, suppose ABCDEFtobe the curve gives 
by the indicator (whidi, it may be remarked, is described 
continuously in the direction a b c i e f a), a g the atmo- 
spheric line; draw PNQ any double ordioate, then pw 
represents the excess of the steam pressure above that of 
the atmosphere when the ascending piston is at a certain 
point, and h q represents the defect of the vacuum pres- 
sure below that of the atmosphere when the descending 
piston is at the same point. Now the efifective pressure 
of the steam is the excess of the ateam pteaeure above the 
vacuum pressure ; but 

p N=steam pressure —atmospheric pressure, 

NQ^atmospheric pressure — vacuum pressure, 
.•.PN+HQ=Bteam pressure —vacuum pressure j 

therefore P Q represents the effective pressure of the steam 
when the ascending piston is at the point corresponding 
to K, i.e. assuming the vacuum pressure at any point of 
one stroke to be the same at the same point of the next 
stroke. I^ then, for the sake of difltinctness," we suppose 
each inch of the ordinate to denote a pressure of 1 lb. and 
each inch of the abscissa (i.e. of the atmoapheric line) to 
denote a foot of the stroke, the area of the curve will give 
the number of foot-pounds of work done during a aingle 
stroke by the steam on an area equal to that of the 
plunger, and if the area of the piston of the ateam engine , 
be n times that of the plunger, the work done by the steam 
during a eingle stroke will be n times that given by the 
curve. 

The area of the curve may be found by Simpson's rule, 
viz, — Divide a a into any even number of equal parts, and 
draw the corresponding ordinates ; take the sum of the 
extreme ordinates, four times the sum of the even ordi- 
nates, and twice the sum of the odd ordinates (i.e. ex- 
* In piacCica t^ uale would lie oonaicUrobly less tlwn this. 
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WOEK OF LENGTHENING 

cepting the first and last), add them togeth< 
the saiD by one of the parts of the absciBsa 
will be three times the area of the curve." 

Ex. 147. — Let the curve ahown in the figure be that given by a stroke 
of S ft; let ABbedirided into 10 equal parts, and let theoidinatea 1, 2, 3, 

4 be drawn ; suppose them to rapTraent Fio. lo. 

respectiyelj 19, 22, 22, 176, 13, II, 9, 7S, 6, 

6'5, i lbs. proasurea per sqnare inch. The I 

radios of the piet<in being 20 in,, determine [ 

the Domber of foolr-ponndg of vork don 

stroke, and the jman effbctiva preaBor 

square inch on the piston — Le, the constant pragsoro that would do the 

same work. ^m. (1) 79,000 ft.-pdB. (3) 128 lbs. 

Ex. 148. — Drtennine tlie Dumber of foot>-poaniia of work and the mean 
pressDie per square inch on a pislon 3J fcet m diameter hsTii^ a stroke of 
6 feet, if the ordioaMa meaanred at intercitla corresponding to three inches 
of the stroke gira the fbllowing presfmrea — S03, 12'G7, IS'04, 20 73, 2103, 
21-11, 21-26, 20-72, 30-14. 18-63, lS-45, 13'24, 10-83, 8-53. 8*49, 4-87, 3-99, 
3-74, 3-62, 3-26, 276. Jm. (1) S7. 800 ft.-pda. (2) 12-66 lbs. per aq. in. 

21. Work expended on- the dongaiion of bars, — It 
is plain that if a rod be lengthened hy a gradually in- 
creasing force, the force exerted at any degree of elongation 
will be proportional to that elongation ; so that if the 
absciasse represent the degree of elongation, and the 
ordinates the stretching force, the area which gives the 
units of work will be a triangle. Hence : 

Ex. 149. — There is a bar the let^ ol which is l and section i ; it is 
graduall; elongated by a length 2 ; if its modnlos of elasticity be e, show 
that the work expended on its elongation -will be given by the formula 



Ex. 150. — The pumping apparatus of a mine is connected with the engine 
by meana of a series of wrought-iron rods 200 ft. long ; the section of each 
rod is J of a sqnare inch ; the tension when greatest is estimated at 6 tons ; 
bow many foot-pounds of work are expended at eTeiy stroke upon the 
•longatjon of the bats ? Ant. 830 ft.-pds. 

• The curre given by the indicator is useful in other ways besides that 
meoliiHied in the text.— founw on tht Steam Engint, p. 24S. 
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JEr. IGI.— AbSFitf wiosght ironlOOft. loDg-witliatwcdoiiof 2 iqitara 
iltebM hat its tempennue raised &0111 32° F. to 312° F. ; bow many foot- 
pottnds of irork has tlw h«at donsT .Aat. 387S ft.-pda. 

22. I%e twri) eoepemded in raisi/ng weights thmmgh 
varioua heights. — The questions arising out of this im- 
portant part of the present subject are solved by means 
of the following proposition. 

Proposition 2. 

When any weights are raised through different heighis, 
the aggregate of the work eaopended is equal to the work 
thai would b« esipended vn lifting a w^hi equal to 
the sum, of the weights through the aams hdyht as that 
through which the centre of gravity of the weights has 
been raised. 

Letw„Wj,w, be the weights of each separate 

body ; conceive a horizontal plane to pass below them all ; 
let %,, Aj, A, . . . . be the heights of those bodies above 
the plane before they are lifted, and let H he the height 
of their common centre of gravity j then (Prop. 16) 

B(w. + w, + w, )-w,S, + wA + w,S,+ ... (1> 

Also, let &,,^,i^ .... be Uie heights of the weights 
respectively, after they have been lifted, and K the height 
of their common centre of gravity ; then 

t(w, + w, + w, . . , .)-w,*i + wA + w**.+ ... (!) 

hence, subtracting (1) from (2), we obtain 
(K-B) K +i^+w^..)-w, (*,-*,>+", (*.-*.)+'. (*.-*.)■■. (8) 

Now, Wj, w,4 V!„ .... are severally raised through 
the heights fci— A„ ft,— A,, k^—h^ . . . .; therefore the 
right-hand side of equation (3) gives the aggregate wotk 
expended in lifting them ; hence that work is equal to 

(K-H)(w,+w, + w, ....), 



RAISING WEIGHTS. 45 

i.e. to the work that must be expended in lifting a weight 
Wi+Wj + w,+ . . . through a height K—H. (Q. E. D.) 

Cor. — In the case of the transport of bodies along any 
parallel lines, the principle enunciated in the theorem 
vill hold good, since the resistances bear a constant 
ratio to the weights. 

Er. 162. — How many GMt-ponnds of work must b« eip«Dded in niging 
the msttrials foi building s column of bcickwork 100 ft. high and 14 ft. 
aqoare ? and in how nituiy honn wonld an engine of 3 horse-powei raise 
them? ^n>. (1) 109,760,000 ft-pdc. (2) 27'71 bonn. 

[Sines the tnaterisl haa to lie rsiaed from theffnmmi, the common eenln 
rf graTity wilt have to be raiaed from the grnnnd t« the centre of gravitjof 
thA column, i.e. to its middle point GO ft. above the grouiiil] 

Ex. 163. — A shaft bas to be nmk tJi the depth of ISO fktboma tbroogb 
chalk; the diameter of the shaft is 10 ft. ; how man; foot-poands of work 
must bs expended in raiBing the mat«riala ? In how long a time could this 
be done b; a horse walking in a whim gin? Bow many men wotking in a 
capstan would do it in the some time? DetemuDetheeipeDBeof the work 
kuppoaing the hone to coat St. 6i2. a daj, and the wages of a labourer to be 
Si. 6<^. a da^. 

^nt. (1) 346T million ft.-pda. (2) 40d'B days. (3) 5-62 men. 
(1) Cost of horse 71'- 1*». Cost of men 2881. 

Ex. 164. — If the work in the last example ig to be done 'in 24 weeks bj 
a steam engine working 8 horns a da;, 6 dajs a week, what must be the 
boise-power of the engine ? Jiu. 1'621 H.-P. 

Sx. 166. — In Ex, 163 suppose the box in which the material is raised to 
weigh I cwL, the rope to be 3 in. in diameter, and each load to be 4 cwt. of 
chalk, also suppose the box to take as long in ascending as in desceitding 
and that ^ of a minnto is lost in unhooking and hooking at the bottom of 
the shaft and the same at the top; when the shaft is 100 ft. deep determine 
the time that elapses between the starting of one load and the starting of 
the next ; the engine working at 1} horaa-power. jbu. 262 min. 

Ex, 166 — Determine the same as in the last example when the shaft ia 
aft. deep. . liag + 0046j' . . 

6500 

.St. 167. — Determine the whole time of raising the materials of the shaft 
in Ex. 163 under the conditions of Ex. 166. Aiu, 3331 hours. 

Ex, 168. — Befernng to Ex. 163, 165, suppose the drum of the winding 
machine to have two ropes wound round it in contrary directions, so that 
it unwinds one rope while winding Dp the other, and that consequently an 

.,,„ ., Jc 
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empty liox desceadi whils ■ full one is being railed (as in Ex. If]); dntet- 
mine the time that mnat el&pae between two consecutiTO lifts of 4 cwt. 
when the abaft is 100 ft. deep. Ant. I'lfiS min. 

Ex. 1S9,— Obtain a datarminBtaoQ nmilw to that in the last example, 
■whaa the shaft is r ft. deep, «48x .,„ , . 

Ex. ISO.— Obtain ths whole time of lifting the materials from Che shaft 
nnder the circnmstancM of £r. 1S8. .^<m. 13-16 honra. 

Ex, 161. — In how long a time wonld a 15 hoTse-pover engine empty a 
shaft full of water, the diametei of ths shaft being S fL and the depdl 200 
filthoms ? If the engine haa a dnty of 80 millione determine the amoilnt of 
coal consumed in emptying the shaft. 

Jm, (1) 76 honrs. (2) 7fi-4 bushels. 

Ex. 162.— There is a oeTtluiirtulvB;200 miles bng: itmay be assoiMi 
that in the conrse of 10 jeorB there will be 60,000 lone of iiOD Doling laid 
down, and that it will be equally diBtribntad aleog the line. How many 
foot-'ponnds of woA mnat banpwrfed in aonrejing the rails (neglBcting tha 
vm^ of tb* tmets), if the dep6t is at one end of the line ? And hov 
M«u/ if tha depit is in the middle of the line? The reaistances being 
lepkoned at B Ibe. per ton. 

Jm. (1) 211,200 million ft.-pda. (2) 105,SOO million ft.-pds. 

Ex. 1B3. — How maoj joBCHeys of 20(l miles performed by a train weigh- 
ing GO tons does the difference of tha resnlCs in tha last example represent t 
8 lbs. per ton, Jiu, 250 journeys. 
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CHAPTER III. 

ELEMEIfTAKT STATICS. 

23. Mechamce. — The science of Mechanics is that 
which treats of the motion a/nd rest of bodies as produced 
by force. The words, ' as produced by force,' are added in 
order to exclude the science of pure motion or mechanism, 
which treats of Hie forms of machines, and in which ma- 
chines are regarded merely as modifiers of mation. Into 
all questions which are properly mechanical the idea of 
force must enter. 

Force may be defined to be any cause which puts a 
hody in motion, or which tends to put a body in motion 
when its effect is hindered by some other cause. On this 
definition the following remark is to be made : Suppose 
a givem weight is supported by a string passing over a 
pijley and &tstened to a fixed point at the other end ; 
next, suppose an equal weight to be supported by a man's 
hand ; lastly, suppose an equal weight to be supported 
hy the elastic force of a spring. Now, here we have 
three physical agents, viz. the reaction of the fixed point 
^transmitted tbiongh the string, the mnacular power of a 
man, and the elastic force of a spring, very different in 
many respects, but agreeing in their common capacity to 
support a given weight. They may clearly be regarded 
as equal, when viewed with reference, to that capacity. 
In short, as, in geometry, we regard all bodies as equal' 
which can succeasively fill the same space, without any 
regard to their physical qualities, such as weight, colour, 
&c., so in mechanics we r^ard all forces as equal which 
will severally balance by direct opposition a given weight 
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irreBpectively of their pkyeical origin. By the weight of 
a body ia meant the mutual attraction between the earth 
and that body; as this attmction has different amounts 
when the body is at different places, the weight of a 
body, when used ^ a standard of force, must be deter- 
mined with reference to some aseigned place. Thua : — 
there is kept in the Exchequer Office a piece of platinum 
called the standard pound (avoirdupde) ; the attrBctioa 
of the earth on that body at London is a force of 1 lb., 
and any force which by direct opposition can supp(Mt that 
body in London is also a force of 1 lb. If we suppose 
two forces each of 1 lb. to act in the same direction at a 
point and to be balanced by a single force, that force is 
one of 2 lbs. ; and similarly a force of three, four, or more 
pounds can be defined. 

24. Statics a/nd dynamics. — It followa, frran the de- 
finition, that, in Mechanica, we can consider a force either 
aa producing motion, or aa concurring with others in 
iproducing reat. Accordingly, the science of mechanics 
ia divided into two distinct though closely connected 
branchea, viz. statics and dynamics. Of these, statics is 
that science which determines the conditions of the equi- 
Hbrium of any body or system of bodies under the action 
of forces. Dynamics is that science which determines 
the motion, or the change of motion, that ensues in a 
body or system of bodies subjected to the action of a fOTce 
or forces that are not in equilibrium. 

25, Determination of a Force, — From what has al- 
ready been said, it appears that the Tnagnitude of any 
force is assigned by considering the weight it would just 
support if applied directly upward ; in other words, we 
arrive at the magnitude of any force by comparing it 
with the most familiar and measurable of forces, viz. 
weight. A little consideration will show that the effect 
of a force in any case depends not only on its amoimt, but 
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also on its pdnt of application, and the Ime along which 
it acts. We may say, therefore, in general tennB, that a 
force is completely determined when we know (1) its 
magnitude, (2) its point of appli- 
cation, (3) its line of action, and 
(4) its direction along that line.* 
A line is frequently said to repre- 
sent a force ; when this is the case 
it must be drawn from the point 
of application of the force along 
the line of its action, and must 
contain as many imite of length 
(say inches) as the force con- 
tains units of force (say lbs.) 
It is of great importance that the 

student should attend to all the conditions which must 
meet when a line correctly represents a force. Suppose 
a force of P lbs. (fig. 11) to act on a body at the point & ; 
if the force is a pvU, as in the first figure, the line a b 
containing as many inches as p contains lbs. will repre- 
sent the force ; but if the force ia a pitek, a b must be 
measured, as in the second figure. 

26. Resvltani and componentB. — If we consider any 
forces that keep a body in equilibrium, it is plain that 
any one of them balances all the 
others : thns, if three strings be 
knotted together at a, and be pulled 
by forces of p lbs., q lbs,, and B lbs. 
respectively so adjusted as to bal- 
ance one another, it is plainly a 
matter of indifierence whether we 
consider that p balances Q and b, ot that q balances b and 

* The itndent mnat notioe the dlitiDctioa betireea the Une oj action 
and the directioit of a foice : e.g. in Bg. 14 (p. S2) p mi 4 act in the nmi* 
dirsetion along diflbrent linea. 
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p, or that B balances P and q. Let ns condder that K 
balances ? and Q; now r -would of course balance a 
fcffce s' esactt/ equal and opposite to itself: so that if we 
substitute b' for p and o, of vice vfraa, P and Q fiw b', in 
either case B is balanced, and the force r'' is equivalent 
to p and Q ; under these circumstances, k' is called the 
resultant of p and q ; and P and Q are called the com- 
ponents of B'. Hence we may state generally, 

Def. — That force which is equivalent to any syaton of 
forces is called their resultant, 

Def. — Those forces which form a system equivalent to 
a single force, are called its components, 

27. BeavZtant of forces ac^Mg along the same atraight 
line. — If the forces act in the same direction the re- 
sultant must be their sum. If some act towards the right 
and some towards the left, the first set can be formed 
into a single force (p) acting towards the right, the 
second set can be formed into a single force (q) acting 
towards the left : the resultant of these two, and therefore 
of the original set of forces, will be equal to the diSer- 
ence between F and q and will act in the direction of the 
greater. If the forces are in equilibrium, the sum of those 
acting towards the right must equal the sum of those 
acting towards the left. 

Ex. ]fl4. — If three men pull on a npe to the light villi forces of 31, 
20, sod 27 Iba. raspectJTel;, and are baUocad by two men who pull vith 
tardea of W and p Ibe. Tetpectivaly, find p. Ant. 38 lb«. 

Ex. ISS.— In the Inst example find the Tesallant of the 6 forces (1) if r 
-SO lbs.; (3)ifF''40IbB. Jiu. (1) 8 lbs. acting towards the right. 
(2) 2 lbs, acting towsiils the lefc 

Ex. 166. — There ia a rope a b and man poll along it in the fi>llowiiig 
nsmier: tha Gr»t with a force of SO lbs. towards a ; the seoand with « 
force of 37 Ibi. towards b ; the third with a fi>rce of 36 lbs. towatda a ; 
the fbnrth with a force of 20 Ibe. towards a ; the fifth with a force of 64 
Ibi. towards b ; tht- sixth with a force of 27 lbs. towards a ; the leTeitUi 
witka force of fi2 lbs. towardiBi the eighth with a force of 30 lbs. towardam. 



PAHALLEL FORCm 61 

SeterminB the ringle force th&t mnst act along * b to balance them, and 
find whether it acta towaida i. or b. .Aiu. 41 Ibe. acting towmds b. 

Ex. 1S7. — In the last exunple nippoee the aecond force to act tovsrd* 
A, find the resnltant. Am, 33 lbs. acting tovarda a. 

28. The terms reaction, thrust, and tenswn are 
of frequent occurrence in Mechanics, and it is important 
that their meaning should be distinctly understood. 
With legaid to the first of t^em, it must be borne in 
mind that the only forces with which ve are acquainted 
are exerted between different portions of matter; and if, 
for the sake of distinctness, only two bodies, A and B, are con- 
sidered, the following statement is found to be nniversally 
true : — If A exerts a force on B, then b exerts an equal oppo- 
site force on a — a fact conmionly expressed by saying that 
to eveiy action there is an equal opposite reaction. Now 
let AB (fig. 13) be a body urged by a force t against a ■ 
fixed plane A c, and let the motion which T tends to commu- 
nicate to the body be prevented by the fixed plane ; that 
■Qxed plane must supply a force (b) which exactly balances 
t; and the body AB is really compressed between two 
forces R and T, of which the former is the 
Reaction of the fixed plane, and the 
latter the Tkruat along ab. A Thrust 
and a Reaction oompreaa or tend to com- 
press the body on which they act- I^ 
on tlie contrai7, the body (a b) had been 
acted oD by two equal opposite forces T 
and B tending to produce elongation, it 
is said to sustain a tension t. One of the forces pro- 
ducing a tension may, of course, be a reaction ; thus, if 
one end of a string ia tied to a nail fast in a post, and the 
other end to a suspended weight of 10 Ifcs., the string is 
stretched by two forces each of 10 Ibff,, viz. the weight 
and the reaction of the nail, and the string is said to 
sustain a tension of 10 lbs.. , , , ^,^,i,,,,^ 
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29. ResvUant of two paraUd forcea. — Firet, let !• 

and Q (fig. 14) be the two parallel forces acting in the 

Fu. 11. same direction at the poiate A and B ; jois 

2 AB and divide it in c in Buch a manner 

that 



Hi 
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then the resultant (b') equals P+Q and 
acts through c along a line parallel to A P 
or B Q and in the same direction as p and Q, 

If c rests on a fixed point F and Q will balance abont 
C and the fixed point will suatain a pressure e'. 

Secondly, let p and Q (fig. 15) be the 
two parallel forces acting at A and B in 
opposite directions. Suppose Q to be 
the greater. In as pioduced take a 
I " point c such that 

p* 

AG : CB::q : p 

then the resultant (b^) equals q— p and act* through c 
along a line parallel to a f and b q and in the same direc- 
tion as Q. 

If c rests on a fixed point p and q will balance about 
and the fixed pmnt will sustain a pressure H*. 

Ex. 168,— If weights of 12 Iba. andS lbs. are hnng from 4 and B r«fip«e- 
lirely, the ends of a rod S ft. long, and if the weight of the rod is neglected, 
detsTmine the distaDca from a at the point round which these forces balanoe, 
and the pres«nie on that point. Am. (I) 2 ft. (2) 20 lbs. 

Ei. 169, — Let 4 B be a rod 12 It. long (vhose weight is neglected), 
from A a weight of 20 lbs. is hung, and an unknown weight (p) from b, it - 
is found Uiat llie two balance about a point 3 ft. from A; detetmine p. 

Ans. 6|lbg. 

Ex. 170. — If a weight of 16 Iba. is hung from the end A, and 12 Ibs.fron 
the end b of a rod (whose weight is neglected), and if they balance about a 
point c, whose distance from a is 4 J &„ what is the length of the tod ? 

.^M. 10 i ft 

Ex. 171. — Draw a straight line A B, 8 ft. long; forces of fi lbs. and Tlba. 
act at A and b respectively at right anglu to ^ B and iii<^tqt^,4incliau. 
Determine th«F reiultoDt. '- 
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80. GoTiMtiona of equUibrium of three patxiUel 
forces, — In the last article we saw that the forces p and 
Q acting severally at 4 and b are equivalent to the forc^ 
e' acting at c ; now b' will clearly be balanced by an equal 
opposite force b ; and therefore f and Q acting at a and 
fi will be balanced by the force a acting at c. Hence the 
following conditions must be fulfilled by three parallel 
forces that are in equilibrium on a given body ; — 

(a) Two of the forces (p and q) must act in the same 
direction, and the remaining force (b) in the opposite 
direction, the line along which the latter acta lying be- 
tween those along which the former severally act. 

(b) The sum of the former forces (p and q) must equal 
the latter force (r). 

(c) If any line be drawn cutting the lines of action of 
the forces (p, q, b, in A, b, c, respectively) the portion of 
the line between any two forces is proportional to the 
remaining force, i.e. 

BC : ca::p : Q 
CA ; ab::q : b 
AB : BCTR : P 

31. Centre of gravity. — Since each part of a body is 
heavy, it follows that the weight of a body is distributed 
throughout it; there existB, however, in every body a 
certain point called its centre of gravity, through which 
we may suppose the whole weight of the body to actj 
whenevOT that weight is one of the forces to be considered 
in a mechanical question. It admits of proof that the 
centre of gravity of any uniform prism or cylinder is the 
middle point of its geometrical axis : and as a uniform 
rod is merely a thin cylinder, its centre of gravity will be 
at its middle point. 

Ex. 173. — Two men, A and b, carry ■ weight of 3 cwt. elaag OD a, pole, 
the anda of which rest on their ahDuldere; the diBtsnee of the w«ighc froin^^ 
* U ft., and &om B U * ft. Knd the presimre sustained bj each maji, > 
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ud fl : 4 : : q : p 

tberafbre p— l}cwt siidQ-l{eirt. 

Ex. IT3. — There ig a beam of oak SOft.longftndS fLsqiuro; atft diB>' 
tance of 1 ft from ooa end is Irnug a weight of 1 ton ; how &i ftom tlist 
end miut the point of Bnpport be on which the beam when huixoutaL will 
nst, and what will be the preBsare on that point 7 

Jw. (1)11-61 ft. (2)S246Ibi. 

Ex. 174.— If a mau of granite 30 ft long, 1 ft. high, and 3 ft wide is 
Bapported in a boriiotltal position on two pointa each 3 ini^es within the 
endB (and tbeiefore 29^ fbet apart), find the presanra on each point of 
anpport. Jne. 7383 Iba. 

Ex. 1 75.-~If in tbe laat example anothar man of granite with the same 
■action and half bb long is laid lengthwise on tbe (bcioec, their endB being 
square with each other; determine the Bingle force to which theii two 
weights are equivalent, and the line along which it acts, and hence the 
pressure on tbe two paints of sapport. 

Am. (1) Beaultant acts 176 feet ttcm one end. 

(2) PresBoresanpointBof support respectirely 6197 and 12,9S01b8. 

Ex. 176. — If in the last case the npper block ie shifted round through a 
right angle in inch a manner tliat tbe middle point of the upper block is 
eiactl; orer a point in the axis of the lower, and the end of the lower in 
the same plane with one &ce of the latter, dstennine the pressures on th« 
pobta of sapport. Am, 7695 lbs. and 14,453 lbs. 

Ex. 177.— AladderAB, SO ft. long, weighs 120 lbs.; its centre of giHrity 

is 10 ft from a ; if two men cany it so that its ends rest on thtir shonldera, 

detenniae how much of the weight each must support. It the one <^ them 

nearer to the end B is to Bupport the weight of 40 lbs., when must he stand f 

Jnt. (1) 96 lbs. and 24 Iba. (2) 20 ft. &om b. 

32. The parallelogram of forces. — ^When two forces 
act at a point along different lines, their reBultant is 
determined by the following rule, vhich is called the 
principle of the parallelogram of forces ; — If two forces 
act at a point, and if U/nea be droMn representing those 
forces, and on them ae sides a paraUelogra/m be con- 
structedy that diagonal which passes through the pomi 
wUl represent the resultant of the forces. The' stodent, 
■when applying this principle to any particular case, mnst 
bear in mind the meaning of the words a li/ne represents 
a force (Art. 25). 
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Ex, ITS. — If alapomt A of & bod; two Topes A f and A a are ikatened 
Bud are pulled in direcUona af, A.<t at right soglea to each otlieiby forcea 
of 120 and 100 Ibl. respactiTal; ; detenoine the magnitude and dinetion of 
the reenltant pull on the point i. (See fig. (l) 

Along* A F meaauze od scale A s containing 120 tuutB of length, and 
along A q measnte a c contaiDing 100 uniu of length ; complete the leM- 
angle bc and diaw Che diagonal ad; this line lepreaenb the magnitude and 
dire<!tioQ of the reanltant, In lig. a the scale emplojed ia t in, for 40 Iba. ; 
the lesnlts obtained by conitruction Tere the following b— 1658 Ibe. 
and FAB — 40° ^; the measurement of the angle vaa made with a 
comnim ivoi? protiactor, so that tbe aambec of minutes -was detenniaed 
by judgment : on calculating the parts of tha triangle A b d, the nanlta 
obtained were B^I66'2 lbs. andPAB = 39'' 48'. It vill be obeerred that 
when the construction is made oa a small acale and with common instru- 
manta we can obtain by the exercise of modemte care a result that can bo 
trosted tA within the one-hundredlh pait of Tio. in, 

the qoantity to be determined. The some 
temark applies to all the questions that 
were Bolred by the constructions from which 
tbe figures in the present volume were 
copied. If in titia example the point a weni 
to be jntehed along the line a f b; a force of 
120 Iba^ the resultant would <^ course be 
detenniaed by the coDstrucCion shown in the 
annexed figure. 

Ex. IIB. — Draw A B and AC two lines at right angles to each other, a 
force of 60 lbs. acts irom A tos, and one of TO Iba. &om a to c Find their 
resultant by construction to scale. 

Ex, ISO. — Modify the conatruction of tbe last example, when the second 
fbrce is made to act tiom c to a. 

Ex. 181. — Draw an isoscdes triangle, ABC, right-angled at c ; forces of 
60 lbs. act from A to b and from b to c respectively. Show by eonstraction 
that the reioltsnt is a force of about 4S Iba. and that the line representing 
it biaecta the angle between c b and a b prodneed. 

Ex. 162. — Draw two lines ab and AC at right anglaa to each other; a 
fbrCB of fiO Iba. acts along a line a d biaecting the ai^le BAa Determine 
by eonstTuction the components of the force along ab and ac 

Ex. 188, — Draw a b and A c lines contajning an angle of 135° ; within 
(his angle draw anat rightauglaato ab; suppose a force of 100 Iba. to act 
fti>m A to D. Show by construction that it ia eqaivalant to forces of 100 
■nd 141'4 lb». acting reapectJTel; from A to B and from A to c. 

* The examples in tbe preseut nbapter ma; be worked b; eonstraction ; 
H aolved by calculation, some will be found to lead to vary long arithmetical 
«Mk, a^. Ex. t84. ■ , , ,„ ^,^,^, 
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33. ReavUani of more than two forces. — Since the 
rules of Arte. 27, 29, and 32 enable ns to detenmne the 
resultant of any two forces (with one exception, explained 
in the next chapter) acting in the same plane, it is 
obvious that the resultant of three forces can be found, by 
finding the resultant of any two of the forces and then ' 
finding the resultant of that resultant and the third force, 
as shown in the following example. The same method 
can be extended to four or more forces. 

Ex. 184.^>t A B c be an boacelM triangle, right^ngled at c ; a &itc« 
of 100 lbs. ads from ^ to B; a farce of 80 lbs. acts from & to c, a foice of 
U Ibl. ftoU brat B to c Find the raroltaat of the three forces. 

Ho. 17. Dtbt the triangle a b c and maik by anow- 

heads the directioi] of the foicea acting &long 
the ilDCl. On any scale take c d and c b to re- 
present the forces acting icom b to c and a to 
o reapectirel;. Complete the parallelograia 
cdfb; the diagonal cFrepresBDts the resultant 
ofthe two forces of 80 lbs. Prodoce fc to meet 
A B in o, take a a equ&l to c f, and o l on tbi 
nme scale to represeDt the fdnx acting tioin 
A bi B ; complete tjie psisUsIogram o a K L. 
Thtfl a X lejsesenta the nqnii^ resultant; vhlcb ia a force of ISI lbs, 
kndaeta along the line ox in the direction □ to e. 

£r. 1 Sfi. — Let i B a n be the comers of a square t&ken io older, prodnco 
AB to I, make BB equal to a b, and draw a f parallel to bc. If farces of 
10 lbs. apiece act flom a to b, b to c, and c to n respectivelj; show that 
their resultant will be a force of 10 lbs. acting along b f in the direction b too. 
Ex. 1 86.— In the last example if the force along c b has its direction 
reveread so aa to act from c to b ; shor the resull&nt is still a force of 10 
lbs. but acta along D k from n to a. 

Ex. 187. — In Ex. ISS suppose an addiUonal force of IG Iba. to act btna 
D to A ; show that the resultant of the fonr forces is determined as follovs : — 
produce b a to o, take a o equal four times a b, the resultant ia a force id 
6 Ibe. acting Ihnugh o parallel to da and in the direction n to A. 

Ex. 188. — Draw an eqnihitersl triangle ab c, let a force of 20 lbs. act 
from A to B, one of 20 lbs. from h t« o, andone of 30 lbs. &qiii a to c ; show 
that (be resultant will be a force of 50 lbs. acting in the direction a to o 
along alinsparallel to AC,dcawn through a point f in no each that btib 
Ihree-fifUuofBc. 

Ex. 189.— Determine tlie reanltant in the last case when the directiu 
of the force along AC ia ravened; the othw fotces temainigg iiQchaBgad. 
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34. Cim3Mmi, of cfwiK6riiwii of three forces. — If 
three forces, P, Q, and j^^^ j^^ 

K, Those directious are 
not parallel, act on a 
body, it ia necessary 
and sufficient for eqoi- 
librium that any one 
of them (p) be equal 
and opposite to the re- ' 
aultant of the other two 
(a and r) ; the resultant 
of Q and H being fotmd 
by the parallelogram of 
forces. It ia worthy of 
remark that this condi- 
tion involves the c:>ndition that the three forces act along 
lines which pass through a common point. 

Ei, IBO, — Thru ropes, p 1., a A, b A,are knotted tf^thar at the point A.; 
on eikch a man palla; the angle p a a^ 120°, a a bipISS", and therafon 
R t p- 10S° ; if the man who palls on a p exeiU a force of 24-fi Lbs., find 
with irtiat ftece the otiiet men matt pull tbat the three ma; balauM each 
otbe^. 

[ProdneePA toe tuid measnTo off on seals ac = 31^, tbialine must ra- 
pnaent the rsBoltant of a and B, therefoie diawiog B c parallel to a a and c It 
parallel to A B,theforceeaandl( will be repr«sent«db; the lines ADandAB 
respectJTelf, and can be found bjrmeaanriDg them on scale or by calculating 
theii lengths by trigonometi;.] 

JiM.a^31'S61bB. B^2S-eSlbs. 

Ex. 191. — If in the last example the rope ap irere pulled irith a force of 
2S lbs. ; A4 with a force of 36 Iba. ; and A a vith a force of 12 Ibe., deter- 
nuoe the angles p a % a a b, and a a p. 

Jw. 8AB-134»9'. BAP-e3»W'. PAa-I82°6'. 

Ex. 192.— If in£i^. iB0PAiBpnIl6dbyaforeeof281bB.,«ibjafbrco 
if 40 lbs., and the angle r A a 18 136°, detenaine the magiiit ode of the force 
Along B A, whan they are k eqnilibrinn, and the angles B A o. and bap. 
Ja>. 0*8-136° SVaty, 
BAP- 8B°2fi'30". 

B- 2a^u.-«. 
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Ex, 193. — L«t ABCDbea nctai^a ; isia Tft. long bcib SfL long; 
joiii ■ V tha middlB poinU of i d and b c ; at ■ act tiro foicea, F and q, 
in such directioos that par — iS' and o b v 
Vw-I^ n -SO"; tliefoTcep>S20 lbs.; flnda(l) when 

tlie nsdltant of P and Q acti through B, (2) 
wbea it aetf through r, (3) whan it acts 
Ihtonglio. 

.iM. (I) 421 IhE. (2) T3S lbs. 

(S) 1420 lbs. 

£!r. 1S4. — A boat ii dragged along a stream 

ftO feet wide by men on each bank ; the length 

et each rope from iCa point of attachment to 

the bank is 72 feet ; each rope ie polled b; a 

tarw of 7 cwt. ; the boat moras stcaigit down 

tlie middle at the atnam ; defermine the re- 

■nltant foica in that direction. If, in the next 

place, one of Iho ropoa is Hhortoned bj 10 ft., 

b; how mnisb most tlie foice along it b« diminishMl iJiat the direction of 

the lesnllanl foice on the boat may be nnchanged t What will now ba 

(2)||cwt C3)ia-08cwt. 

35. Note. — In a large number of quertionB the aridity 
of the bodies concerned does not enter the question, ex- 
cept so &T as it affects the determination of their weight ; 
it being manifest &om the conditione of the question that 
all the forces act in a single plane ; in 
many such cases a complete enunciation 
would be long and troublesome to the 
reader, while an imperfect enunciation 
is without any real ambiguity ; wherever 
this happens the imperfect enunciation 
will he preferred ; thus, in the next 
example all the forces axe supposed to 
act in a vertical plane passing through 
the centre of gravity; and the dia- 
gram ought, strictly speaking, to be 
that given above, fig. 19, in which the dark lines are 
all that are shown in the figure which accompanies the 
examine. 
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E>. 195. — Let ABCDrepreMDt a rMt&ngnlBi maasof oak 3}ft.Uiiek, 
ABand AD are reepectirelf 4 it. and 12 ft. long; it ia polled at Dbja 
borizoiital force p, and ia prevented &om sliding b; a pnj, ^^ 

small obet&cte at a ; find p when the mass of oak is on r ok c 
the point of tnmiDf round a. Jiu. 10fi(^ Ibi. 

[Rnd the eentre of graTit; of abcd, and 
through it draw the vertical lioe ir meeting nc in 
K, the weight viU act along the line i t. and the »- 
Bultant of F and w most pass through a since tlie bod; 
is on the point of tuiniog round a ; — the remainder of 
the investigation is conducted as before.] 

Ex. 1B6.— ABCD repreaentB a block of oak 86 ft 
long and 3 ft. square ; Ilie point A in kept from sliding; 
the bod; is beld b; a rope c B 60 fL long in snch a 
position that the angle dak 

b67°; determine the direc- Fl0.il. 

doD and nmount of the pree- 
Bnre oa the point A, and the 
teneioa of the rope. 

[ThroQgh a, the centre of 
gravity of the Uock, draw the 
Tertjcal line e w, meeting n a 
in P 1 tbe forces that balance 
upon the block are the weight 
w, the tension T of the rope 
ud the resistanee of the 

ground at the point A ; this fbrce must pass thiongh r, and t 
thres forces acting in known directions through f ; &&] 

Jnt. (1) Tension 34S3 lbs. (3) Pressure on ground, 23,S00 lbs. 
making with vertical an angle of 17°. 39', 

Ex. 197.— On every foot of the length of a wall of brickwork whose 
section ia ABCD a fbrce acts on the upper angle c, in a direction making an 
angls of 46" witi the inner aide b c ; determine thi* force when the resolt- 
Kfit of it and of the weight of the wall passe* through the angle a at the 
bottom of the wall ; the height of the wall being 20 ft. and its thickneet 
4 ft. Ant. IfiSl Ibe. 

Ex. 1 9S. — If in the last example there were a bracket o ■ on the insida 
of the wall, c b being in the same lino with d c, the top of the wall, and the 
force (inclined at the same angle as before) were applied at i, 3 ft, &om the 
inside of the wall ; what must be its magnitude if the reanltaatr of it and of 
the weight of one toot of the leogtli of the wall passes through the point a? 
determine also the point in which tlie reault»nt wonld cut a b, the base of 
tha wall, if the force were tbo same aa in the last example. 

Jiw, (1) 1810 lbs, ^JJ^in, 
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£r. 199. — If A B are two pointa in the same horicontal line lOfLapait; 
1 o and B c lopes 10 fL and S ft. long reapectiTsly tied by tlie point o to 4 
vught w itf 8 cwt. ; deteiminti the tenaion al each rope. 

Jm. Tennon of & c - SeS Ib^ Teneion of b c - 3036 Iba. 

[The trian^a & fi c is, of conise, fli»d in poiition, the weight w will act 
Telticallf thronghoandbeaapportad bj the reactiona of a and b tianemitted 
along the Eopea.] 

36. Triangle of forces. — The reader will remark oa 
reference to fig. 1 7a, tliat if lines be drawn parallel to the 
directions of p, Q, and h respectively, they will form a 
triangle abo Bimilar to A b c, whose Bides will therefore 
have to each oUier the same ratios as the forces, each side 
being homologous to that force to whose direction it ia 
parallel. This feet ia frequently of great importance. 
Thus in Ex. 195, if a E be joined, the sides of the triangle 
A E F are TespectiTely parallel to the forces, eo that 

EF:PA:iW:P 
and since bf, fa, and w are known, p is at once fonnd. 
Again, in Ex. 196, if A H be drawn parallel to E C, the 
sides of the triangle a P H will be parallel to the forces, so 
that 

FH : ha;:w : t ' 
and FH : af::w :B 

&om which t, the tension of the rope, and R, the pressnre 
on the groond (or the reaction of the ground to which it 
is equal and opposite) are at once foimd. Hence also can 
be deduced a very simple construction for finding the re- 
sultant of any two forces p and q. Referring to fig. 47, 
p. 83, draw any line h c parallel to A p in the direction a 
to p ; from c draw c a parallel to a Q in the direction a to 
Q and of such a length that 

p : Q::6<;::ca 
join abi if b' is the required resultant we shall have 

"'■■'■==''' = '"' „,..„Gooslc 



■ 



EEAOnON OF SMOOTH SXntFACES. 



et 



and R* will act at A along a line parallel to ba&ad in the 
directioD htoa. If the force at a had its direction re- 
versed so as to act as k in fig. 47, viz. in the direction a 
to b, it will, as we have already seen, balance the forces 
F and Q. 

37. Reaction of smooth eurfacea. — We have already 
seen (Art. 28) that if a body is urged against a second 
body and thereby kept at rest, the second body reacts 
against the first. We have now to add that if we suppose 
the bodies to be perfectly smooth the reaction can only 
be exerted in the direction of the common perpendicular 
to the sur&ces of contact. The supposition of perfect 
smoothness is commonly very fer from the truth, but by 
making it we avoid a great deal of complexity in our 
reasoning and results. So long aa both surfaces resist 
the tendency of the pressures to crush them any needful 
a/mmmi of reaction can be supplied, but, as already stated, 
only in the direction of the perpendicular, if the sur&ces 
axe perfectly smooth. 

Ex, 200.— A bodj vbose tragbt in w reatB oi 
elined at a giTen aDgle s A c to the horizon ; 
dBtermine the force P irbicb acting par&Uel to 
the plane will jiwt support the bodj. 

Rnd o, the CBotra of g[»Ti ty of the body, and 
through it drew a verrical lioaav, cuttingin d 
the direction of f ; throogh d dnw d b at Tight 
BDgles to A B, then b, ths reaction t^ the plane, 
most act along B D, and ire hare three foicea 
r, w.anditin equilibrium aeti agin knairn direc- 
tions ; and since the magnitude of w is knoim, 
that of B and P con be found by the nsnal con- 
Btmctiou: viz. take d h to represent v, draw 
E E parallel to D F, and K L parallel to s H, then 
n K ia proportional Co B and n j. repreaeata P. 

Ex. 201 . — In the last si:ample ahoir that p:b;w::bo:ca:ab. 

Sx, 202.-'In Ex. 200 if a were 45° and w were 1000 lbs., find P ai 



Ex. 203.— In Ex. 200 if a 
CCKlld P BB^on ? 



a smooth plane a 




t. 707 lbs. (( 
e 200 Ibe. whxt 

.^>M. too iba. 



light 
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Ex. 2M. — Ifs trUnder vhon irsigbt is w lecte between two pIuiM A^ 
uid A o inclined at diffennt Higles to the horizon (w shoirn in the tgan) ; 
_ „ detannJM the praBEOiea on the planea. 

Tba weight « will act vntically thmngh o, 
and will be tnpported bj the reacHana s and b, 
of the planea a b and A c : as these forces mnat 
act at right angles to the planea respectively, 
I ttieir diractioni will pass through o, and theil 
magnitudes can be detennined as usual. The 
presrares on the planea are, of coons, equal 
and opposite to b and n, respectiTet;. 

£^. 205.— InthelastcueirsADandCAl 
are ang^ea of 30° and w a weight of 112 lbs., determine the praaaures. 

Jtu. 64-6 lbs. apiece. 
Ex. 206. — Biplaiii the modifiestion that Ex. 2M oDdergoes if both ab 
and A care oatheBataesideof the Tertieal line dnwnthioagh a; and deter- 
mine the pressitra when wequals 112 lbs. and c a a and b a o are each 30°. 
Jjw. B- 112 lbs., B, - 194 lbs. 

38. Tra/nsTtiisaion of force by means of a perfectly 
flexible cord. — If a cord is stretched by two equal forces 
F and Q, one acting at each end, they mil balance each 
other, and the tension of the cord is equal to either (Art. 
Fia,M. 28); BUppose the cord to pass round a 

portion A B of a fixed sur&ce, as shovn jn 
the figure, the portions a p and b Q of the 
cord will be straight, while a b will take 
the form of the surfece (which is supposed 
' to be convex), and if p and Q continue in 
equilibrium they must be exactly equal, proVided the 
suriace ab is perfectly smooth and the cord perfectly 
fiexible ; conditions vhich are supposed to hold good 
unless the contrary is specified. Hence farce is trans- 
mitted without diminution by means of a pCTfectly flexiUe 
cord which passes over perfectly smooth surfaces. 

Ex. 207. — I'St A and »he twa porfecttj' smooth points in the sameliMi- 
zontat line, and let w be a weight of lOO lbs. tjed at c to coids vhid) past 
over A and b, and let w be eappoKed bf veightti F and 4 tied to the ends 
of these coeds respectivel;, and suppose the whole to come to rest in neh a 
position that B AC equals 30°aad acb e^nala 90° ; Sad p and » 
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Sinra the foieeg p and a are traugmittad vithoDt ditninati'oa to C, w is 
lupporUd by a force f acting along C A and b; 4 along CB. Hence draw 
c rertically and ench that on scale it rsprerents the ,„ „ 

Terticol force vhicfa balancee «, and complete the 
parallelagTam a c b'e, than c a and c b represent the 
trauBmltted forces that iupport w 1 — hence 
SO lbs., and q equals B6-6 lbs. 



—In the last example show that tb» 



m 



B c reBpectively. 



39. The prinAple of moments. — A large class of ques- 
tions has reference to the equilibrium of a body one point 
of which is fixed ; in these cases it is frequently sufficient 
to determine the relation between the fcrces that tend 
to turn the body round the point, the actual amount and 
direction of the pressure on the point not being required ; 
under these circumstances the relation sought is given 
at once by a principle called the Principle of Moments. 
The definition of the moment of a force ia as follows: If 
P represents any force, and A is any point, and A H is a 
perpendicular let fall on p's direction, then if the number 
of units of force in p is multiplied by the number of units 
of length in A N, the product is called the moment of the 
force P with reference to the point A. The principle of 
moments in its general form will be found in the next 
chapter; for present purposes the following statement 
will be sufficient. If any nuTober of forces acting in the 
ftavie plane keep a body in equilibrium round a fixed 
pm/nt, and if thei/r Tnomente with reference, to that 
point be taken., the sum of the moments of those forces 
which tend to turn the body from right to left round 
the fixed point, wiU equal the Bum, of the momenta of 
those forces which tend to tuT^ the body from left to 
right. 

'ilie following case will exemplify the mode of applying 
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Uie principle of moments. In 'Ex. 196, let it be required 
only to determine the tension of the rope. Constmct the 
figure to Bcale (see fig. b) ; determine a, the centre of 
gravity of the block, draw the vertical line G w, cutting 
A E in H ; draw A N at right angles to c e ; if t is the ten- 
sion of the rope, and w the weight of the block which can 
be found to equal 18,388 lbs., then the moments of T and 
w are respectively A N X T and A HX 18,388 ;and the prin- 
ciple of moments asaoree us that these two are equal. In 
the construction &om which fig. b was drawn, the scale 
employed was I inch to 10 feet; and it was found that 
AH equals 8*25 ft., and an equals 18*1 ft.; hence was 
obtained for T a value of 8381 lbs. ; the value of t as 
detennined by calculation is 8453 lbs. 

The student is recommended, as an exercise, to work 
1^ tliis method all the previous examples in the present 
chapter to which it can be readily appKed, viz. Ex. 172, 
173, 174, 175, 176, 177, 195, 197, 198. 

40. The lever. — ^This is the name given to a rod capable 
of turning round a fixed point (called the fulcrum) and 
acted on by the reaction of the fixed point and by two 
other forces : as most machines are used for the purpose 
of moving bodies, one of these forces is to be overcome, 
or opposes motion, and this is called the weight, the 
other force which produces the motion is called the "power. 
When the lever is in eqjiiHbrimn the moments of the 
power and the weight with reference to the ftdcrum must 
be equal; and, of coniBe, those forces will tend to turn 
the lever in different directions round the fulcrum. 
Levers are sometimes classified as belonging to the first, 
second, and third orders respectively ; those of the first 
order have the fulcrum between the power and the 
weight, as the beam of a pair of scales, or a poker when 
(ised to stir a fire ; levers of the second order have the 
weight between the power and the fulcrum, as a crowbar 
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when used to lift a weight one end resting on the ground, 
or an oar used in rowing, in which case the water is the 
Mcrum ; levers of the third order have the power between 
the weight and the fulcrum, as the limbs of animals, e.g. 
when a man has a weight in his hand and extends his arm 
the forearm is a lever of which the elbow is the fulcrum 
and the power is the contractile force of the large muscle 
of the upper-arm acting bj means of tendons fastened into 
one of the bones of the forearm — of course in such a case 
the -power must be very much lai^er than the weight. 
Many simple instruments consist of two levers fitstened 
together by, and capable of turning round, a common 
fulcmia ; these are called double levers, and are classified 
as double levers of the first, second, and third order? 
respectively ; a pair of scissors and of pincers are of the 
first order, a pair of nutxirackers of the second order, and 
a pair of tongs of the tWd order. 

Ex. 209.— L8t4BliealeTeTl8ft.'loiigjmovabI^_e*oiit aftJenunDftt s 
distance of Bft. from b; a ireight of 28 lbB.~il iniBpended &am a aodfrom h 
a -weight of 336 lbs. Find Uie weight that must be hung at ■ (which is 7 ft 
from d) to balance the lerer. Jju. 218 lbs. 

£r. 210. — Let A B be a leTPi 8 ft. long, the end A leating on a fnlcmm ; 
a veight of 40 Ibe. ia hong at c, 3 ft. tcota A. The lever ia held in a 
boiiEonlal poiitiODb^ a force p.acUDg TertieaUy apmud at b. Find p and 
the preaenie on ftiloriuti. 

Ant. rm 15 lbs, Presanie on ftdcnun 29 lbs. 

£It. 211.~Let ab and db Va.M. 

be levMi taming on falfimma n r n 

B and r, connected by » bar I A I 

n C looaelyjoiuted atoand c; ± I ■ I 

AB and B E are rospectiTely 8 [" ' " ' ' J ' A ' 

and 8 ft. long, Ad is 3 ft., and }, 

ra is 9 in, long; the weight ' 

p at ■ eqnala 1000 Iba. and is ' 

balanced b; 4 acting at a ; And o. Jut. 67^ lb*, i 

Ex. 212. — A otaiieosDisaniitBtnediQaTerticalpositioaby theteiujoa 
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19, 13, 11, and 16 ft. long; tli^ 
uigleCBD eqiuls 108°; & weight 
r of 7 «wt i« mipporMd by a 
Tope tbtt panea ovet > pullej b 
and u buUned to a Deteimina 
the tetuion of the tope ± a, 
the ireiglit of the cnne and the 
dimenaiona of the pollej b^ng 
lUf^ected. Jju. 7-S29 cwt. 

Er. 313.— Lot bcdi repre- 
■ent a Uock of PortUnd stona 
whose dimeiuiona are 6 ft. long, 
2 ft. high, and 2} ft. wide; a 
rape FPq ii attached to it, which 
aflar paaaing over a poUe; r, ia 
pulled vertJcaUj downwatd hj a 
force a, which is joat aoficieiit 
to laiee the block : deteimice a 
on the supposition that the di- 
menijons of [he poUa; can be . 
neglected, having giveo that et 
eqnali S in. and Bt and AP ce- 
i^eotivelj IS and 13 ft-, the point 
A being Terticall; nnder r. 
* c B j^ 1942 IbB. 

Ei. 114. — In the laat BXample 'determine the omoniit and dinction of 
the pieaaore on the ground through the point o. 

41. The Bte^r^rd. — If a beam A B rests on afine axis 
passiiig tliroagfli its centre of gravity (a), and oq tlie arm 
j^_„_ B G ia placed a movable weight w, 

then if a subetance equal in weight 
to w is SQBpended from a, the beam 
will balance when w ia at a dis- 
tance from o equal to A a ; if the 
substance equals twice the weight of w, the beam will 
balance when w's dietance from O equals twice aO; and 
so on in anj proportion. Hence, if the beam ia made 
heavy at the end a, so that G is very near A, the ann fi a 
can be divided into equal divisions which shall indicate 
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the weight of a substance suspended at a by means of the 
poeitioTt occupied by W when it balances that substance. 
An instrument constructed on this principle is called a 
steel-yard, and is used when httavy substances have to be 
weighed, and extreme accuracy is not required ; the ad- 
vantage it possesses arises £rom the ^t that the weights 
enaployed are much less heavy than the substance to be 
weighed, A very common application of the principle of 
the steel-yard can be seen in the weighing machines 
employed at most railway stations. 

Ex. 21S. — Sliow Uiat the gmdiutioiu of the steal-TSid moM be eqnsl 
sTea if die Mntce of gTSvitf of the beam do not ooindde 'with tlie axie ; 
Imt that the gradnatioDa mnel be^n bom that point at irtiieh the monUe 
weight iroald hold the beam io a horizoatal poeition, 

[Let » be the fblerum, q the centre of TM.m. 

grsTitj, and w the ireight of the beam ; b r ^ t o _^ 

enppose (hat o ie so chosen that w at o ' | j ' ^r 

balance! v at a, then I 1 1 

Now, auppoee that a body weighing n w is hung at a, and that the b«aln 
IB kept boriEonCol bj w at p i then, msaaocing moments lonnd r, we have 

Theieibie, by addition, 

Hence, if the weight of the body ia w, 02 must eqoal r A; if twice w, or 
must eqnal twice f a, and lo on in any propoTtioo.] 

42. Tke eqv4lU.ntimi of waMa, — ' - 

The question What is the f<»:ce which, 
acting in a certain specified manner 
on a given wall, will be just sufficient 
to overthrow it ? can be answered 
by an application of the Principle of 
Momenta ; the general method of con- 
sidering this important qaestion is as 
follows : — ' " 

Let A B c D represent the section of a wall, the base a b 
being on the. level of the ground ; let it be acted on by a 
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force F along the line F Q : now, it is oonsidered that s 
Tall, to be stable, mnst be capable of etanding irrespec- 
tively of the adhesion of the mortar ; • hence, if we sup- 
pose B D to be a continuoua mass, and simply to rest on 
the section A Bj and determine the force P which will be on 
the point of tuniiiig the maas round the point A, we shall 
obtaiu the greatest force acting in the manner specified 
that the wall can support ; the force is, of course, deter- 
mined by the role that it« moment with reference to the 
point A equals the moment of the weight of the wall with 
reference to the same point. 

Ex. 21 S.— A will of brieWork 2 ft. thick and 2S ft. high snitaiiu on tha 
inner edge of its anmniit a certain pnsaure on eytaj foot of itB length ; tlie 
direction of this preasmw ia inclined to ths honmn at an angle of 60" ; And 
it* omonnt ^en it will jnat not orerthrow tha wall. (Sea fig. e.) 

Draw the motion of ttie mil abc to actie ; maketiie angles a n eqnalto 
30", than the praemra p acta along tha line P n ; drair o h perpondiciUar to 
m; tbTongh Ot tha cantie of gnvit;, draw ths vertical line qm, cattingCB 
ID v ; (he prindpla of momaats gives os 



The vaig^t w apslt SSOO lbs. ; c h equals 1 It.; ck.bb ohtained by ms»- 
- lorament, equals 10-S ft. ; -whence r eqoali 5IS lbs. When ? is Eonnd by 
calculation it equals S20 lbs. 

Ex. 217. — In the last ezampis suppose the preisura to be applied by 
means of a bracket, at a horizontal distance of 3 ft, fram Che inner edge of 
the summit; determine its amount whan it will just not overthrow the 
wait. Jm. 66S lbs. 

43. The effect of buttresses. — Let fig. 32 represent 
the elevation of a wall, fig. 33 its plan, and fig. 34 its 
section made along the line A b ; if now we neglect the 

* ' Though ordinary mortar sometimes attiuns in the course of yctin a 
tanadty equal to that of limeetone, yet, when fresh, ita tenacity is too small 
toba relied on in practice as a means of resisting tension attltejinnta of the 
structure, so that a structure of masonry or brickwork, requiring, as it does, 
to possess stability while the mortar is &e«h, ought to be deaignad on the 
supposition that the joints have no appreciable teoocity.' — Bankine, JppUtd 
JUaiAmmm, p. 327. 
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4%iglit of the buttresses their effect in supporting the 
Tall will be understood by inspecting fig. 33 j for it is 
manifest that the fio. a. 

wall would fall __ 
by being caused 
to turn round the 
line X T J but, 
if the buttresses 



by being caused 

to turn round 

the line a; ^ ; so that, in the former case, the moments 

must be measured round h (fig. 34), in the latter round e : 

in other words, the introduction of buttresses diminishes 

the moment of p, and increases that of the weight of the 

wall. Their giatf. 

useful effect - 

is still farther ' \_[ ]_[ ~ ]_J~* 

increased by * ' 

the feet that if the moment of the weight of the buttress 
ia taken into account, it increases the moment of the 
weight of the wall. 

It is to be observed that if C D (fig. 32) and ef be 
drawn at eqnal distances fi-om A B, and p^ i^, 

at a distance from each other equal 
to the distance between the centres 
of two consecutive buttresses, then 
we may consider that the total pres- 
sure on c F is supported by the weight 
of the portion of the wail between c d 
and EF, and by the weight of the 
buttress. 

It must be remembered that the 
above explanation applies to the case in which the pren- 
flure is distributed uniformly along the top of the wall ; 
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which ID this case is supposed to be so strong as not to 
bulge between the butbesses. In many instances, however, 
particularly in large ecclesiastical buildings, the whole, or 
nearly the whole, weight of the roof and its lateral thrust 
ret on the buttresses, and not on the portion of the wall 
between the buttresses ; in such cases the wall serves as a 
curtain between the buttresses, and not as a support to 
yj^jj_ the roof, and, of course, the moment of 
the lateral thrust must equal that of the 
weight of the buttress. 

Si. 218. — In CheUstezsmple.if tlie waUmiemp- 
ported hj bnttreesei 2 ft. thick,* to vlmt can tils prea- 
rore on each fbot of the length of tlie vail be increHwd 
vithont orertlmnrillg it— the veight of tJie bnttreseeB 
being neglected ? Ana. 2609 Ibe. 

Ex. 219.— In Ex. 210, ntppoee the mil to be snp- 
poited bf connterfortB reaching to the top of the liM, 
1 ft. thick, 1 (t. vide, and 10 ft. apart from centre to 
«Mitre, determine the prtasnre on each foot of the length 
of the vail that can be mpprated— (1) when the direc- 
tion of the pieesnre ia inclined at an angle of B0° to tbv 
boriion ; (2) vbeD the direction ia inclined at an angle of 
S0° to the horizon. Jiu. (1) I US lbs. (2)562-81bfl. 

Ex. 220.— In each ease of the lost example deter- 

Kins to vhot the preaeuce can be increased if the 

bnttiesa aommea the form of a Gothic bnttreBs, as 

■ indicated in the annexed diagram, vhoa A c and c B 

are each a foot sqoare, and c d and i. b are reapec- 

tira^ SO and 10 ft. hi^. Jm. (1) 1903 Ibe. (2) 875 Iba. 

j^tt ^* ^^ thrust of props. — Let ab 

p represeot a beam or prop resting on 
a fixed support at the end a; and 
suppose it to be acted on by certain 
pressures which are bi^anced by the 
reaction of the end A. That part of 
» the reaction which acts ' along the 

* The thieknti* of a pier or bnttress ie anppoaed to faa measnnd in a 
directioD perp eadicnlor to the face of the wiUl. 
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Bzii of the beam A B is called the thrast <^ the prop, and 
is, of comse, equal to the thruet produced by the prea- 
Bores on the prop, the two being equal and opposite. If no 
preBBure acts on the beam except at the end b, it .is plain 
that the whole reaction from A must pass along the beam. 
3ji the following question, which concerns the thmst of 
props, it will be assumed that the thichnesa of the prop 
can be neglected, except bo far as it affecta its weight. 

Ex. 221.— A tbU of brickirork, 25 ft. Ugh and 2 ft. thick, Biutaiiu on 
tbe inner edge of its rammit a pteeaiire of 1000 lbs. on stot; foot of ita 
length, whose diiection \» inclined at an ^^ ^^ 

angle of 65° to the vertical; it if> Enpportad 
at erei7 6 ft. of its teugtb by a prop 26 ft. 
long, resting againat a point 3 It. &om the 
top ; determine the thnut on the prop. 

Jm. 77SS lbs. 

[If the annexed flgnre repres^it a section 
of the traU aj^d prop, the forces acting aie 
w, the weight of the wall, f, the pressure 
on tbe sDnuoit, and these are balanced b; 
T, the thmit of the prop, and the reaction 
of the ground a b : now, nnlees the prop is 
wedged up against the wall, there will aot - 
be more reaction than ia jmt sufficient te 
•npport the wall ; consequently the resallant 
<rf r, w, and T mnat page thrangh A, at which point it will be balanced by 
ths reaction of the ground ; hence, by mcBeuring momenta roond a we 
eanfindr.] 

45. The ihruat along rods amaected by a emooth 
hinge. — Iiet A b be a rod cap- 
able of moving freely round a 
joint or hinge at A ; if it were 
acted on by a force it would turn 
round A, unlesa the force acted 
through A, Suppose two such 
rods, A B and a c, to be connected 
by a perfectly smootb joint at a, * 

while their ends b and c rest against immorsble obstacle^ 
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and let ns sappoee^tiie rods to be geometrical lines and 
without weight ; let a weight w be hang at a, and let it 
be required to determine the pressures against the fixed 
obstacles caused bj w. Now (Art. 44), the reactions at 
B and c, which support w, must pass along b a and c a ; 

I. if ^g ^g^Q A a to represent w and complete the 

ogram Abac, the lines A b and a o will represent 
liste caused by w along a b and A c, and these are 
.vely equal to the reactions .by which they are 
d (Art. 28). 

2^ thruet along a rafter. — ^The case which we 

ist explained enables us to determine the thrust 

produced on the summit of a wall by 

^ each rafter of an isosceles roof : let A B, 

AC, represent two of the principal 

rafters of such a roof, and let the 

whole weight sustained by each rafter 

J~] (including its own weight) be repre- 

' seuted by w j this weight will act at 

the middle point of the rafter, and 

:e can be replaced by weights equal to Jw acting 

I end of the rafter j so that the whole weight 

id by A B and ac may be distributed as shown 

figure, viz. it will be equivalent to w acting at 

at B, and ^w at c ; then the throsts along the 

r) will be produced by w acting at a, and can be 

ined as explained above, viz. t^e Ap to represent 

iomplete the parallelogram i.rpq, then A r and a q 

it the thrusts in question : the total pressure on 

1 at B will be found by compounding t with ^w. 

he determination of the pressure is made for the 

of ascertaining whether a certain wall will support 

', it is much better not to compound the pressures 

^w, but to regard the wall as acted on by the two 

ounded ioreea. 
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Ex. 222. — There is a roof Teif^iog 2a Iba. per >qiian foot, the piteh of 
which is 60°; the diatoDce betveeo die side vails is 30 ft. ; dstermiDi tha 
Bugninids aod direction of the presBim on the foot of each rafter, tllB 
laftere being S ft apart. (See ig. d.) 

Let ABC represent the roof ; then the weight (v) sapported on each rafter 
equals 37SO lbs. ; hence, when the v«ght is distributed, wa haia w at i:, 
~ at A, and - at b ; drav cw Tertical, and take cd to repTeeent STfiO lbs.; 

draw D K parallel to 
letters a, a and b, i] 
The total pressure on the wall (n) ia (he 

take A r to rBpneent on scale ISTSlba. and A ■ eqnal to c ■ ; complete the 
parallelogram ra; tiien a i givM the magnitude and direction of tiie te- 
Bultant a ; it was fonnd ttom Bg. d that > equals 388S lbs, and the angle 
■ Ar equals 16°; the resolts given b; calcnlation ere that b eqnaU S903 
Ibe, and that the angle lAF equals 16" 6'. 

Ex. 223.— If in the last example the walls w>M 20 ft. high, ^ ft. tbick, 
and of Portland stone, Would the7 support the nraf ? 

Jju. The vail will stand— the eicsBs of the moment of the weight of 5 
ft, of its length over that of the thnitt being 29,620, 

Ex. 234.— If in the last example the walls be sapported by buttresaea 20 
ft. apart from centre to centre, 16 It. high, 2 ft^ wide, and 2} ft thick, would 
theae sappoct the wall if its tbicknees were reduced to I j ft, ; and what 
would be the ezceaa of the moment t«Dding to au^ort 20 ft <tf Ibe length 
of the wall over that which tmida to 
oTBTthrowit? Fio.«. 

.i>is.(l)Tes. (2)221,000. ^ 

2^. 22fi.— Show that the total pre>- 
anre on each wall is equivalent to a 
Tertical preesnre w, and a boiizontal 
pMsanre wx»c-^4ad. (Art. 46.) 

Ex. 226. In t 
lateial roof ahow that the horizontal 
pressure equals 0-29 ff . 

47. The eqmUbriv/m of a 
tricMigvlar frams. — A tri- 
angiilar frame ABC oonsistiiig 
of rods loosely jointed at the 
imglea is in equilibrium under 
the action of three forces acting; 




e at each angle ; itis 
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required to find the thrust or tension to which each 
rod is subjected. Let the forccB p, Q, R act at the angles 
A, B, C lespeetdvely, and suppose their directions to pass 
through a point o. In the first place they must be in 
equilibrium, or otherwise they would make the £ram^ 
itself move ; draw k h parallel to r, then we know that 
the forces, P, Q, B are propcntional to ho, ok, and it A. 
Take A a, B 6, c c equal to o A, o ^ and h h respectively, 
and complete the paraUelograms A a' o a", B t/ b b", 
c& e<f'; it will be found that A o" = B &', b 6" = c c', 
and c c"=Aa'. We see therefore that each rod is under 
the action of a pair of equal forces which tend to crush 
A B and A c, and to stretch b c ; these forces are severally 
proportional to a a", c c", and B b". These lines there- 
fore measure the thmsts of a B and a c and the tendon 
of B G. The magnitudes of these forces can be obtained 
by a more simple construction, thus : — Draw b c parallel 
to A 0, and containing as many units of length as P con- 
tains units of force; draw ca, ab parallel to ob and ^ 
c respectively ; draw a d parallel toB c, dc to ab, and--""'^ 
join b d (the line bd is parallel to a c, as the stndeat 
can prove), and we shall have ea,ab,ad,dc, bd con- 
taining as many units of length respectively as the forces 
Q, R, the tension of B c, and the thrusts of A B and A c 
contain units of force. This is plain from an inq>ec- 
tion of the figure, since abois the triangle of forces for 
the three forces in equilibrium at the point o,cda for the 
three forces at the point B,dab for the forces at c, and 
bcdloi those at A. Beferring to Art. 46 ; if the endd 
B and C of the rafters are connected by a beam B c (fig. 
39), called a tie beam, they will constitute a triangular 
frune like that we have just considered j it can be easily 
shown that the tie beam is subject to a tension equal to 
the horizontal thrust of each rafter, i.e. equal to w x B c 
-^4 AD (Ex. 225). Under these circumstances the ro(^ 
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irill act on tlie valla merely by its veigtt, and each wall 
Trill, of course, rapport half the whole weight of the roof. 

Er. SS7.~If in % 10 the pomC o &11 within the (naogle, dicnr that all 
the ban vill be compresaed or nil Btretcbed. 

£r. I2S.— Two mStan a b and a c ue ««di 20 ft. long, thsitliMt us Med 
fcj B WTOo^t-iroB lod b c whoaa length i« M ft., and a weight nf 1 ton ja 
■nepended from A ; determiDa ths tenBioD it prodncaa on the tie. the weight 
of tbeisflen, &c, being DaglMtad. If theiodhaTeaBedionof a qaaTtel 
of a eqnara inch, determine the weight that mtmt be nupended at A to 
breah it. Jat. (1) 2024 Ihi. (2) IB.SSO lbs, 

£r.2S9.— There ia anmfwboaa pitch ia 22° 3D', the laftert are 40 ft 
long; the weight of each sqaare foot of rooftDg ia 18 Iba. ; determine the 
diamatar of the wronght-irou tie necessaiy to hold the feet of the principal 
nften with eafetj, eappoeiog them 10 ft. apart. Jat. 128 inches. 

48. Note. — ^The foregoing remarks aa to the thrusts of 
the rafters and the tension of the tie beam, apply to the 
cases in which the joints are perfectly smooth : as this is 
never the case, the thrusts, &c., may not equal the cal- 
culated amount ; but it is generally considered that re- 
liance should never be placed on the resistance oGfered by 
a joint to the revolution of a 
rod round it. It will be instruc- 
tive, however, to consider the case 
in which the rods and the joint 
at A (fig. 41) are perfectly rigid. 
Suppose two points, b and c, to 
be taken near to A, and joined by 
a rod be; if this rod were inextensible, and if Uiere 
were no tendency in the materials to give either by crush- 
ing or tearing at b and c, then would & c act the part 
of a tie beam, and there would be no horizontal thrust 
on the wall, which, as before, would merely have to 
support the weight at the roof. 

If we suppose the rod 6 c to be replaced by a metal 
plate firmly &stened to the beams, as shown by a 6 d c in 
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fig. 42, thiB would tend to render the attachment' of the 

beams rigid, Uie horizontal thrust being more or less 
Bo, 4». nentraliBed by the resistance by the 

materials to cmshing on the bolts, 
and to the tearing of the plate across 
ad. Hence, nnder all oiroomstances, 
the waUs have to soBtain the whole 
weight of the roof, and besides 

this, a horizontal thmst which will more nearly equal 

w X B c-^l A Dj aa the joint is less rigid 
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CHAPTEB IV. 
THE FUNDAMEHTAL THE0BEH3 OF STATICS. 

49. Aceiome.-~'The following chapter conttdnB c 
stratioiiB of the fundamental theorems of statics, bo &t as 
forces acting in one a/nd the sa/mepla/ne on a rigid body are 
concerned. It may be well to invite the readei^e attention 
to the order of proof adoptei*.. In the first place the case of 
two forces and their resnltant is fiilly discussed, together 
with the conditions of the equilibrium of three forces, 
and the case in which two forces do not have a resnltant. 
In the next place, the results obtained for two forces axe 
extended to any number of forces. La«tly, a pecnHar 
property of parallel forces — the possession of a 'centre' — 
is proved. The demonstrations are of a very abstract 
character, and should be thoroughly mastered. Appli- 
cations of several of the theorems have been already 
given in Chapter III., and many more will be found in the 
succeeding chapters. The demonstrations are based on 
certain assumed elementary principles or axioms. The 
assumption of these principles is, of course, not arbitrary, 
but justified by experience of the action of forces. The 
axioms are as follow : — 

Ax. 1. The line which represents the resultant of two 
forces acting at a point, Mis within the angle made by 
the lines that represent those forces. (See Art. 25.) 

Ax. 2. If two eqiuU forces act at a point, the line that 
represents theix resultant bisects the angle between the 
lines that represent those forces. 

Ax, 3. If a force act« upon a body, it may be sujh 
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posed to act indiSerentty at any point in tlie line of its 
action, provided that point is rigidly connected with the 
body. 

Az. 4. It is necesBcury and sufficient for the eqnilibrinni 
of any system of forces, that one of them be equal and 
opposite to the resultant of all the rest. 

Ax. 5. If a system of forces in eqniUbrimn be imposed 
on or removed from any system of forces, it will not affect 
the eqailibrimn of that system, if it be in eqoilibrimn, 
nor its resultant, if it have a reBultant. 

Proposition 3. 
7%e prwuaple of the parallelogram offoreea (Art. 
32) is true of Oie direction of the resuUcvnt of two e^ual 
forces. 

Ra.4s. Let the equal forces P and q act 

at the point a along the lines a p auid 
i; let AB represent the force 'p, 
and A c the force q, ihen will a b 
equal AC; complete the parallelo^ 
gram a b c d, and draw the diagonal 
- AD. We are to show that the resultant 
of P and a acts along the line A D. 
Since a c equals a b it equals c d, therefore the angle 
C A D is equal to the angle A D c, bnt since C D is parallel 
to A B, the angle A D C is equal to the angle BAD, therefore 
the angle bad equals the angle c a d, and the line ad 
bisects the angle p a Q ; but the line of action of the , re- 
sultant of p and a bisects the angle p a q (Ax. 3), therefore 
the resultant acts along ad. Q. E, D. 

50. Remark. — The following proposition may be re- 
garded aa the foundation of the science of statics ; the de- 
moDstration generally seems obscure to readers who meet 
witJi it for the first time : this results from the somewhat 
imiisual/oTtn of the proof; it may therefore be well to re- 
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'iiiaxk that the demonBtration consistB of two porta ; in the 
first part it is shown that if the principle is true in two 
cases, viz. with regard to the pair of forces p and P, and 
the pair p and f^, it must also hold good in a third case, 
viz. in regard to the pair of forces f and Fj + f, ; this 
part of the proof is purely hypothetical, as much so aa 
in the case of a demonstration by reduction to an absur 
dity ; the second part of the proof takes up the argument, 
but as a matter of &ct the proposition is true in two 
certain cases ; therefore it must be true in a third case, 
therefore in a fourth case, and so on. 

Proposition 4. 

The pri/noiple of the paraUelogra/m of forces is true 
of the di/recHon of the resultant of any two commiensvr- 
able forces. 

Let the force P act at the point a along the line 
AB, and the forces p, and Fj at the point a along the 
line A c : take a B, a c, c d, m>. m 

respectively proportional to 
F, p„ and Pj, and complete 
the parallelt^rams BC, ED, 
then is the figure b d a paral- 
lelogram ; draw the diagonals 
A E, c F, and A F, and suppose 
the points c, », E, F to be rigidly connected with a. 

(a) The lines A B and a o represent the forces p and 
P, ; aeauTne that their resultant acts along A E ; then 
can F and f, be replaced by their resultant acting at 
A along A E, and, since a and £ are rigidly connected, by 
that resultant acting at £ along AE (Ax. 3); but this re- 
sultant acting at £ can be replaced by its components 
acting at £, viz. by f, along b e, and by F along c £ ; and 
these again, since C and P are rigidly connected with E, by 
F, acting at F along b f, and f acting at c along c e. 
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(h) Since A and c are rigidly ooimected, P, may be 
supposed to act at c along c D ; then c E represents the 
force F, and c D the force P, ; aseivme that their resultant 
acts along cf, then by reasoning in the same manner as 
in paragraph (a) it can be shovn that the forces f and F, 
can be tnmsferred to f. 

(o) Thus it follows from oar two asaumpHons that 
the forces p, f,, p, may be supposed to act indifferently 
at A or F, therefore each of these must be a point in the 
direction of their resultant, i.e. their resultant must act 
along the line A p. Now A B represents the force p and A D 
the force f^ + t^; hence, if the proposition is true of the 
pair of forces F and p„ and of the pair of forces F and P„ 
it must also be true of the pair F and P, + P,. 

((2) But it appears from Prop. 3, that the proposition 
is true of equal forces, i.e. of any pair p and p, and of 
another equal pEur p and p, therefore it will be true of the 
pair p and p +p, Le. of p and 2p ; again, since the pro- 
position is true of the pair p and p, and of the pair p and 
2p, it must be true of the pair p and p + 2p, i.e. of p and 
3^ ; similarly it is true ofp and 4j}, of ja and 5p, &c., and 
generally of 2> and mp. 

(e) Again, since the proposition is true of the pair of 
forces mpandp, and of the pair mp and p, it must be 
true of the pair mp and p+p, i.e, of mp and 2p ; simi- 
larly it must be true of mp and 3^, of mp and 4p, and 
generally of mp and m^. 

(f) Now, any two ctmvmensvmihle forces p and Q must 
have a common unit (e.g. a pound, an ounce, &c.), and 
therefore can be represented by mp and -np j hence the theo- 
rem is true of any two commensurable forces. Q. £. X). 

Exereite. — The aboTe demoDstratiDn may be pnt into a alighcly different 
fonn, as follows : In the flrat place, suppose the forces p, p, and f, to b« 
equal ; then the reasuning id % {a) and { (i) of Prop. 1 no longer proceeds 
from an assumption, but is based directly on Prop. 8 ; and the reasoning 
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in J (c) eat&bliibsfl the trath of the propoaitioit id tho case of the tva 
forcee F and Sf. The reasoniiig can be repeBtod. for forces p, 2f and p, 
and tlie case p and 3f will be esUbliahed ; and b; a repeti^on of the 
leuooing the cases p and 4p, p and 5p, and generally p and mf sra estab- 
lished. A slight modification of the fignte viU then enable the reasoning 
to be extended to the case of up, p, and f, bo that the csae op and 3p will 
be established, then the cases dp and 3p, dp and 4p, and generally »P uid 
tnF. The stndent, having fint mastered Prop, i, viil And it a osefnl exer- 
ciss ta vrita out the proof in this form. 

Ptvpoeiiian 5. 

The princvple of tkeparaUdogrtMn of forces is true of 
the direction of the resultant of any two vncoTmrienawrabie 
forces. 

Let F and Q be the two forces represented by the lines 
ABandAC; complete the parallelogram ABC d, thee will 
the resultant (r) of p and Q act Fia.«. 

along the line joining a and d. ^ . . 

For if not suppose R to act along 
any other line, this line must fall 
within the angle p a Q (Ax. 1), 
and therefore must cut either 
c D or D B ; let it cat B d in the 
point E. Kow, by continually 
Insecting a b, a part can be found leas than D e ; set <^ 
distances equal to this part along ac, and let the last 
of them terminate at F (it cannot terminate at c, since a b 
and AC are incommensurable) ; therefore FC is less than 
this part, and therefore also less than de; draw fo 
parallel t<i c D, this line will cut b d, in a point o between 
D and E, join a g. Suppose a F to represent a force q' 
and F c a force q, then will q equal q' + g j now Q' and P 
are commenBurable, therefore their resultant (e') will act 
along theline aq. But the resultant B of p and q must 
equal the resultant of F, q', and q ; i,e. of b' and q ; but K' 
acts along A G, and 3 along a c, and therefore (Ax. I) their 
resultant E must act withm the angle oaq; but by the 
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TOppoBiHon it acts along a e wiihout the angle a A Q ; 
which is absurd. Therefore, &c Q. E. D. 

Proposition 6. 
The prvadj^le of the ■paraUdogram of fwces is trae 
of tt« mo^ilwie of the reeuUarU. 

Let P and Q be the two forces acting at the point a, 
and let them be represented by the straight lines ab and 
A c, complete the parallelo- 
gram A B c D, and diiiw the 
diagonal A D ; we have to 
prove that not only does 
the resultant (b) of r and q 
act along thn line A D, but 
also that it is represented 
in magnitude by that line. 
Suppose B* to be the force 
which balances P and q, it 
must act along d a prodaced. 
Let A E represent R* ; complete the parallelogram c E, and 
join A F ; the resultaot of Q and K* must act along a f ; but 
since P balances Q and r', it must act along f a produced ; 
therefore F A B is one straight line, and is parallel to c d, 
so that F D is a parallelogram. Hence we have f c equal to 
A D, but F c equals A E, therefore e a equals a d. But s is 
equal and opposite to r', which is represented by a g, and 
therefore R is represented in magnitude by A D. Q. E. D. 
51. Application of trigonoTtietry to statics. — It ia 
manifest that the sides of the triangle a c d (Prop. 6) are 
proportional to the three forces P, Q, h', which are in 
equilibrium. And hence if any triangle aed he drawn 
similar to A c D, its sides will be proportional to the 
forces. Such a triangle will be formed by drawing lines 
respectively parallel to the directions of the forces, each 
force being an homologous term to the side parallel to 
its direction. The forces at a act in the directions d c, 
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CO, ad respectively, as shown by the arrow-heade. A 
suoilar remark applies to a triangle formed by drawing 
lines at right angles to the directions of three forces in 
equilibriom. The relations between three forces in 
equilibrium are thus reduced to the relations between 
the sides of a triangle; and of course all the trigono- 
metrical relations between the sides and angles of that 
triangle will be analogous to relations between the forces 
and the angles between their directions. The two most 
important of these relations are proved in the following 
proposition ; — 

Propoeiiion 7. 
If three forcea, Pi Q, b, are in eqwHHrmm, and ad 
at a pomt A, to akow that the foUmoin^ relationa 
obtaa/n: — 

(1) p:Q::BinQAB:BinBAP 
Q :B::amBAP : sLnFAQ 
{2) b'=p*+q'+2 pqcospaq 
(1) I>rawthetri- iw.«. 
angle abc whose , 
sides bc,ca,ab are 
respectively paral- 
lel to the forces ^i 

P, a, B. Then it is - 
evident that the 
angles a, 6, c are re- 
spectively equal to 
180°-QAB,180°-BAP, 180°-PAQj now 

be : ca:: sin baa : sin c&a::8in qab : sin bap 
ca : ai>:: sin c^ : sin ac& ::einBAP:sinFAQ 
But by Art. 51— 

be : cay.p : q 

ca : a6::<j : R ^^ ■ , 

as n,-.«,.,C-,oogle 
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therefore P : QirsiiiaAR : sinBAP 

and Q:B::einKAP : sinPAQ 

These proporUonB are sometimes expressed by the rule, 
'If three forces are in equilibrium, each force is pro- 
portional to the sine of the angle contained hj the other 
two.' 

(2) Employing the same figure, we have, by a well- 
known theorem in trigonometry, 

ai^=be?+ca?—2 be , ca . coe bea 

Now bea ie the supplement of P A Q, so that cos F A 
= — cos bea; 
therefore o6'=6c* + fla* + 2 &C. ca . cos paq. 

But be, ea, ab are respectively proportional to the 
forces F, 0, B ; 
therefore b*=p*+q' + 2 pqcos paq Q. E. D. 

Ex. 2S0. — BhoT that Then three lorces are in eqnilibrinm no one of 
them ie greater than the sum of the other t70. 

Ex. 231. — Under vheX chxajaBtancea will three equal forces acting at 
a point balance uch other ? 

Jnt. Angle hetveen directiooa of an; two equals 120°. 

Ex. 232.— Find the angle at which two forcea of 8 Iba. rnnet act«o as to 
prodoce on a point a presaoca of 1 2 Ibe. Jnl. 82° 19'. 

£r. 233. — LetiBcbe any (liangle, » the middle pomt at ac; join 
AD; if AB and AC repraeitf toKte acting at a, show that their reanlUnt 
will be repieaented by twice a d, 

Ex. 231. — Explain the action of the forcee by which a kite ie sopportad 

Ex. 235. — Ezplam the action of the forces by vMch a ship U made to 
■oil in a direction nearly opposite to the wind. 

Ex. 3S6. — The resultant of P and a is 12 lbs. when their directions con- 
tain on angle of 60°, and 1 1 lbs. when they contain an angle of 90° : find 
p and a. Am. 10'7e and 2-13 Iba. 

Ex. ZS7. — There ore two forces p and a ; when the linee repreaenting 
them contain on angle S, their raanllaat equals V^fj' + a*) ; but when thosa 
liaMeoDtain onan^ 00°— S, the resultant equals v^p' + q'}; find A 
Am. «3°26'. 

Ex, 2}S. — F and a ore two fbrces acting in directions at right angles to 
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CMh otbw ; Uieir rcaoltatit wpuit ni(p + l); if ii the anglnBt^^^^^ — ^^^'^ 
Elections of Uieir xeBoltODt and of f or o, shoir that 
ni'Bn2«=l-Mi« 
£e. 2S9.— Id di« Iwt example show that the ratio of the fbrcei r and 
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Ex. 240,— It p and p + p are twu forces very nearly eqaa], and if a 
the angle between the lines representing them, thnn will the angle (in cir- 
cnlai meanm) between the direction of the resnltant andof p+ji be vei? 
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Proposition 8. 

To determine the resultant of piao paraUd forces act' 
ing in the same direction. 

Let p and a be the forces acting on a body at the points 
A and B ; join a b ; snppose any tvo equal and opposite 
forces T, Tj to act at a and b hg. la. 

respectively along the line A B * 
these forces being in equili- 
briom will not affect the result- , 
ant of p and Q (^Ax. 6), t 
the required resultant i 
that of T, p, Q,aiid t„; 
V, if u is the resultant of t and P, and v the resultant of Q 
and T,. But. since the line representing D falls within the 
angle tap, and that representing V within the angle QBT,, 
these lines will meet when produced ; let them be pro- 
duced and meet in c ; then if c be rigidly connected with 
the body, u and V may be supposed to act at c ; through 
C draw C X parallel to A P or B Q ; now D acting at c can be 
resolved into p, acting along c x, and t, acting parallel to 
B A, and similarly y can be resolved into Q acting along c x, 
and T, acting parallel to a b ; hence the rectuired resultant^ 



. 6), therefore ^ 
Ltant will be I 
'„i.e.of uand * 
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will be that of T,T,,p, and Q, acting at C; or, since t and T'l 
are in eqnilibrimn, that of F and q acting along c z, i.e. 
the resultant is a force equal to p + Q, acting along a line 
passing thiongh X parallel to A P m B Q, and acting in the 
same direction as P and Q. 

Next, to find the position of x. Since u is the resultant 
of F and T, those forces Till be proportional to the sides of 
the triangle A xc ; 
therefore a x : x c :: t : p 

similarly c x : x B :: Q : T| 

therefore ax:xb::q:p 

i.e. the point X divides a b in the inverse ratio of the 
forces, which is the proof of the role already given (Art. 
29). Q. E. D. 

Cor. 1. — ^Hence can be immediately deduced the 
conditions of the equilibriimi of three parallel forces 
mentioned in Ait. 30. 

Cor. 2. — Hence, also, we can determine the resultant 

of two parallel forces acting in contrary directions. Thns 

PiQ.4>. suppose F acting at A and Q acting 

at B to "be the forces, and let Q be the 

I greater; now if a' is the force that 

■ 1 balances P and Q, it must be eqoal 
and opposite to their resultant s ; but 
\ ♦ R' + p=Q,andAB : bx::b' : F,i.e.AB + 

'' BX : bx::h' + p : PjOrAX : bx::q : p; 

i.e. t^e resultant equals Q— p, and acts in the same 
direction as q through a point x, whose distances from a 
and B are inversely as the forces, and so taken that the 
greater force acts between the resultant and the lesser 
force. 

Ex. 211.— Twa parallel forces of 1 1 and 12 lbs. act in coctrar; diroc- 
tione at a and b TeepectiTel7. Th« lins A b is 6 ft. long, and is at right 
angles to the diiectioa of tlie forces. Find the reaultant. 

.>1m. A x« 72 ft. (Bg. 49), R = 1 lb., acting in the BOnifl diiection w o. 
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Er. 243. — ^ B U B straight rod 12 fb long ; c a point i ft. &om b ; tbs 
tod rsBta OD a pAg at c, and is kept horizontal by a peg placed ovet it at b ; 
a weight of 20 Iba. ii hong at i ; find the prtsemx on each peg (neglecting 
the weight of Che lod), Atu. Pressnte on c SO lbs., OD B 40 lbs, 

Ex. 243. — A and Bare tbepanaof apatr of acoles; a anbstancs placml 
in 1 ii balanced by p lbs. in B ; when placed in b it is balanced ^ a lbs. 
jni; find its true weight. Ant. ^palbs. 

Ex, 244. — A tod of miifbrm density a b is divided into any two partB at 
the point X ; the middle points of a x, s b, and b i lue f, 4, and b respec- 
dvelyishow that weight of AX : weight of xb;:qb; bp. 

Ex. 245. — A B c is an equilateral triangle, kept at rest by three parallel 
Ibrces, r, 3p, and 2f, acting in the plane of the triangle at ^ b, and c 
Veopectively. Determine the lines along which Che forces moat act. 

ExereUe. — Let a and b be two fixed points, let a force r act through * 
and a force a through b, also 1st their directions intersect in a point x. 
How, suppose the direction of a to change in anch a mmuier that the dis- 
tance of X iiom A continually increase!, and conseqaenCly the angle be- 
tween the directjons of P and 4 contiaaally diminishes. It ia pta^ that 
the directions of r and u will in the limit become parallel. It is required, 
by means of this consideratJon, to deduce the results ot Prop. 8 from the 
prerions Propositions. 

52. The use of the positive and negative sigiw to de- 
note the directioTis of forces. — Since a line can be taken 
to represent a force, and eince if +o be used to denote a 
line of a feet (or other nnitB),fcieaflured to the right from 
a fixed point, then —a must be used to denote a line of 
a feet measured to the left from that point, it should seem 
that the same principle ought to be applicable to forces, 
and that if +f denote a force of P units acting to the 
right along a given line, then — P most denote a force 
of p units acting towards the left along that line. That 
the principle so commonly used in geometry "is correctly 
applied to forces, will be evident from a little considera- 
tion. Thus, if F and Q be two forces acting to the right 
along a line, and b their resoltant, we have 

K=P+Q (1) 

If Q act to the left and be less tJian P, B wiU act to the 
right, aod we have 
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E=F— Q (2) 

If, however, q be greater than p, B vill ict to ihe left, 
and we have 

B = Q-P (3) 

Here we have tbree equations to express a certain 
result; but if we suppose P+Q to be an cdg^yraical sum, 
these three equations can be included in one, viz. 
, B=P+Q (4) 

It is quite fdain the (4) includes (1) and (2) ; it also 
inclodea (3), since that equation can be written 
— B=P— Q 
The eame principle can be applied to the moments of 
forces. If we measure the moment of a force with 
reference to a certain point, we may agree to reckon it 
positive if the force tend to turn the bod; round that 
point in a direction contrary to that in which the bands of - 
a watch move. If this assumption be made, then the 
moment of any other force must be reckoned negative 
which tends to turn the body in the contrary direction 
round the point. It will be remarked that in fig. 51 the 
moments of F, Q, B with respect to o are positive; in 
fig. 52 the moments of Q and b are positive, and that of P 
negative. 

53. RepreaeTiiation of a moment by an area. — Let 
the line A B represent a force P, and &om a point let &11 
a perpendicular o N on A B or A B pro- 
duced ; join A, o b ; then twice the 
area of the triangle A O B equals the 
product of N and A b, i.e. the pro- 
_ dnctofthe perpendicular OOP's direc- 
' - " - jign jjjjj tjjg ^jjg that represents p ; 

hence, twice the area of the triangle a B represents the 
moment of the force P with respect to the point 0. 
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r' ■ 

Proposition 9. 
The cdgebraical imm of the momenta of two forces, 
whose cUrectioTie are not parallel, taken with referetnee to 
any point m their plane, equals 
the moment of their reeuUxvnt 
with reference to the same poimt, ^ 

I^et P and q be two forces 
■whose directions intersect in a; 
let be the point vitli reference 
to which the moments are to be 
taken; draw OB Cfig. 51^ parallel to AQ, and take AC 
such that 

AC : AB::a : p 
then A B and A c will represent the forces P and Q ; con- 
sequently if the parallelogram A B d c is completed, a d will 
represent the resultant (b) of P and Q. Join o a, c, and 
B c. The moments of t, q, and b are proportional to the 
areas of the triangles o a b, o a c, and A d (Art. 53), Now 
OAC is equal to BAG, which being half of the paral- 
lelogram, is equal to a B D. But o A d is made up of a b 
and BAD. Consequently, 

moment of b= moment of p+moment of Q 
In this ease all the momenta are positive ; we will there- 
fore take a case in which o is so situated that the mo- 
ments of B and Q with regard to it are positive, and 
that of P negative, and in which consequently we have to 
show that 

moment of R= —moment of p+ moment of (i 
In this case draw (fig. 52) o b parallel to A Q, and find a o 
from the proportion 

AC : ab::q : p 
so that A B and A c represent the forces P and q ; then on 
completing tiie parallelogram abdc, ad will represent 
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their resultant (b). Join o a, o c. We see that o a c is 
haH the parallelogTam, and consequently equals A D B, 
j^ Q_ which is made up of a D and 

J Oab; hence 
.„i^ OAD = OAC — OAB 




and as these triangles are propor- 
tional to the moments of the forces 
~^ Tith respect to the point o, we have 
moment ofB=— moment of F+moment of Q. 
Similar resnlts are obtained for an; other position of the 
point o ; and the student will find it instructive to con- 
sider one or two othto cases, e.g. that in which o fells 
within the angle b a q, in which case the moments of P and 
B are both negative and that of q positive. He will 
observe that, b; the aid of the rule for the signs of the 
moments, all possible cases of two iDtersecting forces 
are included in the one statement given above. 

Proposition 10. 
7%e (dgebraical sum of the moTnents of two paralM 
fotves with reference to any point vn their plcune is equcd 
to the moment of their resiUta/rU vrith reference to the 
eamepovni. 

Let P and Q be the two forces, and let them act 
no. SI, in the same direction, B their 

resultant, the point about 
which the moments are mea- 
sured ; draw a line o b at right 
" * » " angles to the lines along which 

the forces act, and cutting them in a, b, and z respec- 
tively. Now in the case selected the moments of F, Q, and 
B are all positive, hence we have to show that 
ii'b=m*p+m'q 
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Since r=p + q 

we have H*R=ox.B 

= OX.P + OX.Q 
= 0A.P + AX.P4-0aQ— BX.Q 
bat AX.p=Bx.Q (Prop. 8_) 

therefore M^=OA.P+OB.(l 

=m'p+m'q 
A Bunilar proof will apply to every podtioD of o, and 
to cases in which p and Q act in contrary directions. 
Hence, &c. Q. E. D. 

Er. 248,— ^If the point o {Prop. B) be takan in th* direction of the re- 
snltaot, show that the momenta of p and 9 am eqnal aikd h>TB oppoeite eigna. 
Bxrrcue. — Prop. 3-10 can be proved bj rawmnng in the foUoving 
nuuinei' : — First, Assume as an aiiom that the ceaultant weight of a nni- 
form lod acta through its middle point ; and bearing in mind the remark 
in Article 28, that aaj force con be substitated for an eqnal force vithout 
wfMonce to ite physical origin, obeerre that £r. 3** giTea an independent 
proofofFn^.g. Second^. ObBerrethatitfollolrs&om Axiom 2(ATt. 49), 
that when a body ia acted on bj two egnal forcea in the same plane, and 
has one paint in the plane Axed, it, will be at rest, pcorided the forces act 
at equal perpendicular diaUmcefl from the pmnt, and tend to turn the bodf 
Tonnd the point in opposite dii^ctJons. Tiat obso^atJon, comlnned with 
Prop- S. will establish Ex. 248. Thirdly, The principle <£ the paisUelo- 
gtam of fbrccs, so &r as the direction of the leenltuit is concemed, eao 
be easU; deduced from Ex. 246. The student who has first mastered Fk^. 
3-10 wUl find it a meet instmctive exercise to write ont pnxA of the same 
propositjons, adopting the method of proof above indicated. 

64. Statical couple. — In Gen. 2 to Prop. 8 it wa« 
shown that if p and a are two parallel no. h. 

forces acting at a and b in opposite ip 
directions, then if Q is greater than T 

p their resultant E will be a paral- x 1 — ""'■" '■"• 

lei force acting in the same direo- 1^ 

tion as Q through a point x given 
by the proportion 

AX : Bz::o : p 

„ _ A B.P 
or BX= 

«-P D,r,„..dh,.C-.OOgle 
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Now, if we suppose q to be gradoally dimmisbed, but 
AB and F to remain unaltered, the magnitude of K (or 
Q— p) will continually diminisli and BX will continually 
increase, and in the limit when Q becomes equal to F, the 
magnitude of the resultant is zero, and x is removed 
to an infinite distance ; in other words, two equal parallel 
forces acting in opposite directions have no resultant, 
and therefore cannot be balanced by any single force. 
Such a pair of forces constitute what is called a etatioal 
couple. If, iu fig. 54, we suppose P and Q to be equal, and 
A B to be at right angles to tlieir directions, a b is called 
the arm of the couple, and a b x P its Tnoment. A little 
consideration will show that the sum of the moments of 
the forces with r^ard to any point in the plane of the 
couple will equal a b x P ; and moreover, ^at Lf the sign 
of the sum of the moments with reference to one point is 
positive, it will be positive wlien taken with reference to 
any point in the plane of the couple ; and if negative, 
negative ; e.g. the couple represented in the diagram has 
a negative moment. 

Proposition II. 
If two couples of equal mometiU and of oppose 
signs act in, the aa/me plane on a rigid body they 
w^l balance one a/tiother. 

First. Let the forces which constitute the two couples 
Pia. ty not act along parallel lines, then 

must the four lines by their in- 
tersection form a parallelogram. 
Let A BCD be the parallelogram 
thus formed, and let the forces 
(p, p') of the one couple act along 
A B and C D, then must the forces 
(q, q') of the other couple act 
along A D and c b, since the moments of the couples 
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have contrary Bigns ; draw A m and A » at right angles to 
c D and c B, then amce the moments of the couples are 
equal 

AmxP = A7lXQ 
also AnXAD=AmXAB 

since each product b the area of a b c d ; therefore 
ADXP=ABXQ 

or p ; q:: AB : ad 

there&re ab and ad represent (Art. 25) the forces P 
and Q, and therefore the diagonal a c represents 
their resultant (r). In like manner p' and q' are repre- 
sented by c D, and c b respectively, and therefore c A 
represents their resultant (s'). Hence, the four forces 
p, Q, p', q' are equivalent to a pair of equal opposite 
forces R and s', and therefore are in equilibrium. 

Secondly. Let the four forces act along parallel lines ; 
draw a atiaight line cutting Ra.se, 

those lines at right angles in p 
A, B, c, D, respectively ; and let P f > 

and Q act in the same direction, I £ * " ■" | 

and f" and o' in the opposite di- | [ 

rectiou, then the moments of the " ^ 

couples will have contrary signs; now k the resultant 
of p and Q equals p + Q, let it act through the point X, 
then we have 

AXXP=CXXQ 
also since the moments of the couples are equal ^ 

ABXP=CDXQ 
thCTefore b x x P= d x x Q 

or BXXP'=DXxa' 

hence the resultant (h') of p* and q' acts through the 
point X, and as it equals p' + a', the four forces p, Q, p', q' 
^e equivalent to two equal forces, R and r' acting in 
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opposite directions along the same line, and therefore are 
in equilibriom. 

Cor. 1. Hence two conplea of equal moments and of 
- the same sign and acting in t^e same plane on a rigid 
body are equivalent to one another, since either would be 
balanced by a couple of equal moment and of contrary sign. 
In other words, there will be no change produced in the 
effect of a couple by supposing it to act anywhere in its 
original plane, and by supposing its arm to be lengthened 
or shortened, provided the forces undergo a corresponding 
change, bo that its moment remains mmltered in sign and 
magnitude. 

Cor. 2. Hence, also, if M and s are the moments of 
two couples acting in the same plane, they will be equiva- 
lent to a single coiqile whose moment is their algebraical 
sum M + H. For let both couples be reduced to equivalent 
couples having anns of the same length a, then if p and 
p' are the forces of the one, and Q and Q' of the other, 
we shall have o p or a P* equal to M, Mid a e or a q' equal 
Fia. tr. to N ; now place the couples so that their 

* ' arms coincide, then if both moments are 
T jiositive, the couples will lie as shown in 
I ' * the figure, i.e. they are equivalent to a 

Ij, pair of parallel forces, p + q and p'+Q' 

i» constituting a couple whose moment is 

a (p+q) or M+s. If the couples have contrary signs p 
and Q will act in contrary directions. 

55. ReTnark. — In the previous propositions of the 
present chapter, we have completely discussed the rela- 
tions which subsist between two forces acting in the 
same plane and their resultant ; we have now to consider 
the case of any system of forces acting in one plane on a 
rigid body. It may be remarked that in general eveiy 
such system will have a resultant ; thus, if we have three 
forces, p„ Pj, Pg, we can find the resultant B, of p, and 
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Pj, and then the resnltaot K of Bj and p, ; the force b 
will be the resultant of P,, f,, and p, ; the same method 
can in general be applied to the determination of the 
resnltant of any nnmber of forces ; two particular cases, 
however, may arise, firet, when the system is in eqnili- 
briom, aeamdly, when the system reduces to a couple. 
A little consideration will show that no other exception 
can possibly arise in the case of a system of forces acting 
along littea in a common plane. 

Ex. 247.— A, B, c, s are the aDgolar points of a sqn&re tAken in order. 
Forces of 6 lbs. each act reapectiTelj ^m j. to b, &0!ii b to o, and &om a 
to D. Find Quai reBiiltaiit. 

Am. Frodnce ab tox, bo that 1.Z ia twice &b, the retntltsnt ie a 
force of fi Iba., acting through x parallel to and la the BOme 
dicectioD aa the force along b c. 
Ex. S48.— If in the last example a forc« of S Iba. acted fi-ota d to a, to 
what Toold the foor forces rednce ? 

Jfl>. A couple whoee moment is 1 a b. 
Ex. 249.— If, in Ex. 247, there are fbni fbrces of 10 Iba. apiece acting 
MipectdTel/fimn Ato b, c toe, c ton, and a to d, to -what can the fburba 
redaced ? Ant. The; are in eqailihrium. 

£1.250. — Again, Bi^poee that a force of 10 lbs. acts from a too, 11 Iba. 
from c to b, 9 lbs. from c to d, and 1 Iba. trota a to Dg to what vill the 
four fbrces rednce 7 

Ant. A force of •/% lbs, actJng through o panilel to and in tlie 
same direction as a line drawn from d to b. 
Ex. 2fil. — A B c is an equilateral triangle, three eqnal forces (f) act re- 
■pectiTel; from A to b, fr^im a toe, and from s to c; vhatis their remltffiitT 
AiU. A force 3f acting paraJJel to and in the same direction as A 
to c through the middle point of B 0. 
Sx. 262.— A, B, c, D are the angular pninta of a square taken in order ; a 
particle at a is act^donhjaforceof lOlbs. along a b from a tos, by afoice 
of 20 lbs. along a O from A to C, and by a force of 2S lbs. along A D from A 
to D. Find the magnitude and direction of the resultant of the forces. 

Ant. 4S lbs. acting in a direction -within the right angle A, and 

making an angle of 66f 20* with a b. 

Ex. 2S3. — A B c is a triangle right-angled at c j b is an angle of 30° ; a 

fbrce of 4 lbs. acts along a h liom a to s, of 3 lbs. along c b from c to b, 

of 2 lbs. along Ac£romA toa Determioe the magnitude and direction (^ 

the resnltant. 

An. Taken the middle point of BC, make bd sen angle of 31°4fi' 
(b and A on opposite sides ofsc), the resultant is a force c* 
T'8 lbs. actii^; from b to b. 
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Er. 3S4. — When foul foKM leting b tlte tame plane M a point are in 
Bqnilibrinm, ahov Uut a qaadriUteral figure can be drawu, Uis ndea of 
vhich are related to theto in tlia aame m&iiiier that the gid«» of the triangle 
in Alt. 61 aie related to thiee foicea in eqailibriam. 

Ex. 29S. — Ftnm the above example ahov that the reanltant of threo 
ItoTCM acting ia the same plane at a point can be lepresenUd by a rade of 
a qoadrilalenl, and atate exactly hov the quadrilateral man be drawn. 

£1. IM. — Extend the reenlta in Ex. 2Si and 2SS to ai^ munber of 
iinces (t. Art. 69), 

56. The reavMa/nt of any numher of forcee ae^Mig 
along the aame atraight line, — Since the resnltant of two 
such forces ia their (algebraical) eum, the resultant of 
those two and a third force must be the (algebraical) 
sum of the three, and the same will be true of any 
number cS forces ; hence, if ewty nvmber of forces 
act along the ea/me atraight Ime their resvMa/ni wHZ 
equal their algebrmoal sv/m. If their algebraical sum is 
zero, the forces will be in equilibrium. In the following 
general theorems the term 'sum' means 'algebraical 
sum.* 

57. The reaidta/at of way number of cowplea acting in 
the same plane. — Since the moment of the resultant of 
two such couples is the sum of the moments of the two 
couples (Trop. 11, Cor. 2), that of the resultant of those 
two and a third will be the sum of the moments of the three, 
and the same will be true of any number of couples j 
hence, if way numher of couples oat in the aamie plame, 
the moment of their reaultant equah the sum of their 
several momenta. If the sum of the moments ia zero, 
the couples will be 19 equilibrium ; for if all the couples 
are reduced to equivalent couples with equal arms, and 
these arms are superimposed on each other, it is plain 
that the moment of the resultant couple can only become 
zero by each force of the couple becoming zero; i.e. 
the whole reduces to two systemB of forces which are 
sererally in equilibrium. 
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58. Extension of the pjin<dple of 'moments to any 
numder of foree8.—l.et p„ Pj, p,, .... p^ be any sys- 
tem of forces acting in one plane on a rigid body j let 
Ri be the resultant of !■, and Pj, Rj of R, and P„ and 
so on, and R the resultant of R„_^ and P„. Now, if the 
moments are taken with respect to any one point in the 
plane, ve shall have 

m'Ri = m*?, + m*?, 

'm.\=m%+m% 



m'R = mX -( + ^'^B 
therefore, by addition, 

m'K=m'Fi + m'p, + m'F, + . . .tTO*p, 

Hence, if emy forces act vn a plane, the sum of 
their Tnoments with respect to amy point in thai plane, 
will equal the moment of thdr resuUcmt with respect to 
that point. A little consideration will show that if the 
forces reduce to a couple, the moment of the couple 
will eqoal the sum of the moments of the several 
forces. 

Of course, if the point is taken in the direction of the 
resultant, its moment, and therefore the algebraical sum 
of the moments of the forces, will equal zero. Now, 
if a body acted on by any forces be kept at rest round 
a fixed point, the resultant must pass through that point ; 
and therefore in this case the algebraical sum of the 
moments of the forces round that point will equal zero ; 
a. statement which coincides with that already given 
fArt. 39). It is plain that in this case the forces cannot 
be reduced to a couple ; for if they could be bo reduced 
they could not be balanced by the reaction of the fixed 
point. 
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PropoaiUon 12. 

To determine the resuUaTit of any system of forces 
acting along parallel lirtea in one plane. 

Let P,, P,, P^ .... be the forces ; take any point o, 

and draw OA at right angles to the direction of the 

Fu. «. forces, and cutting the lines 

I, II .. ' along which they act in 

j t I ( H„H„N^ . . . . let 0H,= 

" *' " <■ at * also let R,the resoltant of 

the forces, act alongaline cutting OAinM,audletOM=r; 
we have to find the magnitudes of b and r. Now the re- 
sultant of any two parallel forces equals their sum, there- 
fore the resultant of those two and a third force will 
equal the sum of three, and so on for any number of 
forces, therefore their resultant must eqtial their sum, or 
E=r, + p,+p,+. . . . 

again, the moment of B round must equal the sum of the 
moments of the separate forces, therefore 

Er=PiP, + p,p,+p,jT, + . . . . 

The former equation gives B and the latter r. 

Cor. 1. Let the resultant of p,, pj, .... be b', and let 
itfl direction cut o a at a distance from o equal to r" ; then 
it will be necessary and sufficient for the eqnilLbriam of 

P„p,,P that p, be equal and opposite to B',i.e. that 

r' equal pi, and that F, + b' equal zero ; but 

B'=P,+Pa + . . . . 
and B''''=Pjf>)+Pspj + - . . • 

Therefbre it is necessary and sufficient for the equilibrium 
of the system of forces that 
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P| + P» + l'a + ' • • • =0 

and ^iPi + ^aPi + ^iPi-^- • • • =0 

By the words ' necessary and sufficient for equilibrium ' 
is meant that on the one hand if the forces are in equi- 
librium the above equations will be satisfied, and on the 
other hand if the above equations are satisfied the forces 
will be in equilibrium. 

Cor. 2. If the equations when formed lead to the fol- 
lowing result, 

p, + p,+pg + . ... =0 

'^ ^iPi+^%Pt+^»Pt+' ■ • .=a finite quantity, 
the system of forces reduces to a couple, 

Ex. 257. — A nnifonn rod U 3 ft. long and veighi 2 lbs. ; Teij^ta of 
1 lb., 3 lbs., 5 lbs., and 6 lbs. are mBpended dd it in order at dut&nc«e of 
1 ft. apart. Determine completel7 the resultant of the forcea. 

Jm. 1 7 Iba. acting along 6's line of action- 
Si. 268. — Let a horizontal line be drawn from a point & to the right, 
BOd let toreaa of 5 Ibe., 12 Iba., and 19 lbs. set Tertically upwards on it, 
and of 10 Iba. and 2D lbs. act vertically downwards on it. the former at 
diBtaaeee of 2 ft.. S ft., and 14 k,, and the latter at distanoea of 6 ft. and 
20 ft &om A. Determine completely their reeoltJUiC, 

Jm. S lbs. acting apwarda through a point 24 ft. to the left of A. 

Ex. 259.— If in addition to the forces in the last example, one of 6 lbs. 

acts at B distance of 10 ft. to the right from a, determine the resnltaDt (1) 

when the ftnco acts Terticallj upwards ; (2) when it acts vertically down- 

Atu. (1) ISlbs. acting Tertdcally upwards 711. to the left of &. 
(2) A couple whose moment is - 204. 

59. The resulta/nt of am/ maTiiber of forces acting m 
one -plane at a point can be found by a very simple con- 
struction called the ' polygon of forces,'— Let the forces 
P, Q, R, S act at a point O in the directions OP, O Q, O R, 
o s, and let it be required to find their resultant. Draw 
any line a b proportional to p in the direction P ; from 
B draw B c proportional to Q and in the direction o o, from 
,3 ,, ,-,„ ^.v-v.^^le 
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c draw c d proportional to B and in the direction R, and 
Fm. M. pra. Mo, finally D E propoT- 

- " D tional to s and in 

^It the direction o s. 

^i. Then, if a E be 

\'N,^ ^ joined, the resuU> 
* ant (t) erf p, q, e, 

and s will be a force acting at in the direction' A E, and 
proportional to ae. This is evident, since by the triangle 
of forces (Art, 36) the force at represented by A E ie equi- 
valent to two forces at o represented by ad and de; these 
to three forces at represented by A c, c d, D E ; and these 
in turn by four forces at o represented by A B, B c, c D, D E, 
i.e. p, 0, R, s. It is immaterial in what order we take the 
forces ; for instance (fig. 59a), we may draw A B to repre- 
sent p, then B c to represent b, then c d to represent q, and 
finally D E to represent s ; the resultant will be, as before, 
a force at o represented by a e. 

When the polygon is drawn, if it is found that e co- 
incides with A, the magnitude of the resultant is zero, and 
the forces acting at o are in equilibrium. 

To render the calculation of the magnitude and direc- 
tion of the resultant intelligible it ia necessary in the first 
place to explain what are the rectangular components of a 
force. Let o at, j/ be two rectangular axes, and let p be a 
force acting at along the line o p ; 
let o A be the line which represents 
the force p, and let the angle it 
makes with the ads of x, viz. xoa, 
equal ; now, if the parallelogram 
o B A c be completed, p will be equi- 
i-alent to two forces respectively represented by B and o c, 
and since these forces are at right angles to one another, 
they are called the rectangular components of P with re- 
spect to the axes ox and oy; again, since oc=o A sin 



^L 



T^ 
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and OB=OA coaff, it is plain that the rectangular 
components of P are p cos ff along the axis o x and p sin ^ 
along the axis oy. If we always measure 6 in the same 
direction, viz. upwards &om fio. eoo. 

O a;, BO that it increases in a 
direction opposite to that in 
which the hands of a watch 
move, P co8 ^ and p sin ^ - 
will give not only the mag- 
nitudes of the components, 
but also the directions in which they act ; — thus if we 
eoppoae p to act Uma/rds o, the line which represents the 
force ia o A, so that 9 is not a; P, but « o a, indicated by 
the dotted arc; and then, since 6 lies between 1 80° and 270°, 
both p sin d and p cos will be negative, as they ought to be. 

PropoaUioTi 13. 

To determine the remdtant of a/ay ayatem of forces 
adding in one pla/ne at a point : and to infer the condi- 
tions of equilibrium of «wA a systmi of farces, 

(a) Let p„ p,, Pg, .... be the forces acting at any 
given point ; through o draw two rectangular axes o x and 
o y, and let &„ $3,0^, • . . be the angles that the lines 
representing the forces make with the axis of x. Then 
these forces can be replaced by their rectangotar compo- 
nents along the axes of x and y, i.e. by 
p, cos 0^, Pg COB 0^, p, cos 5„ . . . along the axis of x, and 
Pj sin d„ Pg sin S^, p, sin 0,, . . . along the axis of y. 

Now, the former set is equivalent to a single force X 
acting along the asiB of x, and the latter to a single force 
y acting along the axis of y, provided 

X = P, cos ^i+Pj cos ^j + Pj COS 0^ + , . . . 

T=P, liu (9| + P, sin 9j + Pj sin ^sf r.,'|-.Got5Qle 
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Now, if K be the resultant of x and t, and ^ the angle 
which the line representing it makes with ox, we most have 

ECOS0=X (1) 

and B sin ^=x (2) 

which equations determine s and <ft. It will be remarked 
the determination is firee &om ambiguity, since the signs 
of X and t will give the signs of cos ^ and sin 0, and 
therefore detennioe the qiwtdnmt in which the line 
representing B Mis. Of course the magnitude of B is 
given by the equation 

B*=x»+T* (3) 

(6) To obtain the conditions of equilibrium of P,, p„ p, . . 
It must be remembered that it is necessary and suffi- 
cient for the equilibrium of these forces that Pj be equal and 
opposite to the resultant of Pj, ?,,.... (Ai. 4), so that the 
rectangular components of this resultant must be —p, sin 5, 
and — F| COB &„ therefore the required conditions are 

— p, sin ^i = Pj sin 0^ + 7^ an 0,+. . . . 
and — P| cos S,=P, COB ^, + P( cos ^, + . . . . 

or P, sin 5,+?, sin ^,-i^P, sin fl, + . . . .=0 

and P| cos 5| + p, cos ^j+Pj COS ^, + . . . .=0 

That is to say — ' It is necessary and sufficient for the 
equilibrium of any system of forces acting in one plane at 
rsa.tL a point, that the sums of their 

components along each of two 
rectangular axes be separately 
zero.' 

Ex. 260. — Iist p„ T^ r, be tbree (brcoa 
i>f fiO, 30, uid 100 lbs. Ttapeaivtlj, actiag 
at the point o, as diovn b the figure ; let 
the angle a OP, equal 30°, and not, sgual 
B0° ; it is required to det«nniDe their re- 
'' sultant by the method of Prop, 13. 

In thii cue, 9,-0, •,-80°, and 9,-240°, thewfore, ^ ^^^^^_ ^j^. 
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Keo»4>-G0co8 0° + 3l)col 3D°-f lOU cos 310° 
and BBin 0-eOBmO'' + 3Oain Sflo + lOO aia 240'" 

or BCO8<^='fi0-t- 2^08-51}- 2e'S8 >». O. 

and RsiD ^ = 16-8600 ^— T1'60 V 

benw 8-76'17 lbs. and ^-289= 67', i.e. a acta 
as iadicatAd in the diagram ; this result maj b« r^^ r, 
Terififtd by construction. \^ p 

Et. 261. — Let F„ P„ P, be three forces each of -^ y— 

100 lbs., let the angle v o p, be 136° ; find theii ° ' 

iMaltant bj the above method. 

* .^jw.B-il-Jlbs.^-Sie". 

60. Tranefer of a force m a parallel direction. — 
Let A B and c D be two parallel lines, and p the length 
of the perpendicular o H drawn from o rh. ti. 

in AB to CD; then if a force p acts „ v g p- q 
from A to B along a b, it will be equi- I 

Talent to an equal parallel force acting 1 — ^— 

along c D in the same direction, and a 
couple whose moment is pj>, the sign of the couple being 
positive if o N is to the left of the direction of the force 
(as in the diagram), and negattve if to the right. For if 
two opposite forces p', p", each equal to P, act along c D, 
they will be in equilibrium, and the three will be equal 
to P ; but P and p" constitute a couple with a positive 
moment pp, hence F is equivalent to P* and that couple. 

Hence also we can determine the resultant of a force 
p, acting along a line A B, and a couple na. «. 

whose moment is M J for let m equal pp, ^ f* n p , 
from in A B draw a perpendicular s ~~' I * 
equal to p, and to the right of p'a di- I , 

rection, if the moment of the couple is *" 

positive ; make the arm of the couple coincide with o v 
then the couple will consist of the toacea p' and p", each 
equal to P, acting as shown in the figure ; hence the force 
and the couple are equivalent to the three forces p, p', 
and _p", but p and p" are in equilibrium, therefore the 
force p and the couple are equivalent to p'. 
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ibe. 2S2. — If ii, B, c, D are the eoroan of & sqnora taken in mder, and if 
foTMs Mt along three of the ndes, riz. p from a. t« b, p from a to d, and r 
trma c to D, show lltat the three are equivalent to a single force f acting 

PropoeHion 14. 

To determme the reaiUicmt of any ayatem of forces 
ading in a plane. 

Take ox, oy, any two rectangnlax exes, and 1^ p„ p,, 
Pj, .... be the forces, acting along given lines ; &oni o 
let &11 perpendiculars Pif Pt,Pa, .... on these lines; then 
Pi is equivalent to an equal parallel force acting in the 
same directicoi throngh o, and a couple whose moment is 
p,Pi, the like is true of P,, Pg, . . . .; let ff^, 0^,0^, .... 
be the angles made with the axis of x by the lineit 
representing the traasferred foFcea. 

Now, let R be the resultant of the transferred forces, 
and let be the angle which the line reja-esenting it 
makes with the axis of x. Therefore, 

RCOB 0=?! cos ^, 4 P, COS 0, + Pj COB 0^+ . ... (1) 

a sin 0=P| sin &,+?, sin 0, + p, sin 0^+ .... (2) 
also let s r be the moment of the resultant of the couples, 
therefore, 

Er=Pj),+Pj3, + P^. + . . . .■ (3) 

The eqnationB(l)aud(2)completelydetermine B. Hence 
the given system of forces is reduced to a known force and 
a couple of known moment; by compounding these we 
obtained the required resultant. 

Cor. When equations (1) (2) and (3) are formed, if we 
obtain 

P, C08 5, + P, COs5, + PjC08flj + . . . =0 

T^ sin ff| + Pj sin 0^ + ?^ sin tf,+. . . rsO 

Pi35i + l'iP»+PaP»+- ■ • =a finite quantity 
the system manifestly reduces to a coaple. 



BESULTAST OF n FORCES. 



10^ 



o a, acting tbiongh A 




Et. 263. — ABC is ft triimgU right-ai^led at a, its sides is aod Ac 
•aoh 10 ft. long. Tbe forces f„ 7^ ^•'B>'<^ '^1'^ l^-> no, U. 

Mt aa Bhovn in ths fignre : find Uieir reanltant bj tho q 
mathod <rf Prop. 14. 

The force f, is eqniTalent to on aqna! parallel force 
whose direction [Assea through A, and a couple vhose 
moment ia SOOT'S. Hence the three g^ven forces are 
equivalent to the thieeforces of £1t. 261, and lo the above 
couple. Nov the latter three fOFcex are equivalen 
parallel to c b, vhere b eqnals ] 0(K v'2 - 1), and the 
conpleiseqaivaleDt to thetwoforceeB'andB" each 
«qiui] to B acting as shown in the figure -where the 
line A N is drawn at right aoglss to a b, and eqoals 
6(M)v'2-i-100(^2-l) or 6(2 + V2) ft. to langth. 
The reqnired resultant is therefbre the force r". 

Ex. 264.— In the last case if p, eqaals 200 lbs., 
show, b; the method of Prop. 14, that tbe resultant 
equals 100(2- v'2) lbs. and nets parallel to b' (flg. 
66) along aline wliich cuts H Aproduced at a diaUnce 
of 10(^2 + I) ft. from A. 

Ex, 266. — If A Be is u triangle, each of whose sides is 10 ft. long, and if 
ft force p acts &<mi a to b, an eqoot foroe from b to c, and another equal 
force from c to a, show that the three are equivalent to a couple whoae 
moment b5p-/3. 

Ei. 260. — If ABCD IB a squors, and if a force equal to 2p acts A'oia 
A to B, an equal force from b to o, Sp from c to d, and an equal fona 
from D to A, show fay the method of Prop. H that the resultant equals 
p 't/2, aod acts in a direction parallel to the diagonal c a, along a Ime 
which cut! the diagonal b b produced in a point whoee distance from d 
equals 2BII. 

Ex. 267. — Let a b o be an equilateral triangle, draw a n at right angles to 
B o, in B produced take d b equal to d a, let equal forces (f) act from A to 
B, from B to 0, from c to a, and tW>m n to a respectively ; show that their 
nenltant equals r, and acta through e in direction pan^el to d a. 

Ex, 268. — In tbe last case determine tlie resultant if tbe fourth fores 
bad acted friBo a to d. 

&. 2S9:^If three parallel forces are in equilibrium, they consist of two 
eonples having equal momenta of opposite signs. 

Er. 270— If A B is any triangle, and if a (brcB F acta from A to B, <» f*om 
B to c, and b from c to A i and ifp :atB!!AB : bc: ua, show that the 
nsultont of the tbree forces is a couple whose moment is represented by 
twice ths area of tbe tiiengle. i 
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ProposUion 15. 

To ddermvne the conditioTia of equUibriwm of any 
system of forces acting in. one plane on a rigid body. 

Adopting the notation of Prop. 14, let e be the result- 

aot of Pf, P,, Now, the necessary and sufficient 

condition of equilibrium is that p, shall be equal and op- 
posite to B. But if we transfer F, to the point o, and then 
resolve it along oas and oy, we obtain a force p, cos 6^ 
acting along o x, a force f, sin 6^ acting along o y, and a 
couple whose moment is p jj, : and in like manner by 
transferring B we shall obtain B cos ^ along o a;, b sin ^ 
along o y, and a couple whose moment is b r. Bat in order 
that Pj and B jnay be equal and act in opposite directions 
along the same line, we mnst have P, cos 0, equal and op- 
posite to B cos ^, P, dn d, to B sin ^, and t.^^ to B r, i.e. 
it is necessary and sufficient for the equilibrium of the 
system that 

P, cos ^1 +B00B ^ = 
p, sin d,+B sin ^=0 
Pj), +Br =0 
Bat by Prop. 14 

B COB ^ = P, cos 5, + P, COB ^, + . . . , 

B ain ^=P, sin f', + Pj sin tf,+. . . . 
Br =PiPi +PaPi +. . . . 
Hence the required conditions are 

p, cos e, + P, cos 5,^P, coa^,-|-. . . .=0 (1) 

P, sin(?,+P, sin^,+PgSin ^,+ . . . .=0 (2) 

PiPi +P»Pi +PaP» +• ■ • •=<> (3) 

These three conditions are sometimes stated thus : ' It is 

necessary and sufficient for the equilibrium of any system 

i£ forces acting in a plane that the sum of their horizontal 
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oomponents equal zero, the Bum of their vertical compo 
nente equal zero, and the enm of their moments with 
respect to any one point equal zero.' 

61. Remark. — The detemdnation of the reaultant of 
any system of forces acting in a plane can also be effected 
by the following process : Eesolve each force into com- 
ponents parallel to each of two rectangular axes, Uien the 
original system is replaced by two systems of parallel 
forces, viz. One parallel to oat, and the other parallel to 
oy. Find {by Prop. 12)the resnltants b' and e" of these 
systems respectively, and then the resultant of r' and h" 
is the required reaultant. The student will find it a 
useful exercise to work Ex. 252, 263, 264, 266, and 267 
by this. method ; he may also prove that when the forces 
are in equilibrium the components parallel to o £c gene- 
Tally constitute a couple, and likewise those parallel to 
o y, and that these couples have equal momenta of opposite 
signs. 



62. The centre of ^raUd forces. — If we conceive any 
system of Parallel Forces, and suppose that each force 
acts at a particular point, then if we suppose the lines 
along which the forces act to be turned round the points 
through any equal angles bo that they still continue 
parallel, it will be found that there is a certain fixed point 
through which their reaultant will always pass, whatever be 
the magnitude of the equal angles ; the fixed point in the 
line of action of the resultant is called the centre of that 
eyatem ofparalld forces. If the parallel forces are the 
weights of the parts of a heavy body, or of the members 
of a system of heavy bodies, the centre of those parallel 
forces is the centre of gravity of the body or system of 
bodies. 

If the parallel forces act at points which lie in a 
straight line, their centre can be found thus : Let P„ P^ 
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p, .... be the forces acting at N,, n„ Nj,'. ... in the 
line o X, and let their Unes of action make an angle with 
thatline; alsoletoirj=a!„ONj=£„ON,=a;, . , . .jfrom 
o let &U a perpendicniar op cutting the lines of action of 
the forces in h„ u„ h,, . . . and let OM|=p„OM,=j)j, 
OMj=j)j, .... LetEbethereaultantofFpP^F,, . . . and 
Via. a. let it act along a line cutting o « in 

H and op in M, also let ott^p, 
andON=^ Then (Prop. 12) pR 
_J_^ orp(p, + p,+P, + . . . .)=£iPi + fiP» 

i +PjP, + Biitp=x sin d,Pi 

"' ■' ■" '» =Xi sin 0,Pt=x^ sin ^, . . . There- 
fore by substitution we obtain, after dividing out sin $, 

«(P,+P, + Pj + . . .)=P^X^+?^^+T^J+. . . (1) 
"Nov the value of x given by this equation is independent 
of 0, and therefore will be the same whatever value may 
have J hence the line of action of the resultant will always 
pass through U, when the lines along which the forces act 
are turned through any equal angles round Ni,Nj,N, .... 
and continue parallel. The above equation therefore 
both proves the existence of a centre of parallel forces, 
and serves to determine it, in the case considered. If 
p„ P(, Pj ... are the weights of a number of partides 
arranged along a line, the above equation (1) serves to 
determine their centre of gravity. 

Proposition 16. 
To determme the centre of wiy system of parallel 
forces acting im, one plane, 

(1) Consider the case of two parallel forees, P„ P, ; let 
them act at the points Q,, Qj, the co-ordinates of which 
are PN,=!E„N,Q,=y,,OH(=irj,HjQj=yj. Divide Q, Q, in 
s, so that 

Q,K : kq,::Pj : p, 
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then 





■x^ 






«l 1 







the resultaiit 
K, ol Py and Fj will 
equal Pi+P, and its 
direction will pass 
through e; let the 
co-ordinateB of K be 
oiii=a;, and EM=yj ; 
throngh Q, and e 
draw lines Q^n and E k 
parallel to oie, then 
by EucL (2— VI.) we 
have 



Q,K : eQj::Qj m : mn:(x,—x, : x^—Xi 
therefore x^—x, : a;,— a;, ::p, • p, 

therefore Pia;,~P|a:,=P,a:j— Pjic, 

or ^i(i'i+Pj)=Pi'''i + Pi*j 

Again, Bincea,E : EQ,::Em : ojc, we shall obtain, by 
reasoning in a precisely similar manner, that 

The position of E will not be affected if the lines of 
action of P, and p, be turned round Q, and Q, through 
equal angles so as to remain parallel ; consequently E is 
the centre of F, uid F, and its position is determined by 
«, and ^1- 

(2) Suppose there are three forces, Pp p„ p,. F^at, 
find B, the lesaltant of p, and p^, acting at the point 
a;, y, ; this, &om the preceding paragraph, we do by the 
equaticms 

Ki = Pl + P. (I) 

a;,(p, + P,)=F,!r, + p^, (2) 
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Seeondly, find B the resultant of Bj and p,, acting at 
the pcdnt x y^ for wliich we have the equations 
r™r, + Pj=Pi + p^ + Pj 
^B, + Pj) = E,a!, + Pjl, 

or ^Pi + i'»+Pj)=(Fi + p»K+p»^« (*) 

and s(a, + p,)=E,3/i +P^, 

or ^F,+p,+p,)=(p, +p,)y, + Pjjfj (5) 

Hence, adding together (2) and (4), and also (3) and 
(6), we obtain 

a(P,+Pj + Pj)=Pia!, + P^, + Pj!Bg (6) 

2/(Pi+P|i+Pi)=Piyi+P.yj + PaS'» (7) 

As before, x and y nndergo no change if the lines of 
action of the forces are turned through equal anglee and 
continue parallel. They are therefore the co-ordinates of 
the centre of the parallel forces. 

The same proof can evidently be extended to four, 
five, or any number of forces. Q. E. D. 

Cor. 1. If the points of application of the forces had 
been situated in space of three dimensions, and referred 
to three co-ordioate planes, a precisely similar proof 
would have given us 

»(p, + P,+P, + . . . )=P,!r, + F,a!j+P,a:i, + . . . 

y(P, + Pj + P, + . - . )==i',y, + p^, + pjyj + . . . 

»(p,+ p,+Pb + . . . )=Pi»,+Vi+V»+- ■ ■ 
It will be remembered that the same values of x, 
y, z would be obtained in whatever order the forces had 
been taken, consequently a system of parallel forces can- 
not have more than one centre. It of course follows 
from this that a body or system of bodies cannot have 
more than one centre of gravity. 
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Vor. 2. If the case should axiee in which 

Pi + P, + Pg + =0 

bat p,!!!, + Pji;, + PjiB, + . . .=A 

and Pi3/i + Pi3/.+l'»ya + - • ■-» 

vhere one at least of a ajid b haa some determinate finite 
value, the system reduces to a couple ; and in this case 
there is no centre of parallel forcea in finite space. If the 
forces are the weights of parts of a body they act in the 
same direction, and therefore their snm can never be zero, 
so that every body and system of bodies must have one, 
and only one centre of gravity, which can be determined 
by the above equations. 

N^. — For examples od this FropositioQ see Art. 69. 



D,o„..cihy Google 



PRACTICAL MECHANICS. 



OF THE CEMTBE OF GRAVITY 



63. Definition of the centre of gravity. — It has been 
already remarked that the weight of a body is an instance 
of a distributed force, and that it can be treated as a 
single force by supposing it to be collected at a certain 
point, called its centre of gravity. The centre of gravity of 
any system of particles is the centre of the system of 
parallel forces composed of the weights of those particles. 
If the particles form a solid body, it is plain that, if the 
centre of gravity be supported, the body will rest in any 
position nnder the action of gravity only, since the re- 
sultant of the applied forces will in all cases pass through 
the fixed point. It is also plain that no point bnt the 
centre of gravity has this property. That, as a matter of 
fact, every body has a centre of gravity, is shown in the 
corollary to Proposition 16. In determining the centre of 
gravity of any figure, it is assumed that a heavy line is 
made up of particles, a heavy plane of heavy parallel 
lines, and a solid of heavy parallel planes. It is also 
assumed that every figure is of uniform density, unless the 
contrary is specified. 

Ex. 271. — Determinethecentreof graTitjof aaniform straiglit lineAB. 

The line A B maj be conceived to be mudo up of b Dumber of eqoal 
pHrticUa distributed uaiformly along it (like bends on a vire); now if 
we take the tvo eztceme particles, the resnlttuit of their weights will paw 
through Ihs middle point of a b, and in like mannai that of each succeesiTe 
p^ ; consequently tJie weight of the whole will net throogh (lie middle 
point of A B, which is therefore the centre of graritj of the whole, tyi of tha 

64. Method of determining the centre of gravity of 
a plane area. — Let a B c d be the plane area ; we may 
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conceive it to be made up of a aet of parallel heav; lineH, 
such aa b D, e f . . . drawn in any ^^ *»■ 

direction. If we can &nd a set of paral- 
lel lines all bisected hy a Bingle line a c, 
the centre of gravity of each line mnst 
be in ac, and therefore that of the 
whole figure mu3t be in a c. If, more- 
over, we can determine a second line 
bisecting another set of parallel lines, we 
know that the centre of gravity must also 
be in this second line, and must there- 
fore be at its point of intersection with A C. 
enables us to determine the centre of gra^ 
vity of many simple figures : it also sug- 
gests a practical means of determining the 
centre of gravity of any plane area whatever. 
Suppose the figure to be cut out carefully y ? 
to the required shape in cardboard or tin ; / ^s. 
suppose it to be suspended by a fine thread / / 

from any point B ; now the forces in equi- ^\ / 
librium are the tension of the string and ° 
the weighted the body J they must therefore 
act along the same line, so that the required 
centre of gravitymust be in the prolongation 
B c of A B ; this prolongation can easily be 
marked by suspending a plumb-Une firom a. 
A^n, suspend the body by a fine thread d e 
&Btened to any other point E, and draw the 
prolongation of this line, viz. E F ; the centre 
of gravity must be in E F,- and therefore at e, the point of 
intersection of B F and B c. 

£1;. 272. — Show t^t the centie of gnyitj of ths area of a ciide is at 
its centre. 

Since Bay diameter bisects all lines in the circle drawn perpend icalHrlj 
to it, tbe centn of gravity mnit be in any diameter, and therefore at the 
centre uf th« circle. 



.^- 
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Et. 27s.— Shov that tha centre of giaTi^ of aa ellipie mnat ba at ita 

the ceatre otgrarity of a triangle. 

Let ABC ba bd; triuigle, bisect bc id d and join 
A o ; drav uiy line 1 1, parallsL to B c cnUii^ & d in 
H ; then by ainular triangleg we have 




.*. (ei wjaali) i 

!nt B D ia eqmd to D c therefore I B i« equl to B I, or 
^ -LIB bisected b; A D ; and the same being tme of ao; 
■ line drawn panllel to b c, the centre of grari^ of the 
triangle mnat be in AD. Again,it*ciB biaectedinaaDdBB iadrawn, the 
'—'re of gravity will be in BB, ani therefore muat be at a, the point of 



_ -in beeaaily proved thatoDvJlD. FoTJoinBD,thenbecaiueAl-iBi 
and B B = n c we hare 

aod therefore BD ia parallel to ab; hsnea the triangle bbq is siniilai 1 



therefbie (ez sqnali) 

. — Show that the centre of gtaTitj of a paiallelcstam is at the 
of the diagonals. 

65. CerUre of gravity of aolida.~The above method 
can easQy be extended to the case of solids ; we may sup- 
pose them to be made up of heavy parallel planes : if we 
caa show that the centres of gravity of these all lie along 
a line, we know that the centre of gravity of the solid 
must be in that line, and if two such lines can be found, 
the centre of gravity of the solid muat be at their point of 
intersection. 

Ex. 276. — Show that the centre of gravity ot a apbere ia at its eentre. 

E!x. 277.— Show that the centre of gravity of h. cylinder is at the Diiddle 
point of ita azia. 

[It may be regarded ae evidant that the some mle will hold good of any 
priam,] 

Ex. 278,— Show that the centre of gnivity of a paraUelopiped la at the 
puiut of intersection of ita dingooala. 



CENTRE OF GRAVITY. 116 

66. Cen^e of gravity of a figure conaiating of two 
or Tnore eim/ple Jigurea, — Let w, 
and w, be the weights of tae simple no. 73. 

figures and o,, o, their centres of 
gravity, join Gfl^y divide it in Q in 
Buch a manual that 



G,o : aa,::w, : w, 

w. 
Then is Q the required centre of 
gravity. 

If there were a third body weighing w, whose centre 
of gravity is Gj, we can find the centre of gravity of the 
three bodies by joining G G, and dividing it into parts 
inversely proportional to w, + Wj and Wj ; and of course 
we could continue the same construction to a fourth or a 
fifth weight, &c. 

Ex. 279.— TirOBpbereavho8«rsdit aFereapeetiTely iandU in. tOQcboDe 
another; determins the distance of the ceDtre atgcmitj from the centre of 
the smaller epbere when the former ie of copper and the latter of cast iron. 
Ant. fi '64 in, 

Ex. 280. — k solid sphere t in. in radliu touches a hollo* sphere 6 in. in 
radios aad 1 in. thick ; they are of the same material ; shov that their 
eentre of gravitj is 1'3(I2 in. from the ceotre of the solid sphere, 

Ex. 281. — Determine b; conBtmction the centre of giavltj of the bodies 
sbovn in fig. e, vhsre A B is a beam 20 ft. long, and itj aectioo 1 it. square : 
c and D the centres of two cylinders I ft. thick, the radii of irhoae baavs 
are teapectiTelj 6 fL and 1 ft. ; thej are of (he same material as the beam, 
and rest with their centres of gTHiVit; rerticall; OTer the aiis of (he beam, 
at distances of S in. from 1 and b respectirelj. 

Constmct the figure to scale ; this is done in fig. >, to th« scale of 1 in. 

for 6 ft join CD, then the veights of the cjlinders being in the- proportion 

of 9 to 4, divide en into parts do, and o, c respnctird; piDpi»tional to 9 
and i; this will pTS the centre of graTity of the two eylinders. The con- 
stmctioQ ma; be mads as follows, by Eacl., Bk. VI, — Ti^ n h anj line 
containing IS equal parts (in the figure each pait ia Jth. of an inch) and 
measure ofToi containing G of them, join hc and ixtrw kg, parallel to HC; 
then CO, : o,i>;:hk : an i.e.::4 : 9. Find b the centre of gravity of the 
beam, join bo, ; now the united weight of the cylinders is to. the weight of 
the beam vei7 nearly in the ratio 163 : £0, hence, divide a a, in o so that 
■ Q : eo,::lSS : 20, and the point o is the centre of gravity required. 
l3 
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Ex. 262. — At pointo 120° apart on the edge of a nnmd table ireights of 
84 lbs. and 112 lbs. arerespcctiTelj hung. Find where a wnght of 224 tba. 
should be placed ao oi to bring the cantie of gravit^r of the threa weights to 
the middle of the table. 

Ex. 283,— A disc of caat iron 12 in. in cadiua and B in. thick resta on a 
diss of lead 24 in. in radius aod 3 in. thick ; the circumference of the upper 
diiK paaaes tjiroogh the centre of the lower; detenoine b; conatructioli the 
centra of gravitj of the whole. 

Ex, 284. — Show that the centre of gnvity of any quadrilateral a b c d 
is given b; the following construction : — take o the middle point of the 
diagonal bd; in oa take opa third of oa, and in o c take o q a third of 
oc; joinpq cutting db in K; in fq takepo eqmlloaH; the MOtre of 
grant; is at a, 

67. The centre of gravity ofpoi/itta lying in a atraigM 

line, — The method above explained of finding the centre 

im. jj, of gravity of a collection of two or more 

oi o- bodies can be applied to all cases ; faow- 

I r ever, if there are only two bodies, or if 

i * the centres of gravity of three or more 

" * bodies lie in a line, it is commonly more 

convenient to detennine its distance £rom some fixed point 

in that line. Let o„ O, be the centres of gravity of the 

two bodies whose weights are w, and w, respectively; 

then the distance G of the centre of gravity of w, and w, 

&om o ia determined by the equation 

OG (W, +W,) = 0iXW,+0G, XWj 
The method of treating three or more weights is exa<AIy 
the same. It is also plain that if we know o and o Q„ 
the same equation will give us o o,. 

Ex. 285. — How far Jiom the one end of the handle ia the centre of 
giavi^ of the hammer described in Ex. 9 situated, if we suppose the other 
end to fit eqnare with the face of the hammer X 

Fio. 74. [If tlie annexed flgnro represent the ham- 

^ . ri met, we have oa— 42 in. AB = aia., so that if 

' " u'l a B til * o, is the coEtte of graTity of the handle and 

'^ a, that of the head, we haTeoa,-21 in. dg, 
- 41 in. Abo the weight of the handle is 4'46 Ibe. and of the head 8-ST 
Iba. Hence ooxl3'E3^21 k4-46 + 41x8-37 

.■.oa-84 inches] 
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JEi. 286. — Hcnr br from the end of the handle U the ceotre of gravity 
of the hammer described in £i. 12? Ant. 72^ in. 

Ex.2S7. — LetAB be thediameterof a circular disc of cast iiou 12 in. in 
radins ; out of the disc is cat a ciicnlar hole (whose 
centre ie in Ab) i in, in radius ; the aharUst distance 
between the ciicumferentuB is one inch ; And the dig- 
t&ncs of a, the centre of gravity of (be renuuodet, 
&om A. Am. 11^ in. 

Ex. 288.— If in the last example the hole werefllled 
up with lead, determine the diBtance of the centie of gravity of the body 
from A. A%>. 13-12 in. 

Ex. 289. — The gnomon a b c is cat out of a parallelogram x o ; determine 
the distance of its centre of gravitj from b ; having 
given (hat DAaodiiBare»i8pectivBlj20and 16 fC ' ' 
in length. Aiu. 6788 ft. «:— ' t- — j 

Er. 290,—- IfiniB theaxiaofacroBsmadeupof / ^N.,^^ / / 

six aqnai'«s, the aide of each being 3 in. long; find I /"x" / 

the distance of the cantre of gravity from a. ' ■ ' ^ ^ 

. A3U. 6i in. 

Gi. 291. — Arodcapablsof turning round afizedpomt is kept in eqnili- 
"biiam by two weights sospeaded by strings of given length from the 
respective ends. Show that the centre of gravity of the weights is fixed 
whatever angle the rod makes with the horizon. 

Ez. 292.— Weights of 7, 7, and 6 lbs. respectively are placed at the 
•ngnlsT points of a triangls ; find theii centre of gravity relatively to that 
of the Iziangle. 

Ex. 293. — Ont oi an isosceles triangle cat a square having two angles on 
the base and one oa each of the equal aides. Find the centre of gravity of 
the remainder. 

Ex, 294.— A piece <rf wire of oniform thickness is hent so as to form 
three sides of a triangle ; show that the centre of gravity is the centre of 
the circle ineeiibed in the triangle formed by joining the middle points of 
the originitl triongU. 

68, Rema/rk, — He following eiamples of the detenni- 
nttUon of centrea of gravity are similar to those contained 
in the former artwde, l^it involve somewhat greater geo- 
me^cal difficulties ; in many cases it will be well if the 
xeadei bear in mind, that when bodies are of the Bame 
substance their weights are proportional to their volumes, 
M that it frequently happens we may reason upon their 
voht/mea inst^d of their wdgkta. 
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—To find the cent 

D beihe pjrunid ; I 



I of gcATitj of a tTiuig;iilAT pyiunid. 



B,joi: 



:;tftkei;i 



-iAK 



I ■ > 1 B ; draw F c and 1 1, then these lines beiii( 

, C B, Till intstsect, Uc them do so in o ; this point will be the required 
j^^ jj oenlie of gravity, and a a will eqaal 

iOx port of A B. For draw anj plane 
t e i paiallel to B c D enttii^ the plans 
A c H in i c, the line a ■ in <, snd a b in 
k ; then h it the middle point of bd; 
Mid it ii erideot b; similar triangles 

•nd ti: Ae::AB :bc 

^^ bntHm-lBC,*,A<— )jle,Bnd « is the 
centre of giavi^ of the biongteied; 
and the same being tms of eiery 
Mhei parallel sectjon, t^e centre of gravitj of the pTiamid mnst be in a b i 
in the same manner it can be piovsd' that the centra of gravi^ of the 
pFiamid most be m cr; therefore it most be at a the point of intersec- 
tion of ABnndOF. Next, to show that la-lAS. Join fbj then since 
u h — }bc and mP'^FA, we hare bb : ■c::hf : fa, and therefore fb is 
parallel to AC; hence the triangles OIP and oac are similar, and we haTe 




but BB — ^K/.OBa-Jo A— ^AB. Heuce the Centre ofgTavitj ofBtriangalar 
pyramid is (bond bj the role : Draw the Une joining the centre of gravity 
of the base and the Tertex of the pyTaoiid, divide it into four equal pert* ; 
the first point of secUon above the base is tba centre of gravity. 

Ex. 2(IS. — If the middle points of any two edges of a tiiangular pyramid 
which do not intersect are joined by a straight line, the middle point of 
that line is the centre of gravity of the pyramid. 

Ex. S9T. — Show that the centre of gravity of any pyramid or cone is 
found bj the same rule as the centre of gravity of a triangular pyramid. 

Ex. 3S8. — If out of any cone a similar cone is cut, so that their axes are 
in the same line and their bases in the same plane ; show that the boght of 

the centre of gravi^ of the remainder above the base equals i-~ u_iA 
where h is the height of the original eons, and A' the hei^t of that which 
is cnt atray. 

Ex. 299.— If DDtof auyrtgbtcjliiider iscut aeons of the some base and 
height; showthiit the oentreofgiaTity<rftli8 remainder is |ths of thehdc^ 
above the base i, i .i v^ivvxi'. 
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Ex. 300. — Find the centre of gravity of A trapezoid in l«nas of the 
lengths of the two puallel sideB, and of the line Joining their middle 

Let ABC D be the trapeioid,^ which A Bond DO are tbe parallel sidea; 
produce A D and b c to meet in b ; ,w. ~ 

f. . . - . ... . Pro, 78, 

buect A B in F, join b f cutting d c m 
H, which ii its middle point. Tate 
ro,-^B,ao,-jHE; then a, is the 
centre of gravity of the whole tri- 
angle A B Bands, of the part cdb; 
therefore o, the centra of gravitj of 
thereniainder,willliein KB. Now, 
we have giren \ a^a, oc — b, and g 
TBoi, uid are to find ra — x. 




anglea ABBandCDi,we hate 


IS of the tri- 


Fa,XABB=FO:<ABQI. + FO,-0Dl 




How, FQ.-iFHandFB,= *+iHB-i + i(»B-4)-|* 

therefore * x abcd- jfbx AUB-dA + iFi)""!! 


H" 


But by flimilar txiangles (Eoo. IB— VI.) 




ABB:oDB::<><:i> 




therefore abcd ! ODB:;a'-i' : f 








-iFBx(a>-i')-|»' 
Again, by eimilar trianglee, 








Ex. 301,— -Show that the centre of gravity of the fniat um c€ ft pyiunid 
ie eitoated in the line joining the centres of gravity of the enda and at a 



diBtaocB from the lower end, given by the formula s m 
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wliara a and h an anj pair of homoloeoas lides of ttia snda, sod h it the 
lengtli of tha line joining the centres of graTiCy of the raids. 

p„_ jf_ Ex, SOS. — If a a^ment of a aphere ia described bj the 

TSTolutionof ABcrannd lo, ahoirtLai the eentn <rf g r ar i t j 

of the SDT&ce of the Mgment is in the middle point of bc. 

[■ [It can he easily proTed that if b c is divided inio an/ 

namber of equal paita, and planee are drawn perpendicnLu'ly 

ttiroagh the points of eection.they viU divide the Boiface of 

the eegment into equal zones — the weight of each can be 

" oolleetad in B c ; andae these equal weights will be aoifbrnil; 

distiibntad alraig b <^ die reqniied centre of gravity will be in its middle 

Ex. 30S. — Show that the centre of gravity of the spherical sector formed 
hf the rerolntion of the sector & b o (Eg. 19) roond B o is at a distance 
Iromo-li>.-ii,cor|C"« + oo) 

[It most be remembered that the Bpherieol'teetormayliecoQCBiTedtobe 
made ap of an indeflnitelygieatnnmber of equal pyramids having a common 
vertex o, whose basse form the apherical «urface ; the weights of each of 
these can be collected at its centre of giavitj, distanced | OB from o, and 
the qnestion ie radocad to a case of the last example.] 

Er. 8M.— Determine the poeitioo of the eeDtre of gcavitj of the volrnne 
of the spherical segment fbrmed by the revolntion of a b c ronnd B o. Ajid 
when A B c ie a qoadrant, show that the centre of gravity of Om hemisphere 
genentted by its revolntion is at a distance of |the of the mdius from the 
centre of the sphere. 

69. AppUoatioTieoftkeformulcBofProp.lfi, — When 
a body consists of parts, and we knov the weights of the 
several parts, and the co-ordinates of their centres of 
gravity ; the co-ordinates of the centre of gravity of the 
body will be found by means of the formula of Prop. 16. 

Ec, S03. — A, ^ r. D are the angular points taken in order of a sqnars (one 
of whose sides is a) and b the inters' ction of its diagonals ; weights of 3, 
8, 7. S, and 10 lbs. are placed at these points respectively. Find tiieir 
centre of gravity. 

Atu. If A Band AD are the axes of z and ^, 34xi20a, 34y = lSa. 
Ex. SOS.— 'Weights of 1. 2, 3, 4, 5, and 6 lbs. are placed respectively at 
the angnlar points of a r^nlar hexagon (one of whoa* sides is a) taken in 
order. Find their centre of gravity. 

Jnt, If the linee joining the points at whitdi I and 2_and 1 and S 
are placed be the axes of x and i/, Hx-i5a, iii/'^ta-.'S. 
Ex. 307. — A B c is an igoaceles triangle right-angled at c ; parallel foroea 
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t( 4, S, and 8 Iba. act at i, t>, and c nispMtivelj. Had their Mutre vben 
the two former act in the same directtoD and the latter io the opposite 
direction. Xiibeoiae vben the third fone is 10 lbs. 

Ana, (1) If c Aand c Bare the axes off and y, ?°>2a,p— 3a. 
(2) Centre at an infinite distance, forces reducing to a 

Ex. SOS. — i,B, c, Dare the angnlar points taken in order of a sqnare, one 
of irhose «des is a ; parallel forces of 5, 9, T, ^nd 3 lbs. act at the angular 
points respect^Telf, Find tlieir centre — (1) supposing 6 and 9 to act in 
the same direction, and 7 and 3 in Hm opposite direction i (2) supposing 6 
and T to act in the same direction, tutd 9 and 3 to act in the opposite 
direction. _ 

Jnt. (l)_If AB and ad are the Kxea of s aid y, then Sz = a, 
2y^ —6a, (2) Centre at &n infinite distance, forces re- 
ducing to a couple. 
Ex. 309.— Parallel forces of S lbs. apiece act in the same direction 
tlUDUgh the angnlnr points of a square, and a parallel force of 20 Iba. acts 
' u of the dingonale in the opposite direction. Find 



Ant. Centre indet«muiiate, fiirces being in equilibrium. 
Ex. 310, — Rodtbeco-otdiuatesof thocontreof gravitjof the trapezoid 
ABCD,haTinggivenoB-Tft.. oc-i9ft.,AB-12ft., 
DC — 18 ft.; the angles at Band c being right angles. 
[If A tl ia dlnwD pamllel to b c diTiding the figure 
into a triangle and a square, the co-ardinat«s of the 
centre of gravitr of each can be eaeilj found, and if 
3C and y are the required eo~aFdinat«s, it will appear 
that they ace detennined bj the equations 
180£=.13x 144+ 16x38 
liOym 6x144 + 14x36] 

Jlu.x—\^,y~^l. 
Ex. 311. — Let A B c D represent the section of 
a ditch : the breadth a n is 20 ft. and the depth 
S ft.; the slope of AB is 1 in 1 and of nc is 2 in 
1 1 determine tlia horizontal distance from a of 
the centre of gravity of the section. 

Ex. 31 2. — If in the last example the breadth A D is a fast, the depth of 
the_ditsh A feet, and if Anhaa a slope of mm I andnCof »in I, shon that 
if z be the horizontal distance of the centre of gravity of the eectiou from 
a; CbeDA vill be found by the formula 







Fio.ai. 



'i"-(i4)»i- 



-'(i-y- 



«!'-■ 
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£e. tl3. — If ABCnrepreaentsUiesectionaf a vallofwhichBclBTertkal 
andeqatl to A, ABEaond oc^b; tliea if »ia ths weight of a cubic foot of 
th nutoul. fba momsnt of 1 foot of (he langtli of the wall roand a and b 
naps lively are given hj the formulEB 

^ _ ah{2a' + 2ab-h') 

e 

£r. 314. — He engins-Toom of a Bteam-vessel ia 30 ft. long, 20 ft. vide, 
and IS ft. high ; at 10 ft. irom one side, 6 ft. from one end, and S ft. from 
the floor, is siMated the centra of gravity of the hoilet, the weight of whish 
ia 2 tona ; at 4 It. &om the same aide, lift. &om tbe eama end, and T ft. 
tima the floor, ia the centre of gravity of the beam of the engine, which 
weighs j a ton ; at 6 ft. from the aide, 7 ft ftom the end, and 3 ft, from 
the floor, is Che centre of gravity (^ the furnace, which weighs 1 ^ ton ; at 
5 ft from the side, 11 ft, from the end, and 10 ft from the floor, is the 
centre of gravity of the c^inder, which weighs I too ; wfaera is the centra 
of gravity of the whole ? 

Jni. 81 ft, from the side, 7*8 ft. from the end, 5*6 fL from the floor. 

70. On stable avd v/nstahle equUibriuTii. — Bearing in 
mind that when forces are in equiUbrium any one of them 
is eqiml and opposite to the resultant of all the rest, it is 
plain that when a heavy body is supported by any forces 
their resultant must act vertically upward through the 
centre of gravity. Suppose, then, that a body is supported 
at one point, the reaction of the fixed point and the 
weight of the body are in equilibrium, therefore the direc- 
tion of the reaction must pass vertically through the centre 
of gravity, consequently the conditions of equiUbrium are 
fulfilled when the line joining the centre of gravity and 
the fixed point is vertical, or, which comes to the same 
thing, when the centre of gravity is vertically under or 
vertically over the fixed point. 

Practically speaking, there is the greatest possible dif- 
ference between these two cases, for a body could scarcely 
be made to rest in the latter position, and could be dis- 
placed &om it by the smallest possible force and caused to 
take up the former position. In feet, the former case — ■ 
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centre of gravity under the point of support — is said to be 
a position of stable equilibrium, while the latter — centre 
of gravity aiove the point of support — is said to be one of 
•wnatahle equilibrium. The distinction between atahle and 
ttnatoHe equibbrium is thus stated : guppoae a body to be 
in equilibrium imder the action of given forces, and Buppoae 
it to be slightly displaced, if the forces tend to bring the 
body bach again to the original position, that position was 
one of stable equilibrium, bat if they tend to make it move 
/artker from ita original position, that position was one of 
v/natahle equilibrium. If the student will draw a figure 
of a body suspended from a point he will see at once that 
the two positions of equilibrium are etoMe and UTietable 
accm'ding to the terms of the definition. 

It is obvious that there may be an intermediate case in 
which, after the body has been displaced, the forces have 
no tendency to move it either backward or forward. In 
this case the body is said to have been in a position of 
Tieubral equilibrium. If, in the example already given, 
the point supported bad been the centre of gravity the 
equilibrium would liave been neutral. A sphere of uniform 
density on a horizont^ plane is in a position of neutral 
equilibrium ; if it be loaded at the top of a vertical dia- 
meter its position becomes one of wnatable equilibrium, 
if loaded at the lower end of a vertical diameter it is in a 
position of stable equilibrium. 

Ex. 31S. — A tunniapiiere (whose radius is r) and a cone (the radina of 
«tioB« bar U r and halght h) at Bqnal and unifbrm density are fastened 
bother «o that tlieir bnaes coincide. They an placed on a horizontal 
plane, and are in eqnilibrinm resting on the lovest point of llie lienuBpheie ; 
eboT that the eqoilibiinm is *laile, neutral, or taulablt, according aa 
rv'3> =or <A. 

Our limits will not allow ns to develop this subject 
^nlly, but one other point must not be passed over. A 
body may be in staUe equilibrium in two or more positions, 
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but the degree of stability in the two c&ses may be very 



Thus, refeiring to fig. 1 9 aod supposiiig the fcvce P not 
to act, if the body were |^ed on one of its edges upon a 
homontal plane and with either diagonal (joining A and c 
or B and d) vertical, it would be in a position of utistahle 
equilibrium ; but if it is placed with the &ce containing 
A B or A D on a horizoatal plane the equilibrium is atahle ; 
but manifestly &r more atahle in the latter case than in the 
former ; indeed, if A D were many times (e.g. a hundred 
times) greater than A B the degree of stability in the 
former case would be so small that practically the body 
would not retain its position without support. 

71. Geornetrioal appUcaHoTia of the properties of the 
centre of gravity. — The most important of these are 
proved in Prop. 17, 18, 19 ; but before considering them 
one class of applications may be noticed. Suppose it can 
be p'oved by any means that the centre of gravity of a 
figure or collection of points lies in two or more lines, then, 
as there can be only one centre of gravity, it will follow 
that those lines must pass through a common point, e.g. 
iu any triangle the lines joining each angle with the middle 
point of the opposite side must pass through one point. 
This admits of independent geometrical proof; it also 
follows at once from the fact that the centre of gravity rf 
the triangle is in each of the lines. 

£t. SIS.^Drair BDjqDBdrilBterHl, show tbnt t}ie lineB joining tJiapobU 
of bisection of opposite sides mutually bisect each other. 

[Sai^oas aqtul veighta to be pUced at each angle of the quadrilateial, 
ynd find thuT ceDtre <^ gmvitf .] 

Ex. 317. — In an7triangnlar pyramid the three lineajoining the middla 
points of each put of edges which do not meet, pass through a commoa point. 

Er. 318. — If A B c is anj triangle, and points x, t, z are taken on the 
sides B c, c 1^ A B respectively, in snch a manner that 

Qm tines AX, bt, and ce will pass tliTongh a eomn^^pc^nV^,^,^,^ 
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PropoeitioTi 17. 

If a surface be described by the revohition of a pkme 
eitrve rov/nd an axis fixed in its plane, its wrea is ftywnd 
by vmUvplyi/ng the length of the curve into the length of 
the path described by its centre of gravity. 

Let A B be the curve, C D the axis of revolution ; G the 
centre of gravity of the curve ; draw G u at right angles 
to C D ; we have to show that the no. si. 

area of the surface described by 
the revolution of a b round c d ia *'j-«'=^ 

found by multiplying the length ^^^I 

of A B into the length of the path j^ 

deecribed by e, l.e. into 2w G M. ^/ C 

In AB pla^^ any number of 7^, 

eqnal chords, viz. a p, p p,, p, p^, fc 
&c. Take Q, Q„ Qj, . . . their mid- '' f 
dlepointfi, and draw QN,Q,N„Q, N, I 
... at right angles to c D ; also 
find g' the centre of gravity of the 
chords, and draw g' m' at right angles to c D ; now when 
the curve revolves ronnd c D, the chords will describe frus- 
tums of cones, the surfaces of which, by a well-known mle 
of mensuration, will be respectively 27r x A p x Q N, 2ir x P Pj 
X QiN„ 2-ir X PiPj X Q,N„ &c., and therefore the sum of the 
sur&ce of these frustums will equal 

27r(APXQN + PP,XQ,Jlf,+F,PjXQ,Mj+. . .) 
Bat by a property of the centre of gravity (Prop. 16) we 
have 

a'tt (AP+PP, + P,P, + . . . .)=sAPXQN + PPi XQjHi 
+ P,PjXQ^j + . . . 
Therefore the sum of the sur&ces of the conic frastnms 
will equal 

2w o'lJ* xthe sum of the chords AP, PP,, P,P, .... 
Now this being true, however great the number of chords. 
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will be true in the limit ; but the surface of the solid cf 
revolutioa is the Umit of the sum of the aurfaces of the 
conic frustums ; the leugth of the curve is the limit of the 
flum of the chords ; aud since g' must ultimately coincide 
with G, the limit of qV is g m. Therefore, area of surgkce 
described m 2irO M x length of curve a b. Q. E. D. 

Cor. — It is manifest that the above proof includes the 
case of the figure described by the revolntion of an area 
bounded by straight lines. It is also obvious that the same 
rule applies to any portion of the area contained between 
two given positions of the revolving curve. 

PropoaUion 18. 
If a pUme curve revolve abovt an ama fixed in Ha 
plane, the volume of the aoUd deeerihed is found bjf 
multiplying the area of the curve by the lemgth of the 
path of ita centre of gravity. 

Let A B c D be the plane curve ; the lines ag and bd are 
perpendicular to C D, the axis about which the curve revolves ; 
find o its centre of gravity, and draw 
6 u at right angles to c d : we have 
to show that the volume of the 
_ „ solid described by the revolution 
of A BCD equals the length of g's 
path multiplied by the area of 

ABCD. 

Divide c d into any number of 
equal parts in N„.ir,, N,, . . . and 
' from these points draw ordinates 
to meet the curve in p,, Pj, Pj, . . . . 
' and complete the rectangles an,, 
p,N,, PjN„ . . . . ; when the figure 
revolves round C D, these rectangles 
will describe cylinders, and the united volumes will equal 
7rfAC'xCNi + PiN,»XM,N, + P,[fj*XM,N, + . . . .) 
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Let q' be the centre of gravity of these rM 
q'm' at right angles to G d ; now, the centre < 
A N, is at a. distance from c d equal to ^ A G, that of p,n, 
is at a distance from c D equal to ^ f,m„ and similarly of 
the others. Hence by Prop. 16 o'tt' x sum of rectangular 
areaa equals 

i^AC X AC X CN, + iP,Ni X T^^{^ X N,N, + iPjN, X P^, X N^, + ... 
and therefore 27r o'u' x sum of rectangular areas equals 
7rAC*XCNi+irP,N,*XIf,N, + 7rP^,'xNjN, + . . . . 

that ia, equals the sum of the above-mentioned cylinders, 
and this, being true whatever be the number of parts into 
which C D is divided, will be true in the limit ; now, the 
volume of the solid of revolution is the limit of the sum of 
the cylinders ; the curvilinear area is the Hmit of the sum 
of the rectangles ; and since g' must ultimately coincide 
with G, the limit of g'm' is g m. Hence the volume of the 
solid of revolution ia found by multiplying the area of the 
curve by the length of the path described by its centre of 
gravity. 

Cor. — The remarks contained in the corollary to the 
last are applicable, mutatis mittmuUs, to the present 
Proposition. 

Proposition 19. 

If a right priam or cyUmder be cut by amy plane, the 
volwme of the fruatwm ia fownd by muUiplyvng the a/rea 
of the base i/aio the length of a line drawn perpetndioularhf 
to the base through ita centre of gravity, and terminated 
by the evidng pla/ne. 

Let ABCD be the frustum of the right prism or cylinder, 
standing on the base a B e, whose centre of gravity is g ; 
through G draw G Q at right angles to the plane of the base 
ABE and terminated by the cutting plane D c f ; we have ta 
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ehow that the Tolmne of the frustum ia found by multi- 
plying the area of AEB into 
thelengthofGQ, Suppose 
the plane of the paper to 
"T^ « \ ^ perpendicular to the 

^'/ _^ V \ planes of the ends, and to 

a ' -^ XvM *^*' ^^^™ ^^ A B b' C D ; if 

rv"! xv^ ^ljg planes of the two ends 

are produced, they will in- 
tersect in a line k k' per- 
pendicular to the plane 
of the paper ; hence a b' d 
is the angle of inclination 
of the cutting plane to 
the base ; we will denote this angle by 0. Draw o h at 
right angles to E K' and join h. 

Suppose the base a e b to be divided into a large number 
of small rectangular areas (such as N s B t), then ultimately 
the Bum of these rectangles will equal the area of the base. 
Ou the rectangles describe rectangular parallelopipeds such 
a8PanR,then ultimately the smn of their' volumes will 
equal the volume of the frustum. Let n s b T be denoted 
by p, and s H by ^1, then the volume of P a n s is 

jj,yi tan 6 
since P N plainly equals N H x tan 0. Adopting a similar 
notation for the oth^ parallelopipeds, the sum of their 
volumes will equal 

and this by Prop. 16 equals 

(Pi+Pt+Pi + - . . .)vtaa0 
Now in the limit 

Pl+P»+Pi + - ■ • • = 4EB 

and i/ tan ^=GM tan d=OQ 

Ther^ore the volume of the frustum equals A G B x ti a. 
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Cor. — It is evident that if the prism or cylinder is cut 
by another plane incliiied at any angle to the base, the 
volume contained betwe^i the cutting planei equals the 
area of the perpendicular section moltipUed into the part 
contained between the planes of a line drawn through the 
centre of gravity of the perpendicular section at right 
angles to its plane. 

Ex. 319. — ShoiT tliat Prop. 17 and 18 are tme in tlie case irlien the 
eoTTe is b closed earve and lerolres round ao axis vhollf withoat it. 

Ex. 320.— Tn Prop. IS show tliat a is the centra of gravi^ of n c p. 

■Ex. 321. — An e^niUteral trian^e rerolves ronnd its bass, who8« lengtb 
is a ; find the area of the anrface and relnme of the figure deeoribed. 

Am. (1) TO' VS. (2) ^' 

Ex. 322. — An eqmlateral triangle TeTohes Tonnd an axis paiallel to the 
base, the vertex of the triangle being betveeo the axis and the base ; tbe 
base is 6 in. long and tJie distance from the vertex to the axis is 9 in. ; 
determine the volume of the ring described. Jni. 12207 cab. in. 

Ex. 323. — Determine the volume of a ring fbrmed tike that in the last 
example, having given that each sde of Uie triangle is 6 in. and the ex- 
ternal diameter of tbe ring 3 ft. Ane. Ifi93'4 onb. in. 

Ex. 321. — The section of a ring is a trapezoid, its height is 3 in. and its 
parallel sides are respectivel; 7 in. and 3 in. long, thej are parallel to the 
axis, the shorter being the nearer to the axis and at a distance of 11 in.; 
find the volnme of the ring. Jns. 11669 cub. in. 

Ex. 32€.— In the last example, if the longer side of the trapezoid bad 
been the nearer to the axis, the external diameter of the ring being tbe 
same in both cases, what woold have been the volnme f 

An». 11S9-2 cnb. hi. 

Ex. 326. — Letermine the volume and sur&ce of a ring with a dreulai 
section whose interna! diameter is 12 in. and thickness 3 in. 

Am. (1) 3331 cub. in. (2) 4141 gg. in. 

Ex. 327. — Determine the volume and fmrE&ee of a ring whose section is 
H regulai hexagon, whose circumscribing drole has a radius a, and whose 
c:eutre is at a distance b from tbe axis of revolution. 

Jtu. (1) 3«i<t'V3. (2) i'imab. 

E*. 823. — Und the centre of gmvitj of tbe arc of a semicircle. 

Am. Distance from oentm - ^^ 
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£>. 899.— Ptad Hm mbIn cf gnvi^ of the um of a Mtnidrel*. 

Aiu. DialsoM bom osntrs =} . ~^ 

£i. 330. — A cjlindrieal ihall \e ent off obliqael; at an angle of W to 
th« axil, iU radial ia 6 in. and ita axtrane height ii 2 ft. 6 in. ; find ita 
■olid eonleoU. Ant. l'S708 cab. fL 

Ex. 331. — Jk. eyliudrieal abaft ia cot obliqn«l; at an an^e of 60° to tlie 
vcia, die radini of the baw ia 10 in., the extreme height ti the abaft t ft, ; 
fled its Tdiune. Jut. 9197 Oab. in. 

Er. 332. — A. right prim atandi on a triangular baae, the anglu of vbich 
are a, B, c, the angles of tba other end being D, B, F ; the ndes A B, * c ore 
each If ft. long, Bc ia IS ft. long; the edges ad, bb, cr araeach 30 ft. long; 
through the edge BC pasaea a pliuie mnkiag ao angle (^ 60° with the boM ; 
determine ihe volnmeg o[ die parts into vbldi the priam ia divided. Alao 
if the prinn veie cut bja plane parallel t« the foiner and catting Ai> at* 
distance of 21 ft. above A, find the Tolnmes <^ the two parla. 

Jta. (1) 748-3 and 2491-7 cnb. ft. (3) 109S-6 and 2144-4 cnb ft 
Ex. 333. — Sbov that if an; triangolar prism be cnt b^ a plane so that 
the edges perpendicnlar to tlM tase aie respectively a, b, e, and the area at 
the base a, thea the volume of the frnatnm will be J a (a 4- & + o). 

?ia.Sii. Ex. 334. — Let a & c li repreaent the plan and abcd tlio 

sectioDof a portion of a ditch; AO^SOfL; depth (f ditch 
8ft.;slopeof ABis3inl, and that ofDCis 1 iol; ab 
and ei are respectively 20 and 40 ft. long. Find tlia 
volume ; and determine the error that wonld be committed 
if we had foimd the volnme by multiplying the area of tha 
tection by half the Bam of a i and J c. 

Jtu. (1) 3264 cub. ft (2) Em>r 96 cab. ft, 
[Compare Ex. 311.] 
Ex. SBB.^Lst ABCD be the plan of a square redoubt^' 
^ each side of iriiicb is 160 ft, the eomars of the ditch aia 
quadrants of circles whose centres are reapecUvelj a, b, 
c,D. So that the ditch has aunifbrmwidthwhichis 24 ft., 
its depth ia 9 ft., the inside slope is 3inl andtheoatsid* 
linl. Kod the volwos of the ditch. .ifu. 108,057 cub. fL 

Ex. 330. — If the ditch in thelaat example were surroimded with aglacis 
3 ft. hi(^ whose outaide slope is 1 in 10 and inside slope 1 in 1 ; find ita 
volnma. Jm. 40,897 enb. ft 
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FBICTION OF PLANE SCBFACEB — 
IMOLIMED FLAKE, WEDGE SCREW. 

Section I. 
72. Reaction of eur/oces.— It nearly always happenB 
that amongat the forces which keep a body at rest is the 
reaction of one or more aur- I'm *<■ 

faces ; to explain the oature 
of this reaction let us con- 
sider a particular case ; sup- 
pose a mass M to rest on a , 
table, A B, and suppose it to ^ " 

weigh 1000 lbs. ; that weight must be supported by the 
table, which must therefore exert upwards a force of 
1000 lbs. in a direction opposite to the direction of the 
weight. If we consider the case particularly we ^latl see 
that this reaction is an instance of a distT-ibuted force, 
for the under sur^tce of c D will be in contact with the table 
at many points, and at each point there will be a reaction ; 
what are the magnitudes of the reactions req>ectively at 
the points we do not commonly know ; they must, how- 
ever, be such that their resultant shall act vertically 
upward through the centre of gravity of M and shall equal 
1000 lbs. And, in general, if a body is at rest when pressed 
against a surface, the various poiuts of that surface must 
supply reactions whose resultant is equal and opposite to 
the resultant of the forces by which the body is urged 
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againgt the sur&ce ; this resultant reaction is called the 
reaction of the surface. 

73. The limiting mtgle of resistance. — The qnestion 
now ariues — Under what circumstances ib the plane capable 
of supplying the reaction necessar; to produce equilibrium ? 
There will be equilibrium if the plane do not break, if the 
body do not turn over, and if the reaction keep the body 
from eliding; it is with the last condition we are here 




Let us revert to 
the example discussed in the 
last article, and let us suppose 
a rope to be fastened to the 
point E by means of which the 
[ body is pulled horizontally by 
a force F ; we know that if p 
have a certain magnitude it 
will just make the body slide, 
but if it be less than that cer- 
tain magnitude the body will 
continue at rest ; suppose that a force of 190 lbs. will just 
not make the body slide ; produce p k to meet the vertical 
line through the centre of gravity in i^ let L E represent p 
(190) and L F represent w (1000), complete the parallelo- 
gntm and draw the diagonal l h, this must be the direc- 
tion of the resultant R, and its direction makes with a 
perpendicular to A B an angle of 10° 45'; now, if the 
force P is less than 190 lbs. the direction of the resultant 
will fall within the angle R L w ; but if p is greater than 
190 Iba. the direction of the resultant will fall without 
the angle blw; in the former case the sur^e ab can 
supply a reaction which prevents motion, in the latter it 
cannot ; and thus in the case we have supposed the sur- 
&ee AB catt supply a reaction in any required direction 
which makes an angle less than 10° 45' with the normal, 
i.e, the perpendicular, to the sur&ce ; and when the body 
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IS in a state bOTdermg on motion, the direction of the 
reaction mil make an angle equal to 10° 45' with the 
normal. 

Now it appears from experiment that if the sur&ce a b 
were of cast iron, and the mass H of wrought iron, a force 
of 190 lbs. would be required just not to produce motion 
in the case above discussed; and it also appears from 
experiment that within verj considerable limits, the same 
proportions are preserved, irrespectively of the extent of 
the sur&ce pressed and the amount of the force ; so that 
we may state as a fact of experience, that when wrought 
iron rests on cast iron the former will exert a reaction in 
any direction required to produce equilibrium that does 
not make with the normal an angle greater than 10° 45' j 
and when motion is about to ensue, the direction of the re- 
action will make an angle with the normal equal to 10° 45' ; 
this angle is therefore called the limitmg ojngle of resiet- 
imce, or the angle of friction in the case of cast iron upon 
wrought. It further appears from experiment, that in the 
case of any two surfaces whatever, there is a limiting angle 
of resistance proper to those surfaces, and depending on their 
physical character ; for instance, in the case of wrought iron 
on oak, the angle is 31° 50", and similarly in other cases. 
Values of this angle in several cases are given in Table XI. 

Hence if a body is urged agwmet a fixed aurface hy 
aavy force or forces, the direction of the reaction of that 
sv/rfaee can never make with the normal a/na/ngle greater 
than a certain angle. That angle is caUed the Umiting 
angleofreeiatajice or the angle of friction; its magnitude 
is fixed hy ike physical nature of the surfa^xe im, contact. 

If the resultant of the forces which urge the bodyagainst 
the fixed plane be found, the body will continue at rest, 
provided the direction of the resultant makes with the 
normal an angle less than the limiting angle of resists 
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aoee ; foi under theBe circumatuiceB the reaction can act 
in a direction opposite to the resultant and balance it. It 
the resultant inake with the normal an angle equal to 
the limiting an^le of reeiatance the body will etill be in 
equilibritun, but will now be m fAe state hordermg on 
motian, for if the angle between the resultant and normal 
be increased hy ever bo small an amount, the reaction can 
no longer act in a direction opposite to the resultant, and 
therefore can no longer balance it. Under all circum- 
gtances ths reaction will oppose the motion of the body. 
In the following pages ^ will be used to denote the limit- 
ing angle of resistance. 

Ex. 887. — If » nuisi rtoae weight is w cpbW on a !ioriionI«I plana k b, 

Tis. gg, uxl IB polled by a fores f vboee direetioD (c p) 

makes &□ angle a irith the horixon, detsrmine 

p d* p when it is on the point of making the hodj 

Find □ the centra of gnvi^i and draw e w a 
Tertical line ; prodoM f c to cnt □ w in n : then 
nee the body ie held at rest by f, w, sod the 



reaction of the plane (a), the direiition of B must 
pass throDgh n, also since the body ia on the 
point of sliding; from a to A, t^ direction of B' 
moat make with D wan angle BDweqnal to ^ ^enwehsTewDB~180^ 
~^, BDF-90— a + f, and Pliw-90 + a, therefore (Prop. 7) f:w:b 
::sin ^ : cos (a— ^) : cos (c 

Ex, 838. — Id the last example det«nmnsF and b if tbemami^weigtiiDg 
7S0 lbs., is of wFought iron, on oak, and the direcdoa of P inclined to Ilia 
horizon at an angle (^15°. Ant. fh 413-3 Ibi. B=T88'91bs. 

St. 339.— What wonld be t^e regaired fon» P in the last ease if its 
diifction were horiEOntal? Am. p— 466 lbs. 

Ex. 840.— Show that when a body reats on a horiEontal plane the smallest 
fnrce that will brins it into the etate bordering on motion will act in a 
direction inclined upwards from the horizon at an angle eqnal to the limiting 
angle of resiatance. 

74. Conditiona under which a body acted on 6y cer- 
tain forcee wiU imther be overthrown nor slide.- — Let 
a mass k b rest on a horizontal plane c D, and let the foKee» 
concerned be its weight acting vertically along the line EW- 
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Mtd a force P acting along the line E ? : find R the result- 
ant of theae forces ; in order that the body may be at rest 
it is necessary that R be balanced ns. ee. 

by a reaction eqnal and opposite 
to it ; this cannot happen if the 
direction of R cute CD outside 
the base ; hence the condition 
that the body be not over- 
thrown is that Uie direction of 
the resultant fell within the 
base; if this condition be ful- 
filled, the body will slide or '" 
not, according as the direction of R makes with the 
normal to the point where it cuts the surface, an angle 
greater or less than the limiting angle of resistance. The 
question may be asked, if A B be pulled along the line 
E P by a continually increasing force, will it slide before 
it topples, or vice verad f This is readily answered by 
joining A E ; then if A E w be less than the limiting angle 
of resistance, the body will topple before it slides, since 
h's direction will fall without the base before its direction 
makes with the perpendicular an angle greater than the 
limiting angle of resistance ; i^ however, A E w be greater 
than the limiting angle of resistance, the body will slide 
before it topples. In the intermediate case, when a e w 
equals the limiting angle of resistance, the body will be on 
the point of toppling and sliding for the same value of p. 
It obviously follows from the above reasoning that when 
a body stands on a horizontal plane a vertical line drawn 
through its centre of giravity must cut the plane within its 
base. If a body rest upon points its base is the polygon 
formed by joining the points in suoceseion. It is to be 
observed, however, that if any points- would fell inside 
the polygon formed by joining the rest, they are not to be 
leukoned. 
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Ex. MI. — A. leetaDgalKT nuiss of atk tbs bM« of -which is 3 ft BqnaM ' 
■ndliMglit 7 ft. mtj •ndwiw on « flooi of Mk, • Mpe is &staaed to it at a 
censin hei{tht sboTs tha fioor uid ia pnllod bj k foree in ■ diteetioa 
ioclinad upwaid at sn angle of SO" lo the horiion; it ii found t«b« on tiia 
point both of toppling and sliding ; find the height of the point of attaeh- 
ment boot the fioor, and the msgnitade of the force. 

Jm. (O 2-68 ft. (2) IM8-7 lb*. 

[It ii manifeit, refwring to flg. S9, tbK ■ will be found bj maldDg the 
an^e ■ & w eqnal to th« oomptemaDt of the limiting an^ of lenatanca 
when the ORnnutanoea an thoae meottOMd in the qiertioB.} 

Ex. 342. — A ^liader of coj^nr the ladina of whose baie it 1 in. and 
height S} in. Kttt on a hoiiontal oak table, it is pnE«d hj a hoiiiontal 
force wfaoee direction cranddei with a radioi of the upper end ; find the 
force that will jnst nuke the bodj nxfre. and determine wbethu the 
motion will be (me of sliding or toppGng. 

'Jh*. (1) S Ibo. (2> The body win topple. 

Ex. 313.— WoA the last amm{^ snppomng theqrlindertobe of oak, 
the ilm» being panlld U> the axis of the cylinder. 

Jm. (1) 103 OL (2) The body will slide. 

Ex. 314. — A niutd tablft ttands on fbnr legs, one at each angle of the 
inMiibed square. It vdghs 120 Iba. ; find t^e least weight whidi hung 
from its edge would OTerthrov it. Jai, 2B0 Ibe. 

Ex. 346. — A reetaognlai box is overthrown by taming loond ahonsontal 
edge ; given the loigths of Uie edgas; detenniae the height ttuoogh whidt 
its centre of graTitr iDOot b« raised. 

75. friction and the lcew» offnetion. — Let a B be s 
table ; M a mass which, in consequence of the actioii of 
na. M. oertaiD frames, is tn 

the point of eiiding in 
the direction B A ; th«i 
the reaction B'viU be 
eqnal to their reanltAnt^ 
and its directicm vill be 
inclined to the perpen- 
dicular to A B at an angle 
^ equal to the limitiD^ 
angle of resistance ; let c R' be the direction of this re- 
action; draw CD at right angles to ab, then the angle dgk 
is equal to ^ ; take c £ to represent b', and complete tW 
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Teotangle H E ; ve may replace h' by two componentB B and 
p, of which B acts along c D and F along A B ; these compo- 
nents are re^sented by c H and G K reapectively ; now it 

is evident that tan 6= — i.e.tan^=~ 
^ CH ^ E 

therefore f=b tan ^ 

The tangential reaction f is commonly called the Fric- 
tion, and tan ^ (which is generally denoted by the letter 
/t) ia called the coej^icient of friction ; so that when a body 
resting on a plane is in the state bordering on motion, the 
friction equals the normal reaction multiplied by the co- 
efficient of friction J it will be remarked that unless the 
body ia in the state bordering on motion the whole of the 
friction ia not called into play, but only so mnch of it as 
is auflScient to produce equilibrium. 

If in any paxticular case we are required to determine 
the relation between the forces ■ffhich keep a body in the 
state bordering on motion, and amongst these forces is 
the reaction of a rough surface, we may treat this reaction 
in either of two ways : — First, we may consider the re- 
action (b') to be a single force making an angle <f> with 
the normal ; or, secondly, we may replace that reaction 
by two forces, viz. a reaction b acting along the normal, 
and a friction ^B acting along the tangent; the former 
way of looking at the question is generally more con- 
vem'ent when the body is acted upon by only three forces, 
the latter when it is acted on by more than three forces, 
and when, consequently, it is necessary to have recourse 
to the general equations of equilibrium. 

In order to complete our remarks on this subject, it ia 
to be observed that when the body actually slides, its 
motion is opposed by a ccmstant friction which is properly 
represented by /* times the normal reaction ; it appears, 
however, that the numerical value of /t for the same snb- 
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stances is differeot in the cases of motion and of rest. 
The diGTerence u most conspicuous in the case of soft 
snbBtaDces (e.g. Taiious kinds of wood) that have heen 
soma time in contact ; wherever a difference exists the 
value of ft, for substances at rest is larger t^an the value 
for the same sabstances in motion. 

The chief general results that have been elicited by 
experiments on the friction of sor&cee, are called the 
lawB of friction, and ma; be thus stated : — 

(1) Friction is proportional to the normal pressure. 
{2) It is independent of the extent of the sur^ces ia 

contact. 
{3) In the case of motion it is independent of the 

valocit;. 
(4) If unguents are interposed so as to form a con- 
tinuous stratum between the surfaces of contact, 
the Mction depends mainly on the nature and 
quality of the unguent. 
It must be added that these laws depend entirely on 
experimental evidence, and that the first of them c^ses 
to be fame when the pressure per square inch becomes 
very great. The accurate determination of the values of 
/I, the ooefQcient <^ friction for different substances, is 
due to Qeneral Morin, on whose authority the results rest 
that are registered in the following table.* 



* Ths eBtaLliahmeot of Un lava of fricUon appean to be due to 
Coulomb, wboM Memoir on Friction was publi^ed in A.n. 17S6 ; a rerf 
full abatract of thg paper is given in I>f. Young's Sat%irat FMleioph^, 
To(. ii. p. 170 (Ist ed.) Qenenl Morin'a Tablea ara very eiteasiTa : they 
hare been aeveral timaa printed. A sniScient account of the eipehmenU 
OQVhieh the; ore baaed, tc^ether with tbe Tables themHelreB, will be fooiid 
in his work, Hotioiu FondaTitenlaUe di Micaviqitt. To enable the reader 
to form gome conception of the limits vftbinThicb the lam of friction hold 
good, the following (somewhat farourable) inalance ma; be adduced. The 
coefficieitt of friction ia given in tlie tablet as U'Slin the case of oak resting 
in the atat« boidering on motion on oak vith the flbree perpendicnlar to 
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TaiomSI. 

coepfioiemts of frictioit 







Btats bordering on 
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IIM 


0-Mh 








ElmoQoak. 


PiLmlUl 


a+'iO" 


(im 


o-.-i; 


23=20' 


0-4! 


0-4(1 






ii'tW 


(i-*i; 


U-M 


2fW 


OAI 


0-41 


Wrought inm on 


















PanOltl 


SXOSV 


OR', 


n-.V 










PanUel 






ll-fi' 








Copp.ronoak . 
Wrought iron on 


ParaUfil 


ai'-W 
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se^aiy 


O'M 


0-6H 


82=40' 


0-04 


O-M 



SBltHM (< OoDtaot 


KormitPnMon 


V'S^Tf^^ 


a-LF*««M 


0-947 ft. 


1211t«. 
2S3 „ 
496 „ 
1996 „ 
2526 „ 


enbi. 

161 „ 
2S2 „ 
1171 ., 
1387 ,. 


o-es 

0'58 
0-61 

0-66 
061 


0-048 ft. 


389 „ 
403 „ 
14S1 „ 


204 „ 
313 „ 

ess „ 


062 

0-68 
0-62 



• ThB Btoaa emplt/od in M. Moriu's &ip«rii«BnW saamg to have bi 
It oolitic EtozM froiD the quorriw at JaumcmC ne*r Uetz. 
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It is to ba obMrrad tlutt in the sbore Table ths nnmeriBal Tshiea of 

H were ucertained by sxperimaDt ; tJie Tulaas of ^ and ain ^ Iuts been 

obtained hj calcnlation. General Marin's Tables give tha Talnea of ;i oor- 

MBDondins to vaiiona nngneDla ; of thess, the following compreheniiTe'TB- 

ieient for qui purposes : any tvo of the tblloiring gnbstancel, 

on, wnmght iron, brome, pressed against each other, taDi>« 

■B an nngnent, hare for tbe coefficient of fiiction /i^O'lD, 

-S° 40' and lin f =0'10. The same substances when in 

I nngaent is either tallow, hog's lard, or any similai snb- 

cDsffiideat of fHctioD eqnal to 0'07, and thsrofara f v4" 

vadMied plane. — ^The prmciples vhich regu- 
ilibrium of a body resting on a plane inclined 
m are the same as thosa which regnlate the 
of a body resting on a horizoatal place — a 
has been akeady considered; — the applica* 
former case are, however, very ntimeroiiB and 
ant, it will therefore be discussed at some 
is scarcely necessary to observe that the in- 
is commonly reckoned amongst the ' Mecha- 



. mass whose weight is w rests on a plane i. n (fig. ^), inclined 
the horizon AC ; it is acted on by a force f in a direction 
I angle with A b : determine the relation between the forces 
> ie on the point of making the body slide up the plane, 
entre of gravity of tbe body, and throDgh it draw tlie rertical 
^PKID T>, both lines bdng produced if aecaesaiy. Now, the 
ng on the body are its weight w along d w, tba forcB p along 
>ction (b) of Ills plane a b ; r's direction mnat pass thningh 
I inclined to a perpendicular to a b at an angle equal to ^, 
{le of resistance ; draw n h at right anglea to A K, and make 
; tlien Bwillact along the line HD. (The line i s is drawn aa 
Qce the reaction b tends to oppose the sliding of tbe body.) 



WDBoB + f, andBDF = eO + ^ — ^ 

p:w::fiin(«+*):cos(fl-*) 

aner it can be shown that 

w;b:: cos (B-*) : co8(«+S) 
ii nJved by the general equations of eqnilibrii 




■n^-. ^X^\': '- ■■:t'f 



,,T-A^rjhy Google 



D,o„..cihy Google 
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n may call b' the normal Teaction, scting at a point irhoie dulanee {rota 
ik x; the Miction will be /ib', acting trom b to a ; also we may repreeeDt 
v by j>. Then, if we resolve the fones along and at right asglea to in, 
jid meaaure momeats round i>t we ehall obtaia 



Bqoationa (1) and (2), when solved, give Telations between p and t, and 
between w and b", eqniTalent to those already obtained ; equation (3) ahowa 
that B* will act through the point e. 

With nnmericOil data, a solution coa be obtained by conBtmction, aa 
indicated in the disgnun, by the parallelogiam e k, in which, if n e lepie- 
•mta the ^toq weight, n ■ will represent the requized force, and i, s the 

Ex. 347. — If B be greater tbon fi, ehow that when the body is on tha 
pcniit ot Blidujg down die plane 

p:w:: Bin{<i-«: «)»{fl+*) 
w:B::cos(S + *):cosCB + e) 
Ex. S48. — Show .tJiat if a<4i the body will remain at nst withont 
n^ioit. 

Ex. 349. — A mass of wronght iron weighing 500 lbs. rests on a plans of 
oak inclined at an angle of 20" to the horizon, a force t acts npon it so aa 
jnst not to pull it up the plans in a direction inclined to tjie plane at od 
angleof 12°; find r. Am. 417-9 lbs. 

pn fig. /the conetrnction is shown bj which this eismple was solved, 
the scale being I in. I« 300 Ibe. ; the result obtained b; the eonstmction 
was 416 lbs., the correct answer being 417-9 lbs.] 

Ex, 360.— In the last eiample suppose p to act along F o ai a pnehire 
team ; find its magnitude that it may just not push the body down the 
plane. Jiu. 1421 lbs. 

^. 351, — Beterring to Ex. 34B and 350: first, if P had been a fbnw 
«f 300 lbs. acting up the plane; next, if r hod been a force of 100 lbs. 
aeting down the plane; and, lastly, if there were no forte f; find tba 
magnitudB and direction of the reaction of the plane. 

Jn*. (l)*3a-71b«.Pi>a = ei'=18'. (3) 669-* lb*, pdb- 130" 42'. 

(3) fiOO lbs. acting vertically uptraid. 
Ex. 362. — Shawthat the direction of the enmUeBt force which will moke 
a body slide either op or down an inelined plane makes an angle p with tlie 

Ex. SfiS.^What is the least force thalt -will drawacabie foot of ctuit iron 
down a plans of oak inclined to the horizon at an angle of 14°? 

Jm. 146'7 Ibf. 
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£^. Sf4.— Id tke lut aUBpIe vfaat would bvn h«m Ote ]«Mt ftnee 
nteaamy to rapport the maw had Um plans been of caat iran T 

Am. 88-6 IbK 
Ex. 366. — What voold be the horiiontal foice that vonld jut paali th» 
bod; Mp the inclined plane in the lait case T .i^iu. 192 Iba. 

Et. 3SS. — If the body Tepreeentad in flg. / U a cylinder the ndins of 
wbcse ba«e \% r and height 2i, and if r acta at a, point k hi chosen that for 
tiie Rame value of v the body ia on the point of tnming roond x irhen it is 
alio en the pmnt of iliding op the planr, shor that 

jj^_ ( ■■eoea+A»in«)eo8(g-» ) 
oo«fl«in(o + *) 
«gd tFBDiform t^ exprasdoD into one ad^t«d tor logarithnuc calenlatjon. 
Sx, 367. — A rectangnlar maie of cut iron rests on on indined plana of 
oak ; it is on the point both of sliding down aiid of overtarning ; ite liaae ia 

3 ft. aqnare, what is iu heightt Jju. S'OS ft 

J!It. 358. — In thn last example what foiee acting parkllel to the inclined 
plane would be jnst snlBcient to draw the mass of iron np it ? Could this 
fonie be ^plied at any point rf the body m &r ahoTe the [Jane a« to ovei- 
tnni the body bef<>« making it slide ap the plane ? 

JM (l)eiOOlhe. (2) It wiU OTertnm Uie body if applied at a 
point more than 1 '64 ft. above the plaJie. 
£r. 869. — If 2 i is ttts vertical angle of a cone standing on a plane whose 
inclinatioa to the horiion is p (the limiting angle of reaiatance), ahowtlukt 

4 tan A— tao f, if the otme ia soch aa to ba on the point both of t4q>pling 
and sliding. 

£1. 360. — TheearliesteipetimMitsanfrictionweremBdein the ftiUow- 
ing manner ; The snbstanass were formed into reetangnlar blocks — shaped 
like bricks— «Dd were {daced on planes of Taiiona snbatAncea ; the |danea 
were iJisn giadnally raised, and the anglen nolM at which sliding oon>' 
menced ; it was found that for the same substances this angle was the aame 
whatAver the w«ght of the block, and whether it rested on a broad or 
niirrow ftce ; what concluaiona could be inferred fn»n these iacts as to tlta 
nature of fiiction T 

JEr. 381. — Qiran an incline of 1 in • (i.e. 1 ft. vertical to ■ ft hom- 
lontal), and that a body weigbii^ w lbs. rests upon it ; given also that tlie 
Auction is 1 lb. in nt: ^ow that the force which, acting parallel to the 
plane, will be on the point of making the body more up the plane tmt 



nearly equals wj- + — Y 



Ex. 363. — 'Let A and c B be two equally roa^ plnnes inclined downward 
from c on oppoeite sides of the vertical throogb c, and let a b be boriEostal ; 



THE INCLINED PLANE. 

wght -w, on ( 



B, atA let diem Im 



lat s veigbt w, be placed on c ^ and a n 

eramaeted b; a fine anooth cord pu<Hing over c : ii w, u od tbe pomt of 
sliding down CA, and thereb}' dragging w, np cb, show that 
w, SID (A— 9) — w, sin (♦ + *) 
77. Many qnestioDS arise out of cases m which a body 
jeata on two planes incUned at a certain angle to each 
other ; in most of them it is convenient to have recourse 
to the general equatione of equiUbrium (Prop. 15) ; a few 
BUch ezampleB are here added. 

£e. S93. — AB represents a ladder, one end of Vm.U. 

whidi rests on the gronod at A, and the other 
against a Terdcal mdl at B ; its length is a, the 
distance from its foot to its centre of graril^ (i o) 
is b, its weight is it : determine the angle s A o, or 
9, ftt which it will just slide. 

The pointAmnet just be sliding outward, and b 
downward ; hence the forces act on the ladder as 
shown in the fignn, and, taking the horizontal and 
wertical components, and measuring moments tooad 
A, we bare the fbUowing eqnatious : — 

*+li'a!—-w —0 

OB* sin 9 + ai^B,' ooB 0— iwcos 9i^0 ^ /*" c 

Hence -^ (l+ji/) b^w, (i+«i')B'-,nr 

and luiUn 8~b—(_a—h) fi/i' 

The ladder will stand in ayecj possible position if 

It Difty be zsmailsd that, thongh any point nmy be ohoien from irfadi to 
meaanre moments, it is generaUy advantageous to choose tt point through 
-which the directions of one or more of the unknowa tOrcee pan— e.g. in 
the aboTe qoestion a or b should be chosen. 

Ex. 864.— In the last example, if the ladder is placed in a known posi- 
tion, detenoioe at what distance («) from A a weight w, must be placed 
that the ladder may be on the point of sliding 0>— /I'-tan 41). 

Jm. ^^^n.^.") "if^sbCA + ^l bw 

Ei. 386. — In £r. 388, iuppoee c to be an obtnw angle (= 180°— 7), and 
wappoaa 111 11' ; And e, Kid find the conditio of the ladder resting in nil 




I. {l)».taie-l-<iZ*Hl±'^)i'°T 
afmny-^tcoST) 

(2) ft«n')'<a(8in^-sin(r--^^raB«y 
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78. The wedge. — In the above examplea the inclined 
plane, though reckoned as one of the mechanical powers, 
can hardly be regarded as a tnachiae ; in many cases, how- 
ever, the inclined plane is itself movable, and is employed 
to separate bodies that are urged together by great 
forces ; in this case it is correctly spoken of ae a maekme. 
The simplest instance of this nse of the inclined plane i* 
the wedge, which is, in fact, nothing but a movable in- 
clined plane. 

Ei. 34S. — To determiiu the nUtion between the neiltanee Uld the fozM 
irMch uontlMpaint of niging forward an iioeeelea wedge. 

Fio. H. l^et A B c be the wedge, v the force acting 

along the azii a c, ■ and v the points of 
oontact of the sides vl tho wedge witli th» 
obttaele; draw se and/F at right anglea to 
A and B □ respectiTely ; make the angles 
eBB and/vB each eqital to ^ (the Hmirii^ 
angle of resiatance between tlie sides of the 
wedge and llie obstacle) : then, since the 
■ wedge is on the point of movii^ fbrwatd, 
the mutnal action between the sarfaoeB of 
contact at ■ and r will act along these lines, 
and the wedge is kept at rest bj \r and re- 
actions b' and b', equal and opposite to a and 
R ; the directions of these three forces miwt 
point □ ; tberefbie 




p«ss tliron^ 



How, if A 00 equals o, we have cuK equal to Bl)-(fli + a), and bob equal 
to 180 — 3 (f + a); theiefbie 

w-2E'Bin{« + « (1) 

Now, snppose that T, the tendency of the obstacles to coUapes, acts along 
T a, and let T ■ e equal i ; then the reaolTed part of b along n t mnet eqoal 
T, the remaining part of b being transmitted to the groond. Hence 

B cos (. + ♦)-! t!) 

ThaiBfilre, remembering that b and b* are egnal, 

wcos(. + <p)-2lBin(a + *) 
The angle i is oommonlj unknown and verj small j it is therefore generally 
neglected. 

Ex. 307. — If w is the force required to keep the wedge &om starting, 
show that 

wcosC.-#)-aTsio(«-^) 
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lb. BOS. — Bhcnr that if w is tlie force that lias drireB s wodg* into a 
giT^n positioQ and w, tiie fiHiie required to extract it, tbeo (>« 0) 

T, -■-• "(»—) 

■ .!.(»+.). 

£r. 36). — Aa udd wsdge whou vejijeal asgle ii 13° is driven into a 
mase of o&k by a force at 1 cwt. : — what fiKce vUl be Deceaaorj t« extract 
it? Jiu. 77'S71ba. 

■Ex. 170. — Shoir tbat the wedge will start if the force be withdrawn, 
prorided the angle of the wedge be greater than 2f . 

Ex. >TI. — An inn wed^ whose angle ig 7° ia driren into a man of 
oak ; find wbat fraction of the diiring force is consumed b; friction. 

Aiu. If w'istiw force m the smootJi edge whidi eierdses the 
eame DOnniil presaure on the block as that produced b; 
w on tbe rongfa edge, then «r'=0'09 w. 

Ex. 372. — la Ex. 3fl6, if a bc is not isosceles, and if the limitiiig angles 
of Teaietance at i and f are f and f ,, and if a is the pressure caowd I^ w 
at ■, sbiDW tbat 

ii«n(o + * + t,)=wsin(E-^) 

Ex.373.— la the annexed Sgare,Dcis a horismtalltable, he a fixed 
obftacle, ABcn, a BKrtwo 
movable inclined planes, 
having a aurfnee of contact 
A B, inclined »t on angle b 
to the horiEon ; the former 
is urged forvaid by a fbrce 
r, the latter downward by a 
force w ; ^, ^,, f ^ ore the 
limiting angles of resistance 
St AB, b:k, andscreapec- 
Idvely: show that when the 
horixmtal force t is abont 
to orercoms tbe Teitioal 



PC0»^COS(«+<. + <^).W 

[The diagram shows how the 

bev in mind that the npper [dans is in 
eqnilibrinm under the aotion of w, B,, and 
s,' ; the tower plane under the action of 
r, a, and ■„ and of these b, equals b'. He 
will find it a nseAU exercise to determine 
independently the relation between p and 
IT, when H K and D c are smooth.] 

Ex. 374.— In the annexed figure let 
ABKB be fixed, CD a hoHzontal plate cap.- 
able of moriog up and dowo between t£s 
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gnidei > and r : if th« indiiation ofmtocB Us, and all tbe eattaeta 
are imoalh except, i. b, ihinr that Then the hoiiiontal fol«e f ia about la 
oTercome the Tertical force q 

»-« tSD (o + (i) 
E». S75. — In the Uat ezample, if all the nrfiKee wa lon^ ibtnr that 

»o)e{« + *)«i«(#, + #^ = »co« t,siii(B+^ + #,) 
£r. S7S.— In tha last eumple, if 4, is the force that *ill jnit drive f 
out, show thnt 
a sin {■ + * + * «»(■-♦) CO. (*,-#,)-«, Kn(B-*-f,) COB (a + « 

«" (*i + fi) 
What ia th* ■tnallsBt alope of i b at vhich it will be pouiUe for this to 
happen? 

79. The form, of the kdix or the (Areod of tfie acrew. 
tm-u. — Let ABC be a right- 
angled triangle, and DEFG 
a cylinder, the circum- 
ference of whose base is 
equal to the base (a c) of 
the triangle ; if we sup- 
pose this triangle to be 
wrapped round the cylin- 
der eo that A and c come 
together, as indicated by 
the small letters acb, 
the hypothennse A B will 
take the form of a curve 

called the helix, i.e. the carve to which the thread of a 
acrew would be reduced if it became merely a hue. 

Ex. 377. — If the distance measured parallel to the uda hetwern tvo 
toma of a thread of s screw (orits pitch) is * and the ntd infl of the cjlinder 
is r, abow that the length of n tnrna of the thraad ie n^ir^r' + h'. 

£t. 378.— Shaw that if Aia tha pitch and r the radina of the i:7liDder, 
than if t is the angle of inclination of the thread of the Bcreir ve slioU hare 

cant" — . 
2»r 
Ex. 379. — The length of a acrew ia IJ-iL, inwhichepnce thescrevmslM 
36 turns, the radiaa of tha cylinder ia 1} in. ; determine the angle of indi- 
iation of the thread and ita length. Jiu. (1) 3° 2' 12". (2)33S'7 in. 

80. The form of screw with a aqtutre thread. — In 



((UNIVERSITy 
■ ■^'^^- \^fQ-p^ 

the lagt Article we considered the form of the ge^ roBiBMl. — — ^^"^ 
curve called the helix. If we suppose that instead of the 
triangle A c B we ha' e a Bohd, such that, when p^ ^ 
it surrounds the cylinder, its upper face 
projects at right angles to the cylinder at 
every point, as shown in the annexed figure ( 
this upper surface will have the form of 
the upper surface of the square-threaded i 
screw ; if now the lower part of this pro- 
jection be cut away, so as to leave a project- ] 
jng piece of uniform thickness, we shall 
obtain a screw with a square thread, as shown in fig. 97,* 
a section of which made by a plane passing through the 
axis of the cylinder Is shown in fig. 98. The student will 
remark that the thread of a screw, though a very common 
ubject, has a very remarkable form ; for instance, the curve 




J 



b' 



"P 



'. 97), which when prolonged passes through the 
points a, a„ a, (fig. 98), is a helix, as also is the curve 
b b' (fig. 97), which when prolonged will pass through the 
points b, 6„ 6j (fig. 98), Now imagine a cylinder to be 
described whose axis coincides with that of the screw, and 
* When there is a coDeidemblo distance between two cooBecadTe tame 
of the thisad, as is the case with Che screw represented in the fif^re, it is 
DBual to hftVB a second intarmediiite thread mnning ronnd the cylinder. 
This is done for the purpose of dietribnting the pressure eurted between 
the thread and its companion over a larger area, and ihcreb]' decreuingthe 
lisk of breaking the thread. 
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vhoae suifiace cata the thread between H and h (Eg. 97), 
the curve of Bection will be a helix, as indicated by the 
dotted line ; the triangles whose hypotheauses tarm ^eae 
helices will all have the same height, viz. a a, or & h^ (fig. 
98), but their bases will be the circumferences of the 
bases of their respective cjUnders. 

Ex. 380. — If k il the height between two tuns of the thread of a wraw 
(or its ^tch), r and r, the radii of the external ajiii internal qylinden. 
and 9 and 9, the anglw of inclination of th« axtemol and internal helices, 
show that 

and ahow that the fbrmnla girei a correct result when r, -^ 0. 

&. 381,— If the thread of the screw in Er, 379 were cnt half an inrfi deep, 
dfltemiine the diffiirenee between the lengths of the interior and exterior 
helices, andtheinelination of the mean helix. Jiu.(l) 112'8 in. (2) 8° 3«'. 

Ex. 382. — The external and iolerDal radii of the thread of a eqaare- 
thrsaded screw are r and r, ; its thickness (measured psiallel to the axis) 
is a ; ahow that the vcJnme of one torn of the thread is * (r*— r,') a. 

Ex. 363.— A wrongbt-iron screw is 1 it. long, and 1} in. in radius, (he 
thread makes 8 tarns in i in., iU thickoeas is J in., its depth J in. ; find its 
weight, and the weight of the port eat awa; wben the screw was mada. 
Am. (1) 278-1 oz. (2) 1U6-2 oi. 

»»■ *^ 31. The screto- 

presB.—The most 
familiar application 
r^ of the screw occurs 
in the screw-press. 
and as it is very 
desirable that the 
student should get 
a clear conception 
of the mode of 
action of the forces 
in the case of the 
screw, he will do 
well to ( 




screw -press ; its 
most mual form ia 
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represented in the annexed 6gure, and can be aufiSciently 
described as followa : f f f f is a strong ii-qqie ; at A in 
the middle of the croBs piece is a hollow nut, on whose 
interior sorfiice is cut a groove, called the companion 
acrew, which the thread of the screw B C exactly fits ; the 
end C of the screw is fixed to the piece D £ in such a 
manner that the screw is free to turn, while the piece D E 
can only move in a vertical direction in consequence of the 
guides F F and F F ; it moves downward when the screw 
is turned by the handle G h in one direction, and upward 
ivhen the screw is turned in the opposite direction ; in the 
former case a pressure is exerted on the mass u which it is 
the purpose of the machine to compress. The action of 
the forces in this case will be understood by considering 
the annexed figure, in which ^^ ^^ 

A A A A represents a section of 
the nut, B c of the screw, f f 
the guides, d e the movable 
piece, YT the thread of the 
screw, XX the groove of the 
companion ; the force F is 
equivalent to the pressure 
at the end of the arm which 
teods to turn the screw ; Q is 
the reaction against SEwhich 
balances p; the frictions 
called into play in this case 
axe the following: (1) be- 
tween the thread and the 
groove, (2) between the end 
of the screw and the piecd 
D E, (3) between the guides 
F F and the sides of the piece 
D E, (4) between the cylindrical surfaces of B and A. It 
is not easy to obtain the relation between p and Q in th« 
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state bordering on motion when all the &ictiotis are taken 
into account ; * the frictions marked (3) and (4) are, how- 
ever, small, aad in the following pages will be neglected. 

Ex. 384. — Show that in the eanof the Bcrew-pieu the relation betveeo 
p And 4 is given b; the fotmnla 

p a V o r tan (« + f ) 
whan a ie the length ot the arm on which P acta, r the ndim of the wreit, 
a the angle of inclination of the thread, end p the limitii^ angle of reaiBt- 
Bnee between the thiead and gToove ; all other friotions being neglected. 

If (referring to flg. 94) c d is a horiiontal table, morable in a vertical 
direction between guides ■ r ; and if x b h k ia a fixed inclined plane, and 
A B c D a movable inclined plane, then if a is the inclination of A b, and if 
all the sorfacee are smooth except a b, 

p-atan{« + *) 
If » B c D is mspped roond a ejlinder, and a b h i ronnd a hollow cylinder, 
we obtain the eame arrangement of pieces that eiista In a screw WOThing 
against a fixed not ; bat a acts along the axis of the cjlinder, and P acts, 
not tangentiallj to the cylinder, but at the end of an arm a. 

Suppose the force a to cause pressures j„ fr jp . . . . at di^rent points 
of tbe thread of the screw, and suppose p,.Pi, Pi ■ ■ ■ - to be the foiees 
which acting horizontally in directions touching the anrlhce of the cylinder 
at those points would be on the point of overcoming },, g^q, re- 
spectively, then the relation between ji, and ;, must be t^e same as that 
between l and a given above. Hence 

r,-},tan(» + *) 
wmilady jii'<;,tan(a + ^) 

y,-j,tan(a + ^) 
and therefoTep, + p,+|i,+ . ■-(3i + fi + ?,+ . . . ) tan(B + f), 

n the Mrew ronnd 
ents gives na 
Po-p,r + p,r+;t^+ .... 



• If 2J eqnala D i. p the radius of the end of the screw, n, /i', it' the co- 
efficients of friction between euiew and nnt, screw and d b, and guides and 
D B respectively, and the remnininsr notation the same as that employed in 
Ex. 384, the following, it is believed, will be fonnd to he the correct formnlk 
for tbe relation between p and o : — 

V ^l + ».'coe'<ico8(a + (.)^ * + V»>V ^ J 

evidently differs but little fivm the formula of Ex, SO). 
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thBrefore po-ar tan(o + f) 

Ex, 385. — Show, b; a method similar to tli&t employed in the last 
example, diat when all 'tha frictionB are neglscted 

and that p : o: ;the piicli of the screw ; the cireumferenoe of the ciicle 
desonbed bj the point at which p acts. 

Ex. 38S. — There in a screw with a sqmire thread the radius of which is 
1 in., the pitch ia Jin., the not is of cast iron and the screw of wrought iron, 
their surfaces are well greased j determine tJie pressure that wonid be pro- 
dnced on the subetance in the press if we neglect all the frictions bat that 
between the thread and the groove, when the screw is turned bj a force of 
150 lbs, acting at a distance of 3 ft. from the axis of the screw. 

Am. 3fi,27fi lbs. 

Ex. 367. — In tlie last example determine a if the screw is not greased. 
Ana. •12,001 lbs. 

Ex. 888.— Find the anmber of turns per foot which the thread of a per- 
fectly amooth screw will make whose power is the same as that of the scrsw 
described in Ex. 386. Ant. Vi^ nenrly. 

Ex. 389. — If in any screw reckoned perfectly smooth a force p were re- 
quired to compress a substance with a force a. and if p* were the additional 
force required in consequence of the &iction betwoNi the thread and tlie 
groove, show that 

p" " ■ . " j -i Tery nearly, 

where a. is the angle of inclination of the thread of the screw, and fi the 
coefficient of friction — neither being large. 

Ex. 390. — If the screw described in Ex. 3BS has to exert a pressure Q, 
find both from first pnndplea and from the formula in the last example the 
ralne of!^. Am. (1) I'SSfi. (2) 1-8S0. 

£1. 391.— The diameter of the screw of a vice is 1 in. and the thread 
makes 4 turns to the inch, the whole is of oast iron and the screw is welt 
grcssed; the handle by which it is turned is 6 in. long and is nrRod bj a 
force of 100 lbs. ; the ja»s of the vice hold an ungreaeed piece of wrought 
iron by friction only ; find the force reqniaite to extract it. Am. 2S30 lbs, 

82. Friction on the end of the screw. — Let a b c be a 
cylinder or pivot, the end of which is urged against a rough 
plane by a force Q acting elong its axis 0,0 ; th^ f^jimj^ 
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ia 8i^)posed to be <Ht tbe point of tarning round tbe sjds, 

and 18 opposed by the friction : 
r<a.va. , , . , 

it IS required to determine the 
moment of tiie frictions with 
leepect to the axis o c. 

It may be aesomed that the 
inequalities of the surfaces 
will wear away, and that the 
pressure will be equally dis- 
tributed ; consequently if p is 
^ the radius of tJie pivot (say 
inches), -^ vUl be the pressure per square inch, 

and consequently '-^ will be the friction per square inch ; 

hence if we consider a small ring enclosed between two 
circles, whose radii OP and op are respectively r and 
r+Sr, its area will ultimately equal 2irrSr, and the frio- 
'ion on it will equal -~ rSr. N^ow the friction at ev^ry 

point of this ring acts in a direction perpendicular to the 
radius at that point, and hence the sum of the moments 
of the frictions on this ring with respect to the axis will 

ultimately equal -^f'Sr; the same will be true of any 

P 
other ring, and therefore we shall obtain the required 
moment if we divide the area into a great number of 
rings, and ascertain the limit of the sum of the moments 
of the frictions on each ring; this can be done as follows: 
Take DE=:p and at right angles to it draw ef=:/), 

perpendicularly to both draw eh=-^, complete the 

P 
rectangle E F G H, and complete the pyramid D E f G B ; take 
DPsi* and Tp=Br, and through ? and p draw planes 
parallel to the base eudoaing the lamina PBS; then it ia 
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plain bjBmiilartriang'esthat P6=raiid PB=^-^r, con- 
lequeotlj the Tolmne of the lamina is ultimately equal to 




-^t'St, i.e. the moment of the friction on 
/>* 
ie correctly represented by .the volume of the 
and the same being true of any other lamina, 
have the moment of the whole correctly rep 
by the volimae of the pyramid,* i.e. the momen 

^pxpx or moment of friction = %pQt^ 

Ex, 392. — If the screw resu OD a bollow pivot vhose int«n 
terml radii on reBpectivalj p, sad p, ehov that the moinent of t 
nniiid the axie of the icrew is given bj the foTmuIa 



Bnd ihow from this formnla that when p, is Tery oearl; eqna 
fiictJOD U very Dearly equal to po/i. 

£1. S98.— In the acrew wheo the friction on the end u veil i 
tfoociidie thiead is token into acconotve have 

p=!5. tan(a + *) + i.^ 

vbere p !• the ladiosof theoxf on which the Bcrevieati. 

* The itndsDt Tho mMlerstande the Istegral Celculne will pef 
the above constmction ie equivalent to integrating the eiprMm 
LatWMD the limiuof r-Oaadr-/>. ( OOUlc 
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[BefenJDg to Ex. S81 the tqnatian dedotwd bom the priueiiJe of 
IDomenta will beame 

i«-rp,+rpi+rpi+ • • • • +SPW1 

£t. 394. — It is reqnirad to eompKai a EnbstBOM wiib ft foTC« of 
10,000 Iba. ; the aGrewwith vhich this is done tus a dUliiet«r of 3 in., and 
its tbreitd makes 1 tnrn t<i the inch ; the arm of the laver is 2 ft. long; 
determine the fum p that would be reqniied-^l) if ftll fMctioDB irere 
neglected; (2) if the friction lietween the thread and gioore vers taken into 
Bcoount; (3) if the friction on the end of the aaeiT, which ia 1 in. in tadiilB, 
were also taken into aeconnt ; the earfaces being iron on iron well greased. 
Am. (1) 66-3 lbs. (2) 1266 Iba. (3) IfiT'S Iba. 

Er. SOS. — An iron screw 4 in. in diameter oommnnieates motibntoanut ; 
the force is applied attheexcremitjof a leTor I &. long; the inclination of 
the threitd of (be screw is 6° ; determine the relatjon between the tbrea 
applied and the weight raised bj the nnt, taking into account the frict^ona 
between the thread and groove, and the end of the screw wboee diameter ia 
3 in. — the surfaces are cost iron — (1) when well greased, (2) when nsgreaaed. 
.ins. (l)p-0-a427il. (2)p-0-D683a. 

Ex. 396.— If the angle of the screw were 12°, the diameter of the screw 
and of its end 4 in., and the lever by which it is tmned 2 ft. long, the eor- 
tiusee being of cast iron and nngieased, what weight will a force of 1 cwt. 
orercome ? Am. 2730 Iba. 

Ex. 397. — Determine the force regaired in Ex. 394 if the snrfaces aM 
of migrenKed oak. Am. 488 lbs. 

[The fibres maj be reckoned toreat endwise between the thread and the 
gTQOTe aa well ae between the end and the movable piece.] 

Ex. 398.— QiTcn a ihe pressors to be prodncedb? the screw, r the radins 
of the mean thread. B the length of the »rm, A the pitch, fi the coefficient 
of friction batween the thread and the gr"3Te, if the friction between the 
thread and the groove is the only one biken into occonnt. show that the 
force to be applied at tbe end of the arm is given by the formula * 
r h + 2Titr 



83. The eruUesB screw. — It is not very urmsual to make 
a screw work with a toothed wheel ; the arrangement of 
the pieces when thie is done will be sufficiently understood 
by an inspection of the annexed diagram ; the screw a fi loaj 

* Thi« ia the formnla given in Gtentral Morin^ Aide-Mimoirt, p. 899. 
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be mounted io a frame, and tamed by a winc'u; the 
teeth of the wheel (c) work with the worm of the screw, 
on tunuDg which the wheel is 
caused to revolve ; as the screw has 
no forward motion, it will never 
go out of action with the wheel, 
and is, on that account, termed 
an endless screw. The reader will 
find in Mr. Willis's ' Principles of 
Mechaaiam ' * a discussion of the form that must be given 
to the teeth in order to secure equable working. When 
the machine is employed, it commonly happens that the 
screw drives the wheel ; sometimes, however, the screw ia 
driven by the wheel, as in the case of the fly of a musical 
box. In the former case, if p is the force at the end of 
the arm which turns the screw, and Q the force exerted 
by the screw on the wheel in a direction parallel to the 
axis, it is easily shown that the relation between P and 
Q is the same as that determined in Ex. 384. 

Ex. 39f>. — If a force t acting on the thrend.of a Htaew in a direction 
parallel to iU axis is on the point of driTiDg a foKe a acting along a tangent 
to itB hase, show that 

«.Ft«,(.-») 

irhere a is the inclination of the thread of the screw at the workiog point, 
and ^ the limiting angle of resisCoDce between the ^Ting and drinm 
nuCacM. 

Ex. 400. — If the action of an endless screw is reciprocal, i.e. if it will Mt 
whether wheel or worm is driver, show that the inclination of the thread of 
the screw most be greater than f and leas than its compUment. 

Ex. 401. — An endless screw consists of a cjlindsr of cast iron the radius 
of whoee base is 3 in. ; the thread makes one tnm in 1 in. ; vhat is the 
greatest extent to which the thread can pn^ect if the tooth bj which it ia 
drira is of caat iron Bad is nngreased? Jiu, 0'98 in. 

£r. 103. — In the last example, if the depth of the thread be 1 in. what ia 
Um least pitch with which the machine can work if the snrfaces are greased f 
Jtu. 2-SI3 in. 

• P. ISO. , , , ^ „„...,. 
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84. JVictwrn of guidee. — One or two instances of the 
{rictioQ of guides have been given 
already {Ex, 373-6); the following 
case will etill further illustrate the 
subject: — ef is a beam constrained 
to move in a vertical direction by the 
four guides a, b, c, d ; a projection o h 
at right angles to E F works with a 
tooth or cam, E, revolving on a wheel ; 
by the action of the cam the beam 
is lifted and then allowed to fall by 
its own weight, thereby serving aa a 
« hammer. In the fundamental case 
the forces act aa in the figure : and 
we treat the beam as a straight line, 
the guides ae points, and represent 
A c by o, G H by 6, H C by aj.* 

Ex. 40S.— In the above case show that 

P |a-2i*t-("-2ir)w.'| -aw 

Ex, W*.— In tha »bov» oaie '^ it'*>b (how that the forces will not set 
■xttctl; as showD io the flgare, and that 
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CHAPTER Vn. 

OF THE EQUILIBBinM OP BODIES EEmiNG OS AS A. 
or THE EIGIDriT OF HOPES; WHEEL AND AXLE, 

Sectiom I. 

85. Tundatnental txmditwn of equilibriti/n 
state bordering on motion, of a body capahle of i 
rowtid an asde. — All the forces acting on the I 
be reduced to a single resultant, to which, bn. 
when the body is at rest, the reaction of 
the bearing muat be equal and opposite ; 
let the annexed figore represent the axle y^^^ 
Testing on ita bearing ; let e be the re- / /^ 
snltant of the forces acting on the hoiyj I o 
and let its direction cut the circumference \ I 
of the bearing at the point p ; take o the ^\ 
centre of the bearing and join p ; this ^=*i^ 
line la the normal at the point of contact j 
the body will therefore be in the state bordering o' 
when the angle o p R equals the limiting angle ( 
ance, the motion being about to ensue in the ( 
indicated by the arrow-head. This consideration 
us to give a very simple construction, which will 
all cases in which the forces act on the body alonj 
lines. Take the centre of the bearing {fig. 10 
a line A o parallel to the directions of the forces 
body is about to move in the direction indicate) 
arrow-head, make the angle aop equal to the 
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anerle of resistance; then the resultant force must act 
parallel to OA, since this is the only 
line drawn parallel to o A which will cut 
the circumference in a point P such that 
the angle o p R equals the limiting angle 
of resistance ; hence if we measure mo- 
menta round F, we shall obtain the re- 
quired relation between the forces, the 
sum of those momenta being equal to 
zero by Art. 58. Of course if the motion 
is about to ensue in a contrary direction, 
the angle A o p must fall on the other 
side of O A. It will be remarked that 
the radii of the axle and its bearing are 
bat though in the diagram they are repre- 
that difference never enters the question. 
•f axles. — When the body is in the state 
on, the values of the coefficient of Mc- 
as those given in the last chapter ; the 
n cases of motion where no unguent is 
urly all cases of motion, however, an axle 
d, both to prevent wear and to diminish 
e unguent may be supplied at intervals, 
common carl>-wheel, or continuously, as 
wheel of a railway carriage ; as might be 
uous supply of unguent is found to be 
meansofdiminishingtheresistance. The 
'es the values of the coefficients of ftic- 
ing angle of resistance for the axles and 
unonly used ; the coefficients of friction 
experimental determinations of Greneral 
ih the limiting angle of resistance ha* 
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FRICnOS OF AXI,ES. 15B 

Iteen calctilated — those cases have been selected in which 
the unguent is Tnoat effective in diminishing friction. 

Tabli XIL 
FRICTION OF AXLES MOVING ON THEIR BEARINQ8. 



A. 


CngMnl- 






tHc « 1 iln 4 


* 


iSS 


* 


cast iron OD 

csmiTOD 
Wronght iron 


Oil of oliT6B, tallow, 


0-078 (mean) 
O'OTfi (mean) 


4° 20' 
4=20' 


OOSi 
0-054 


»' e' 
a" e 


Bran OD brass 
Brass on cast 
irun 


Do. 


0-076 Cm«n) 


fiv 


0-06* 


30 6' 


Oil.orliog'Blaid 

Do. 

Oil or t&Ilow 


o-ii 

009S(m«ui) 


60 20' 
S'SO' 


0-0485 


2=47' 



Kc. 40S. — Let AB (Bg. g) be a beam moTabls aboat awTougKt-iron axle 
irhich nsts on a caatruvti bearing, aad whose axis passes at right angles 
Ihrongli theuisof the beam;* the centre c of the axle ie 12 in. from a, and 
30 ic, from the centra of gmvitj of the b^tLm and axle, the radius of 
the axle being 3 in. ; the weight of the vhole (i.e. of tli« beam and axle) is 
400 lbs. : find the weight which, when hung at A, will just cause tlie end A 
to descend. 

Dnv the figure to scale ; drawthroogh c the vertical line c n, and make 
the angle n ca equal Ui the limiting angle of resistance (10° 45'); dtaw the 



* Of course there are in reality two bearings situated Bjmmetricatl; with 
reference to the length of the beam, each of which eupporta half the united 



H" 



'andw ; the})4(Mof the machine being shown in the accompftDTing 
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vntic&lltiMaieattingiBiiiii; then this bui^t^adiieetioiitf the rewtivB 
ihe piimipla of momenta give* na 

bnt tdnce ttc ii vco^ tmaU, it is dsMnbla to constnict the ftile od a laigw 
■cfde; this ii dons in flg. k, from vhich we obtAiD «■ eqiuJ tT^O'jT in.; 
hence ve find F equal lo 1069-8 lbs. ; a nanlt pieciiel; the suns u that 
obt«ined 1^ calculation. 

If Aoi* lepreBented. bj p, ca "hj j, ca hj p, and if f is the limiting 
kogls of reaiBtanes between the axis and its bearing, we tball hara 
en. pain f , and therefore tM^p—p sin # and oo^j + p sin ^, whence 
genaiallj 

P (J.-P wn f)-w(7+p sin *) 
la fntnie p will be used to denote the radius of any axle that may be Dsdai 
coDsidetadon. 

£r. 40S.— [n the last example determine the Talne of f which will jnat 
' present the beam &om filling when no angnent is used. Am. 9365 Iba. 

£r. iOT. — Determineths magnitudeandpositjon of Ihe resultant pressure 
in fib. iOS if we sappoes F~10SO lbs.; and determine tlie magnitude of 
the ftn^e its diiediM makee with the normal to the point of its applicatim. 
Jw. (J) 1*20 lbs. (2)oi=.ilin. (3)caB-y 13' 47". 

Ex. MB. — Then is a beam of oak a. b whose length ia 30 fL, depth 2 ft, 
and thickness 1 ft. ; at right angles to its bee passes an aile of wrought iron 
thepHTtof which within the beam is Sin. aquare, the projecting part on oach 
Bide is S ID. in diameter and S in. long (so that its totul length ia 2 it,), its 
axis ia aitoaled 10 ft. &om the end x, at which end ie exerted a force of 
GOOO lbs, ; find the force at B which wilt just keep tbe beam from taming 
and the amoimt to which that force must be increased if it is on the point . 
of OTercoming the force at A ; the axle rests on an oaken bearing migreaaed. 
Am. (1) 1560 Iba, (2) 1700 lbs. 

Ex. 409. — If a string were wrapped round the grindstone described in 
Ex. 16, determine the greatest weight that coal<1 be tied to the end of 
the string withoDt cansing motion, supposing the bearing to be of east iron 
well greased. Jnt.- 4-8 lbs. 

Ex. 410. — If F and q are two parallel forces acting in contrary directions 
and keeping a body in equilibrium, and if F, the one more remote &om the 
ule, is on the point of causing motion, show that 

F(p + pain ♦■)-a(j + pBint) 

[If we gradnally increase f while a coniJnoeB constant, it is ^«n that 
their resultant will be made to act at ■ coalinnally increasing djatance 
frbm a. Consequently, in the case supposed in the qnestien, the resultant 
acts along » line aa remote from q as is consistent with equilibiiom.] 

87. Wheel avd axle, jmlleye. — The wheel and axle and 
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the pulley are familiar examples of bodies capable of mov- 
ing round a fixed axle ; they may be suflSeiently described 
as follows : — 

(1) The whed and axle. — Let a b represent a cylinder 
of wood or some other material called the axle, to the 
end of which ia firmly fixed a 
cylinder of a large diameter E c 
called the wheel ; they rest on a 
pair of bearings by means of 
small cylindrical axis, one end 
which is D, the geometrical axes j 
of all these cylinders being coin- 
cident ; ropes are wrapped in op- 
posite directions round the wheel 
and axle respectively, to the ends Ji i 
of which weights P and Q are at- £\' 
tached; if p is bo large as to descend, it will do so bytum- 
ing the machine ; this will wind up q'b rope, and thereby 
cause that weight to ascend. It is usual to describe the 
wheel and axle in the above form, in order to give definite- 
ness to the calculation ; in practice, however, a winch com- 
monly supplies the place of the wheel. 

(2) The puUetf is simply a "°' ^•»- 
thin cylinder with a groove cut 
in its circumference, on which i 
a rope can rest: the cylinder 
is capable of turning round an 
axis, which is supported by a 
piece called a block ; this well- 
known machine is represented 
in the accompanying diagram. 
When several pulleys are com ined into 8 smgle machine, 
they constitute what is called a system of pulleys ; the 
system most commonly used is called the block and 
tackle; it consists of two blocks containing pulleys 
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(under these circumstances called sheaves) which are 

either equal in number, or else the upper block containd 

one more sheave than the lower ; the upper block is fixed, 

na.u& while the lower car-^ fio. m. 

riea the weight; one ^ \ 

\ end of the rope by 
, which the weight is 

raised is fastened to 

one of the blocks, and 

passes in successioa 

round each of the 

sheaves, as represented 

in &g. 110; but it 

must be added that 

the sheaves in each 

block are commonly 

made equal, and ar- 
ranged one behind 

the other on a com- 
mon axis. Another 

system of puUeys, 
^ called the Barton, is 
sometimes employed ; it consists 
of one filed and any number of movable pulleys ; to the 
block containing each movable pulley is fastened a rope, 
which after passing under the next pulley (tbereby sup- 
porting it) is fastened to a fixed beam. The last of these 
pulleys carries the weight to be raised ; the rope which 
carries the first movable pulley pasBes over the fixed 
pulley ; on shortening this rope the pulleys, and with 
them the weight, are raised ; the arrangement is shown 
in fig. Ill ; it rarely happens that more than one movable 
pulley is employed. 

It is to be observed that the rigidity of the cords, i.e. 
their want of perfect flexibility, plays an important part 
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in calculatioQB concerning the meelianical power of the wheel 
and axle, and of the pulley ; we will therefore proceed to 
explain the method of taking that resistance into account. 
88. Rigidity of ropes. — Let ABC represent a drum or 
pulley, movable about an aris c, and let a rope A B D pass 
over it, to whose ends are 
a^hed forces p and Q re- 
spectively, the friction of the 
rope being sufficient to pre- 
vent sliding ; if one of the 
forces p overcome the other 
0, it must do so by causing 
the drum to revolve, thereby , 
winding on the rope ABD./, 
Now the portion A B being 
circular, and b d being straight, the rope must be bent at 
the point B, and the rope not being perfectly flexible will 
ofier a resistance to being thus bent, and a certain portion 
of the force P will be expended in overcoming the re- 
sistance. It is found that this ' rigidity ' of the rope can 
be taken account of by supposing Q to act along the axis 
of the rope, i.e. at a distance from c equal to ^ of the sum 
of the diameters of the rope and drum, and then increas- 
ing Q by a certain force ; it is found by experiment that 
this additional force consists of a ptat depending only on 
the rope, and another part proportional to Q ; it is also 
found that, when other circumstances are the same, this 
additional force is greater as the curvature of the axis 
of the rope is greater, and therefore it can be correctly 
represented by the formula 

A + BQ 

K 

where a and b are constants to be determined by experi- 
ment, and R is the effective radius of the drum, i.e halt 
the sum of the diameters of rope and drum. 
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The principal experiments on the rigidity of ropes are 
due to M. Coulomb," whose results have been discussed by 
various writers. M. Morin considers that M. Coulomb's 
experiments are sufficient for the construction of empirical 
formulie only in the cases of new dry ropes and of tarred 
ropes : from a discussion of the experiments t he obtains 
values of a and b which, after reduction, give the follow- 
ing values of the above formula : — 

(1) For new dry ropes, the resistance due to rigidity 
in lbs. equals 

?{- 

(2) For tarred ropes, the resistance due to rigidity in 
lbs. equals 



0-062994 + 0-253868c» 4 0-034910Q 



?{»■ 



■222380 + 0-185525c»+0-028917q \ 



where Q is estimat«d in lbs., c is the circumference of the 
rope in inches, and R the effective radius of the drum or 
pulley in inches. From these formulas the following 
table has been calculated : — 



Tablb XIII. 
RIGIDITr OF ROPEa, 



•IS- 




HBwDryBopffl 


TuT»lBop« { 




A 


B 


i. 


B 


16 in. 

034 
0-32 
0-10 

0*8 

0-fl* 

0-72 
0'80 


1 in. 
1-5 

2a 

3-6 
4-5 


osa 

1-43 
4-31 

1031 
21 13 
38-87 
SS-UO 
ioa-88 
160-23 


o-03teio 

O-078S43 
0-139S40 
0-218183 
0-3141B0 
0-427643 
0-568060 
0706723 
0-8727SO 


0-41 

3-86 
8 64 
17-03 
SO- 56 
61-05 
80-08 
121-50 


0028917 
0-066068 
0-115668 
0-18O7aL 
0-260258'^ 
0-3S4338 
0-462672 
0585569 
0-722925 



* An ftbBtract of CouloroVa Memoirs ia given in Toniig'B Xai. PUl. 
vol. ii. p. 171. 

t NotUmi FaadamataUt, pp. 316-332 
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•Ride. — Multiply S by Q in lbs., add the product to j, 
divide this sum by the effective radius of the drum or 
pulley in inches, the quotient is the resistance in lbs. 

If the resistance added to q give q', the relation between 
P and Q will be the same as that which obtmns between 
p and Q', acting by means of a perfectly flexible thread on 
a drum or pulley whose radius equals the effective radius. 

It is to be remarked, that the resistance due to rigidity 
is only called into play when the rope is wound on to a 
drum ; there is no resistance when the rope is wound off. 

For example : If the diameter of a pulley is 11 in. and 
a new dry rope 3 in. in circumference is used to lift a 
weight of 500 lbs., we have the effective radius of pulley 
5-98 or 6 in., and hence 

A + BQ _ 21-13 + 0-31419x500 _gQ ^^^^ 
R 6 

so that we may consider that a weight of 530 lbs. has to 
be raised by means of a perfectly flexible string over a 
pulley 6 in. in radius. 

' of th* 



Ex. ^\ 1. — ro Jeceimine the relation between p and a 
irhBBl and axle. 

In the annexed flgnre, let c 1>, 
the ndine of the vheal, be repre- 
sented bj p; CB. thenidinsof the 
axle, hj q; CD, the radini of the 
axis, b^ p ; the power p and the 
weight q act rerticallj at A and 
B, and the weight of the machiae 
w MtsTorticalljtiiroiighc. If p 
is on the point of preponderatipg 
over a, make wen equal to p (the 
limiting angle of reaiBlance be- 
tween the axis and the bearing), 
then the raaetioo of the bearing 
will act verticalljnpwatd through 
D ; and if lis direction cnu the 



lU. 




Bin», 



e have from the priniHple of momenta 
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f BO f,Qmt[oniu — p^p ^ f , ind i*b— j + p Bin f\ also if Tre 
I uconnt tha rigiditj of the fopa, the e(&etiT« nla« of « if 



Hanw the nqnind relatioD between r and a ■■ 

P(p-fiiii ♦)- (a+ iiS) (j + )» Bin ♦) + !»,. Bin ♦ 

If M Mwnnt be IaIuii of the rigidity of the rope, the relatiiHi between r 
uida wilt be 

r(p-f ■•» ♦)-a(l + ^ ri" ♦) + '? «n f 

Si. 412. — A wfaeel and tale weigh 1 cwt, the radius of the wheel Is 
2 fL, of the exU 6 in., the radius of the Bii> ie 1 in., it is of wrought iron, 
and reati in a bearing of nut iron well greaeed ; if a equals 1000 Ibe. And 
them^nitndeof p(l) whenitwiUjnat support. (2) when it is on the point 
of raising Q — the rope hung considered perfeccl; fieiihlB. 

Am. (1) 241'g Ibe. (2) 2fi6-7 lbs. 

Ex. 413. — In the last example, if a is mpported bj a new dry rope S in. 
in ciicnmfenuce, determine the Talae of p when on the point of reisiDg q. 
.Jru. 290 lbs. 

{The increase of the radius of the axle dne to the thickness ot the n^ 
nnst not be oreriooked.] 

Er. 414. — If r and q aro two parallel forces, and p ia on the point of 
dnwing np a orer a pnllej whose effective radius is r, and weight w, show 
that 

B{r— ^ sinf)-Q(r-(-psinf) +wpsin f 

wliete the positire ngn is used if p end a act downward, and the nsgatjp« 
sign if they act upward; and that when the rigidity of the rc^ is taken into 
account the formnla becomes 

l.(r-psin«-«(l +y{r + ,siurt + ^(r + piint)±w,si»f 

[The proof of the abore fomnhe exactly resembles that giren in Ex. 
411, except that c a andcB areeqaal.] 

89. Remari: — It appears &om tbe formula of .ffir.414 
that the part of p expended on the frictioQ caused by the 
weight of the pulley is small, since it is represented by 
Wp sin ^ in which w is commonly small compared with 
p and Q, and p sin ^ is always small compared with r j 
now if we omit the hist term the formula will be the same 
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.Letter P and »t verticaUj npwaid or veiticaUj down- 
ward, and can be written : 

p=aQ+6 
where a md 6 are written inrtead of the eomplieat^d 



BortoD coDsist- 



I 

o 



1 



In the toUowins qnestion. . and t will have the.e 
valnes, and it will be understood in every qnestion r^ 
lating to combination, of pulleys that the ef^'.-f *» 
weight of the puUej on the frietion of the aJe .. neg- 
lecSd ; it must al.o be ,.member«i that (.his is not the 
same thing as neglecting the weight entirely. 

Ex 418.— M P ia on the point of Htting a bj i 
ing of oua to»i and ooe morabU puU.y, « »ho^ 
in the onneied flgute, deterniiiM the relation be- 
tween P and 0- . I .u 
[Let T, and i, represent the tensions of the 
portions of the rope against which they ate 
■ written; then i-ince the rope i» the wme and 
tha pullejs lite one another, we shall hare ;— 
since p U on the point of oteicoraiug T,, and T, 
on the point of overcoming T„ and both t, and 
T, t«gBtber lift 0. 



Therefore (l + als-«'a+ a + 2«>M 

Ei 417.— Ifthepullejsandropesareofthe 
kind specified in Er. 41 6, and if the whoU weight 
lifted is 1000 lbs., determine p; also determino 
p mipposing thatsll paasiTe resifltani^ are neg- 
lect^ ^W. (1) SflO lbs. (2)600lb«. 

[The weight of 1000 lbs. of coorae indndai 
the weight of the lower block.] 



,g]c 
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Ei. 4I8.~If au nUed b; meaoi of a block and tackle eftch contaiiiiiig 
» lingle gh<«Te,«liov th>t the aune relation eiisls betveen r and o as tb;it 
.jjveB in Ex. •lie. 

Ex. 419. — IfFUoiitliapoiatofraJniigaby meaniof abloekuidtaekle 
coDCaiaing in ftll H equal iheareii— tha porU of tha raps being all patttUel — 
Sod tlie relBtion bel ween r aod Q. 

[Sea llg. 110. il t„t^lt, . . . ta*xa the tenmoni of the snoiwasiTB 
jnrtioni of the rope, *e ahall have 

■ I 

sod t, + f,+t,+„.+^oa 

whene*, eli min atiiig t„ lnt^...tn,yn obtain 

0--1 a'-l a-l-* 
£r. 430. — Shov from the iinrnnla in the last eiample, and also &om 
first priDeiples, that nhen the paaeiTe Tesiatancas an neglected itf = ct. 

Ex. 421. — There U a block and tackle conaiating of six eheaTee each 3 
in. io radius, whoen azlea are \ in. in radioa. and are of nngrenaed vrougbt 
iron turning on cut iron ; the npa oaed ie nntarred and ie 4 in. in circnm- 
fereace, the totalweight raised (i.e. the maw and lower block) is 1000 Iba. ; 
find the force required (1) Uking into sccoont the paesive reeiBtaacea, (3) 
neglecting them. J,a. (1) 390 Iba. (2) lfl6| lbs. 

'"^ "*- Ex. 432. — When the pnllejs are 

amnged ae in the annexed disgnm ne. lie 
(%. 1 1 6) shoT Chat the relation be- ,_ 

tweeu F and <t ia given by the follow-^ 
ing fbrmula : 

p(I -l-a + aii,)-.!!^, Q-t-i (1 4-a 

+ 2oo,) + aJ,(l+o) 

where a. b refer to the smaller pnl- 

leja and a,, b, to the lai^ pnllej. 

Ex. 423. — If a pair of similar 
pnlleja ia arranged as ebovn in the 
annexed diagram (fig. 1 16), There A 
and B rppreeent immamble beams, 
thowthat {Z 

where ts is the weight of the movable pnllej. 




.rjhyGooj^le 




OAPSTAN. 

Ze. 42i. — Id the laat ezampls lappoae uek [nllejV _ 
dcKiibed in £c. 421, and the movable pnlle; with it 
60 11». ; the tope being dij and 4 in, in eircimJbrenctt, find ll 
qnitsd to raise a weight a of 1000 Ibe. aod detennine the corraaponding 
TbIds <d F when the paasiTe reaiatanceB are nBglectad. 

Att*. ( I ) 668 Iba. (3) 47S Ibfc 
Ex. 426.— If two equal pnlleja are einploj*d to raise a Fin. 11 T. 
freight a in the manner indicated in fig. 117, ahow that ^ 

(2a + l)p = a'a + i(2o + l)-<n» 
and determine p when a weighs 1000 lbs., the pnlleja and 
ropea' being the earns as in Ex. 424 ; and when paisiTS le- 
Binaocea i.re neglected. An». (1) 433 Iba. (2) 317 Ihs. 
Ex. 426.— Id the case of a tackle with tbree equal aheaves 
. Bhow that the ibroe r which will jual Bnpport a weight a ia 
giTen bj the formula 

(a-l)a 8ft i 

^" a(a'-l) a(a>-l)~a-l 
and ahow that when the pasaiTe leaiatancee are neglected 
the equation reducea bi Sf^O. 

90. The capstan. — This machine in one of ita & 
est forms consists of a cylindrical mass of wood, c D, along 
the axis of which is f™. iis. 

cut a cylindrical aper- 
ture, which recHives 
an axis a b (commonly 
of metal) on the top 
of which it rests 
the npper part of the 
capstan holes are cut, 
into which are in- 
serted arms, such as £ f, by meang of which the capstan 
is tunied, thereby winding up the rope Q H which carries 
the weight. 

Ex. 427. — A cHpatan ia turned bj two equnl paTallel fbrcea v acting in 
oppoeite directions at eqnal diatanoea a from the grometrical aiia of the 
fignre. which ate on the point of OTeicoming a foive a ; let & be the rndina 
of the cylinder round which the rope ia wrapped, r the radius of the metal 
axle, />! the eoeffident of friction between the top of the axle and the ca[» 
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■tan, and fi oi tan f that bet\rMn tlie nde of the axle dud tha capstan ; 
■bov th&t when the fiietion on tiw top of the axle is negleet«d 

jM-(i + rrin#)(«+i^) 
■nd wbM) ths fiielioa on tli« top of the fuda is t&ken into aceooni 

2« = (l + r«nt)(8+ ^^)+|V,* 
vhsra w is th« veiglit of the capHsn. 

[Fm Mction on tup of axle, tee Art. 83.] 

91. HqwUibrium of two forces acdng in given, direc- 
tions on a body eapoMe of turning round an cude. — Let 
F and Q be the forces whoBe directions intersect in a, and 
let P be on the point of pre- 
ponderance ; let be the 
centre and p the radius of 
the asle, and ^ the limiting 
angle of reriHtaiice between 
the asle and the bearing ; 
with centre O, and radius 
\^ f) sin ^ describe a circle ; and 
'* within the angle cap draw 
the hne A H touching that 
circle (Eucl. 17-3), join MO, 
then the angle A M o equals »ft, and if f and q are such that 
their resultant acts along a M, P will be on the point df 
preponderating over Q, i.e. P will be on the point making 
the body turn round its axle. 

Draw O H, o K at right angles to a p and a q respectively, 
join HK, denote oflbyp, OKbjj, HKbyL,PAobyo,QAO 
by (8, and m a o by ft 

Ex. 4S8.— Id the above raae fhow thst 

p (p cos e--p Bin * COB a)-o{s cofl 9 + p sin * cos 3) 
Ex. 439, — Show that the following fonnuU p»*B a close approiimatioa 
to the leUtion between r and a whan p is Ter? nmch greater than p rin f 
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[OlHerring that i h o k is a qiiadHlBt«raI, about which a circle caa be 
described, it is plaia thai oasimfi tmil OKB = a, eoasajaentlj t.=peoa 

£e. 430.^A weighty hBDgB Iram oae end of a rope, which after pauing 
OTsr a pulley (whose weight is oeglecte'l) takes a horizoDtal directioD ; it ia 
DOW aapporied by n equal pulleys, placed at equal distaucea apart ; show 
that the force f applied Ki the.aCher end of the rope, which is on the poiot 
of liftiog a, is giTen approximately by the formula 

where r, f, ^ belong to the first pulley, r', f', ^ to the remaining % pnlleys, 
v is the weight of aitt of the s pulleye, and id the weight qf the lope which 
rests upon them. 

92. The two-wheeled carriage. — In this case we may 
consider that the weight of the carriage ia equally die- 
tributed upon each wheel. 7ia.i3i>. 

Now it will be observed that ^ 
at each instant the wheel is 
lifted over a small obstacle 
a; then if o is the centre 
of the axle, and B the point 
of contact with the road, the 
angle a b must have a cer- 
tain magnitude, which we 
will denote by the letter 7. 
We will also denote the in- 
uunation of the road by a, 
and the angle between the direction of the traction and 
the road by 0. Then the forces concerned are, the trac- 
tion T, the weight w, and the reaction R, of the point a, 
which, when t is on the point of moving w, mast cut the 
circumference of the axle in a point D, such that o D R = ^ ; 
then if we denote the angle o a R by fl, the relation between 
T and w will be easily obtained by the triangle of forces, 

Ex. 431. — When the wheel, asabovesiplaiDedilaou the point of moving^ 
■how that 
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£r. 432.— If A ia the Ungth oftllesMAB, randpclie radii of tha wheel 
ftiid axle napactJTelj, and if tha road u)d the direetioD of tnction &re hori- 
■oatel, «hov that 

rr - w (i + p *) very neatlj. 

Bemark. — It qipaan from the eipsrimsnts of Gecenl Morin that th« 
tisotion ia aaiwitdj proportioaal to the veiglit directlj and tbs radiuaof the 
wheel inversely, whan the nwds ore pnved or hard iDfu»damiBed, and both 
the road and directian of tiaction are horiiontsl ; * DOnaeqnenllj it appears 
that fbr mch roads, under tha einmmstaiicee aaaignsd in Ex. i3i. tha trac- 
tion, as fonnd bj eiperiment, eqnala — , where t ia a constant qoaataty ; 

butfVom the example it appears that t^k + p^, and hence the len^h of 
the aro a mnst bs Teiy nnarl j the same for the same road whaCersT be the 
radios of the wheeL 

* Morin, Xotiant Fondammtattt, p. 353. The aceonot of the carriage 
wheel given in the text ia taken trom Mr. Moseley'B Ittehatriml Frneipttr 
1^ Etigmeeritig, pp. S9S. S, 7. The general resnlCfi of M. lUorin's experi- 
ments will be found in the Appendix to Mr. Moeelej'a work. The reader 
will Bnd a great deal of condensed information on the sulject of carriasa 
vheela in Dt. Young's Aatitnil PMotaoiy, Lecture IS. 
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CHAPTER Vin. 



THE STABrLITT OP WALLS. 



The general principles which regulate the relations that 
exist between the dimensions of a wall and the pressure 
it can euetain on its sununit have been already discussed 
CArts. 42, 43) ; in the present chapter we shall extend 
the application of the same principles to a few other cases. 
Several questions intimately connected with the subject of 
the present chapter are not discussed, as being too difBcnlt 
for a purely elementary work — such are the conditions of 
the equilibrium of arches, vaults, domes, the more compli- 
cated forms of roofs, &c. 

93. The line of re»iata7ice. — Let a b l m represent any 
structure divided into horizontal courses by the lines C n, 
EP,GH... .and let it be subjected fk>. m. 

to the action of any pressure P 
along the line Pa ; produce pa to 
meet CD in a' ; if themassABCD 
were without weight the pressure 
on C D would act on the point of ; 
but the total pressure on- CD is 
the resultant (R^) of p and the 
weight of A B C D ; the direction of 
this resultant mustcut cnatsome 
determinate point between a' and 
D, say at 6, and let the direction 
of s, be 66' ; now the total pres- 
sure on E F will be the resultant 
(Bj) of Rj, and the weight of c n f E, which will out B f at 
a determinate point c, between b' and f; in the same 
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toanner, the pressure on the joint g b wiU act through a 
determinate point d, and on l M through a point & Nor 
if wejoin the poiDtsa,!!, c, <2 ... ire shall obtain a poly- 
gonal line which cuts each joint in the point through 
which the direction of the resultant presaure on that joint 
pauses; and if, further, we suppose the number of joints to 
be indefinitely great, the polygonal line will become a ciirved 
line, which is then called the line of resistance. It will 
be remarked that the directions of the resultants do not 

coincide with the aides of the polygon ab,bc, 

and therefore the hue of resistance determines only the 
point at which the pressure on each joint acts, not the 
direction of the pressure at that point. 

The line of resistance can be determined without much 
difficulty in a large number of cases : when this has been 
done, the conditioii of equilibrium — so far as the tendency 
of the structiure to turn round any of its joints is concerned 
— is that this line cut each joint at a point within the 
structure ; and, of course, the stability of a structure about 
any joint will be greater or leas according as the intersec- 
tion of the line of resistance with the joint is at a greater 
or less distance within the surface to which it is nearest. 

It is plain that since the resultant of the pressures that 
act on a wall passes through the point of intersection of the 
line of resistance within its base, the algebraical sum of the 
moments of the pressures acting on the wall taken with 
respect to that point must equal zero. It may also be re- 
marked that, in the case of most walls of ordinary shapes, 
the line of resistance continually approaches the extrados 
or outward surface ; and hence, if the wall possess a cer- 
tain degree of stability with reference to its lowest joint, 
it will possess a greater degree of stability with reference 
to any higher joint. Most of the following questions can, 
accordingly, be solved without the actual determination 
of the line of resistance. 



EQUILIBRIUM OF WALLS. 1 

Er. 433.— A vaII of Portland stone 30 ft. high and 2 ft. thick hsi 
anat^n on each tbot of its length a preunre 
equal to tbe weight of 3 cubic it. of thcBtoDe 
sciinfc in & direction inclined to the Terticol 
at an angle of ib°. Find the point of a 
bracket to which this farce moet be applied 
that the line of renetance may cnt the base 
6 in. vithia the eztrados. 

[Let the annexed figure repreaent a. sec- 
tion of the vail ; 1st the force act along the 
line X m, and let a x equal x ; take b o equal 
to 6 in.; then the condition of eqnilibriom is 
that the moments of the force and of the 
veight of the Tall ronnd a be equal. Drav 
O N perpendiculai to x K ; it can be easil j 
shovD that 




Whence we obtUQ, 



-/a 



( 3-60 x^ 
c- 14-30 ft. 



It maybe remaikedtliattliedetermiiiatioDof aperpendicnluregemhling 
a N occurs in many of the Mloving qneatioiu. It may also be added that 
it is BometimeE convenient to rsBolve the preesnce into its honzontBl and 
Tertical components at x and obtain the moment of each.] 

J!t. 434. — Determine the point of application of the pressure in the last 
Biticle if the line of resistance cut tlie base 3 in. within the extradoB. 

A«l. V04 ft. 

Ex. 4S5.— A roof, whose average weight is 20 lbs. per square foot, is 
40 ft in span and has a pi(«h of 30°. i.e. the rafters make an angle of 30'^ 
with the horizon ; the walls of the bnildiog are of brickwork, and are SO ft. 
high and 2 It. thick ; thej are supported by triangular buttresses reaching 
to the top of the wall ; the buttresses are 2 it. vide, and 20 ft. apart from 
centre to centre. Determine their thicknese at the bottom that the line of 
resistance may &11 6 in. within their eitrados : determine also the answer 
(hat results from neglecting the weight of the buttress. 

^™,(1) 11675 ft. (2)M7S4ft. 

Ex. 436. — A roof weighing 20 lbs. per squnre foot has a pitch of 60° ; 
the distancebetweenthewalls that support it is 30 ft; they are of Portland 
■tone and ore 2} ft. thick ; the pressure of the roof being received on tlie 
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imwT fige of the tammit, what is the extreme height to wlueh the iralla 
em be bniltf jbt$. The walls can be carried to anj height vhaterer. 

£r. 437.— If Oie vMght of each squire foot of a roof is 16 lbs., its pittJi 
224°, atid the laogth of the nfUrs 30 ft., determine— (I) the thrust along 
the rafters, anppoeing iLem to be 4 ft. apart ; (2) the tension of the tie- 
beam if one is intiodaced ; (3) the ma^itode aod direction of the piessnTa 
on each Ibot of the Icn)^ of the vaU'plata,* if there is no tie-beam ; (1) 
the tbiekness of the vuU, which is of brickwork and 20 ft. high, when the 
line of rasiMaoee cuts the base 2 in. within the eztndoa, the presanre of the 
roof being received on the inner edge of the Bnmmit ; (5) Che distaaf e ttoA 
the axis of the vail at which the pressnre of the roof most act if the line 
of resistance cuts the base of the wall 3 in. within the eztrado*. 

.tot. (1) 2352 lbs. (2)21731U. (3) 70S Ibe. at an angU of 
50° 21' 40" to tie vertical. (4) 3 ft (S) 2-7 ft. 

Ei. 438.— If w Ib the weight supported by each rafter of an isosceles 



loof whose pitch is a, show that the thrust on each rafter i 
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94. The pre88v/re produced agaijist a waU by water. 
— ^The following construction can be easily proved from 
Pia. u». the principles of hydioste- 

tics. ]jet A B represent a 
- section of the nail made 
by a vertical plane, CD 
the surface of the water ; 
draw the vertical line B e; 
draw B F, at right angles 
' to AB and equal to BE; 
join CF; then the pres- 
sure on any length of the 
" wall will equal the weight 

of a prism of water whose base is cbf and height the 
length of the wall ; or, in other words, the pressure on each 
foot cf the length of the wall will be the weight of as many 
cubic feet of water as the triangle B C F contains square 

■ The wall-plate ia the beam on which the feet of the mfters rest : its 
office is to distribute the pressure aloag the wall. 

'■-■ .Cookie 
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feet ; this presanre will act perpendicularly to the fece of 
the wall through a point p, where B F = J B C. 

Ex. 439. — There is a vail supporting the prennre of Tatar againii its 
vertical fiue ; determine tbe preeenre produced by the water on each foot of 
ite length vhen 20 It. of ita height are covered. Jiu. 12,S00 lbs. 

Ex. 440. — la the last Cass determine tbe pressDje on the lower 10 ft. of 
the «all. Jm. S376 lbs. 

Ex. 441. — An embankment of brickwork has a section whose form is a 
right^Dgled triangle ABC; the base bo U 6 ft. long; the height ab ia 
14 ft. ; will the embankment be ovarthrown when the wator reaches to the 
top, if A B is the face which receives the preBsnre ? 

Am. Yea : the excess of the moment of pressure of water is 97S7. 

Ex. 442. — In the. last case will the embankment be OTarthrown if a c is 
the face whidi receives the preemre 7 

Jm. Yes; eiccaa of moment of pt«ssnre of water S676- 

Er. 443. — In Ex, 441 what horironlal presanre appliedat a wonld'keep 
the embankment stead; ? JtlS. S98 lbs. 

Ex. 444._If the section of a tivar wall of biickwork have the fbrm 
shown in the accompanTing diagram, in which A B 
= 6 ft., iic<=lS fL, and BCeqoale 50 ft.; b c heisg 
Tertical, and the angles b and c right angles, find 
tbe height to which the water most rise against b c 
to ovettom it. Jbit. 37-2 fL 

Ex. 445.— If in the last example the dimensions 
ivereBC equal to 30 ft., ABeqnaltoait,, andnceqnal 
to ID ft., wonld the wall be ovsithrown if the water 
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-. Yes. 




Ex. 44S.— There is the cofferdam sustainiiig the 
preosoreof 26 ft. of water, snpported by props 20 ft. long, 
20 ft. apart, one end of each is placed ^rds below the 
surface of the water and the other end an the groond ; determiBe the throat 
on each prop. .<<iu. 468,800 lbs. 

Ex. 447.— If the section of an embankment of brickwork were of tbe 
£>rra shown in fig. 124, and the dimensions were a b eqnalto 4 fL, n c equal 
to 12 fL, and BC eqoal to 24 fL, would it support the water when it rises to 
tha lopandpiasseson tbefitcfl AD? 

Jm. Yea; excess (^moment of weight c^ wall GI84. 

Ex. 448. — If (be coefieieot of friction between tbe courses of brickwoA 
in tha last example be 0-76, will the wall slide on its lowest section ? 

Jm. So I defect of horizontal pressure 2628 Ibt. 

Ex. 449.— In Sr. 449 what vertical pressure must b; some menns be 
supplied that equilibrium maj be possible ? Am. 208,100 lbs. 
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Ei. 450.— 'Thwcii ft rim wall of Abttdeoi gntniU 15 ft. bigh aai 
DiTing a raoUngolar Motion ; tlie waMr comei to the distanc* of one Svki 
tram the top of ths *all ; Bod iU thicknsa* when the line of naiBtsuce cnta 
tha bwe 6 in. within the eiUados. Am. 6'3t ft. 

&. 461. — In thelasteiampleif tbsv&llhadaBHtionof thefbrartom 
in fl(. 131, vhara AB i» 1 it. loiif^ theTsitical faceof the wall being towaids 
the water ; detcrmiDe the widtll at (he bottom when the line of renBttuiee 
taXa the basa 6 in. wltbia die eitntdco. If the walla in this example and 
the last are 200 fU long, determine the solid contoita of eadi. 

Ant. (I ) A'BS ft (2) 10,290 and 16,020 cnb. ft. 

Be. 452. — In each of the last exaoiples determine the distaoEe fiom the 
Mttiados of llie point M which the line of raHislance tmta a horizontal joint 
8 ft. below the niT&oe of the water. Am. {i) 1-98 ft. (2) 1*TG ft. 

[Ths point will, of oonrsc^ b« that roond whinh the moment of the -weight 
af the isenmbent portion of the wall eqnaU the moment of the prsasnTe of 
the water on the si^t feet.] 

£lr. 153. — A river wall wboee tection is a Tigtt-aogled triangle jmt 
iupporta the preamre of wnter when iu gnrface ia m a level with the top of 
tba wall ; show that the thickneea of the baa* 
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-height K /_2. 
V 2a, 
where te is tha weight of a cnbic foot of water, and w, that of a cnbie fbtit 
of tlie material of the wall. And show from hence that in the former caae 
Uie thidmeH of the base n greater or less than in the latter accoiding ai 
tha specific gisvi? of the wail is greater (» lees than 2. 

Ex. iSi. — A wall of brickwork ia to be built mood a leserroir 20 fL 
deep ; its slope is inward ; it is 1 ft. thick at top ; what mnst be its thick- 
Desi at the bottom, that when the reaerroir ia full, the line of reeiHlaDca 
may cat the base S in. within the eitrados ? Am. 1074 ft. 

Ex. 455.— The wall of a reservair Ml to the biim is of brickwork and 
is 20 ft. high and 3 ft. thick; it iaanpported b; props at intervals of 6 ft. i 
the length of each ia 20 ft^, and ita inclination to the horiion 30° : determine 
the throat on each prap, ita wei^t bung negjeoCed. Ant, £4,632 lbs. 

Ex. 458. — In the last examine determine the thickness ot the wall that 
wonid jnat support the pressure of the water if the props were lanored. If 
the wall stand on its lowest section without the aid of cement, what most 
be tba coefficient of friction between the snr&cee ? 

Ant. (1) S'S ft. (2) 0-6iL 
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Er. 467.— AiefsiToir M dividadlKTa briekworkirall 12 ft. highiDd 2 ft. 
tiiick; the water on one sida of tjie wallU 10 ft. deep; wbatmnBt be the 
deplh OD the other side if the wall is just oFerthtown ? .i"». Ifr* tt. 

Ex, 468. — A cofibrdam Eostaitis the pressure of 26 A, of watar, kod it 
mpported at interrale of 10 ft, by props 
v B and c r ; given that b c and b d ore 
n9pectiTeI;4 fb, and 18 ft. and that di 
and c F are respectivelj 30 ft. and 18 ft.; 
find the thrust on each prop. And what 
must be the weigbt of the strate, and 
of 10 ft. of the length of the cofbrdam, 
that the whole be not OTerthrown ? 
The thit^nesa of die cofferdam and the 
adheaion at b are Co be neglected. 

JiU. (1) ThroBt on D ■ - 8B,020 lbs. ; 
OD ■0-144,100 lbs. (2) 84,600 Ibe. 




95. The •pressure of eartA,— Let a b represent a section 
of a vail supporting earth, whose Bur&ce is a c, it is re- 
qniredtodeterminethepressure produced no. li*. 

on A B by the earth. Now, it must be , 

remembered that two extreme cases may 
come under consideration : the first arises 
when the earth is thoroughly penetrated 
with water, in which case the pressure is 
the same as would result irom hydrostatic 
presBure ; the second arises when the co- 
hesion of the earth is so considerable that 
it would stand with its fece vertical even if the wall were 
removed. Dismissing these two extreme cases, let us sup- 
pose the wall A B removed, the following result will then 
ensue : the earth being iriable will weather and break 
away until its sur&ce has taken a slope B c, inclined to the 
horizon at an angle equal to the limiting angle of resist- 
ance ! when reduced to this state it will have no further 
tendency to break away, and, unless washed down by rain 
or removed by some other extrinsic cause, will remain 
permanently at rest at that slope, which is therefore called 
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its natural slope. Hence, in the case we are considering, 
the wall is required to give a certain degree of support to 
the wedge of eartJi A B C j this wedge is generally supported 
in some degree by the cohesion of its paxta with each 
other and with the earth below B C, so that the wall will be 
sufficiently strong if it will support the earth, on the sup- 
position that the cohesion is quite destroyed, unless (which 
is not contemplated) the earth should be saturated with 
water. The angle of the natural slope of fine dry sand is . 
alxiut 35° ; of dry loose shingle about 40° ; of commos 
earth, pulverised and dry, about 45°.* 

Propoaition 20. 

I/tvia the weight of a euHe foot of earth, and ^ ita 
natv/ral slope, the presaure produced on the vertical face 
of a retavni/ng ivaU by earth which does not rise above ita 
av/m/mit, and which has a horizontal surface, ie the same 
aa that produced by a fimd the weight of a euMc foot of 
which ia w 
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Let A B be the section of the wall, ba C of the earth ; 

take any portion ax equal to x of the wall, and suppose its 

length to be 1 foot; draw XT,making 

an angle with the horizon greater 

than 0; then the weight w of the 

wedge A X Y equals ^x' cotan $, 

and acts vertically through a point 

p, where x p= J x Y ; it is supported 

by the reaction e, of x y and by the 

reaction B of the wall: the latter 

reaction is equal and opposite to 

the pressure produced by the eaith on the wall, and its 

direction is perpendicular to ax ; also, since the aur&ce XY 

• See Mp. Moselej's Sttchanieal PriiKiiplM of Etu/inttruy, p. 441. 




PRESSUBE OF EARTH. 181 

will not exert a greater pressure than is just necessary to 
support A X Y, the direction of Rj must be inclined to the 
normal to x Y at an angle equal to <f) ; also, the directions 
of B and Ej must pass through the point P, in which w's 
direction cuts x y, so that hx will equal ^ of ax ; moreover, 
E : w:;aiuK,PW : BinKiPE::8in (O—'P) ■ coa (tf — ^) 
.■.E=wtan(5— 0)=^««c*cotan ^tan(^— ^) 
Now, according as has different values B will have differ- 
ent values, and if we determine the value of d for which 
R is greatest, the wall cannot be called on to supply a 
greater reaction, and this must therefore equal the pres- 
sure which A X actually sustains. But 
cot 5 tan (e-f)-'^ ^ ^^ {0-<l>)_sm (2g-^)-sin 
^ ^' sin cos {0—<l>) sin (2d— ^) + ein <f> 

_. _ 2 sin 

~ sin (20— if,) + ain4> 
which is manifestly greatest when the fractional part of the 
expression is least, i.e. when 28—^ equals -, so that the 

required value of is j+^, and, therefore, the required 

value of the pressure is 

j^^-cotod+f) to (J-*)=1».>1„.(!-|) 

acting through a point N which is below A by a distance 
equal to -§«; but this is the same as the pressure that 
would be produced by a fluid each cubic foot of which 

weighs w tan' [ 7— ?)• Therefore, &c. Q. E. D. 

£t. 450.— A mneg of eHrth the epecific graTiCy of which is If, irhose 
mrfoee is hoiizontnl. pr^^baeB ngaiast a revitemeat iral] whose top is oa the 
lerel of the gFOUnd and height 20 ft., the natural slope of the earth being 
45° ; determine the pressure ot the earth on each foot of the length of the 
W&ll. ■^)M. 364S lbs. 

£1. 460.— If the wall ID the last ezampU is of brickwoik »ud be» a. recb- 
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Jiu. 4-65 fL 



augaUr swtion, determine its (bickneu to enable it 
of the earth. 

Er. Ul.^rha vertical fooe of a rartteownt wall of briclwock soscains 
tjie premirs of 20 ft. of eartii, the surface of which is horixontal and i ft. 
below the SQmmit of the wall ; the thickness of the wall at top is 1 ft. : 
what mnst be its thickness at bottom if it just sustains tbe earth, the ape- 
ciBe gnri^ of the earth being 2 and ita naCaral slope 46° ? Also datec- 
Dune tba Ihicknea Hut wonld enable the wall to sostain the premue if the 
earth were tboronghlj permeated with water.* 

^w. (1)6-17 ft, (2) 86 ft. 

Er. 4S2. — If A piMmra F ii q>pliDd l^nst n wall supported on the op- 
pente mde bj earth with its nuface horizontal ; show that when f is on the 
point of caning the earth to yield, the resistance of the earth is the aanw 
as tbait of a fluid the weight of a cubic foot of which equals (weight of cnbia 
fbotof earth) X tan* /| + |y 

[The reaaooing in this case is atep bj ttep tile sania aa that' i^ren in 
Flop. 30, except that now the wedge of earth is on the pointofbmng forced 
HfS so that the direction of b, will be on Hie other side of the perpendicular 

Ex. 463. — A reserToir wall of brickwoA ia 4 ft, thick and 16 ft. aboTa 
the mr&ee of tbe ground; the foundations are IS ft. deep; the natural 
alope of the earth is 46" and it weighs 100 lbs. per cnbic fbot ; when the 
raaarvoir is full (eo that the watAr presses against the whole 30 ft. of wall) 
will the wall stand, snppoaing the adheeiou of the cement perfect ? 

Jmi. Yes ; excess of the moment of the greatest pressure that 
oonld support the wall omr that of the preaaui« of tlM 
water T3,4B0. 
*Ei. 404. — If ABO is a sectioa of a rectangular wall, p the presaare ap> 
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* It ia common fbr rerStement walla to 
snstuD a Borcharge of eatth, aa shown in 
the accompanjii^ diagram ; an investiga- 
tion of the presanre in this case will bft 
found in Ur. Uoselej's Mtehanieat iVm- 
eipUi of Enffinetring, p. 4S3. The fbllow- 
ing practical formula (Marin, Aid*-Jlti- 
moin, p. 417}gi<'Ba the thicknsas {x) of a 
rectangular wall for a given haght (a) of 
the revStement (a h) and a surcharge (f q) 
whose height is \, viz. 
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plied to ersTj foot af its length at ^ the inoer edge of its sonlmit ; detet- 
mine the equation to the line at resistoDce. 

[T^e any hamoQtal sactioa of the wallicH; l«t ait-x. bc-o, then 
the weight w of isn — a«TO, Trhere «i is the '"'■ I'*- 

'weightof a cnbii: foot of (he tsJI ; nov.iftbe 
direction ol the resultant eata u h in b, thie vill 
lie a point in the line of lenalaoce, and if n x 
™ y we ace to determine a relation between * 
and If. The relation in qneedon cao eaxil; be 



.(,-!)- 



jy 



,of 



where a is the inclination of f's direction to the 
TerticdL] 

*Ex, 465. — In the kit eiample show that 
the cnrre ia a hyperbola and determine its 

■Bjinptotea; and show that if the thickness of tbs wall equals ./LL2£_f 

it may be carried ta any height whatever with safely. 

*Ex. 468. — If the wall in Ex. 464 has to support the . presanre of earth 
or water reaching Co the top of the wall, show that the line of resistance is 
a parabola with its axis horizontal, and show that io the latter case its 
focufi is in the anmmit of the wall at a disbince from the intradoB equal to 
- ( 1 + — 1 . where w is the weigHt of a cubic fbot of masonry and t 

*£r. 467.~ABCD ie the section of a raserroir wall the vertjeal &oe 
of which (bc) is towards the water; the width of the top of the wall (ab) 
Ls a ; the inclination of A D to the vertical is 9, and e is the specific gravity 
of the wall ; abow that when the water reaches to the top of the wall the 
equation to the line of resistance ia— £ and y being meaeoced aa in Ex. 
464— 

i'(i4tan^)— 3iy tan 9+ 3a* tan 9— 6oy + 3a' = 

*Ex. 468.— Show that if the wall in the last example stand, whatever 
be the depth of the water whose pressure it sustains, then tan must , 

*Ex. 469. — Determine the equation to th> line of resistance in a nver 
wall of Aberdean granite, the thickness of which ia 1 ft., and which sm- 
taina the pcesBDte of Tater whose surface is on the level of the top of 
the walL Ant. i"-S3 (y-2V 

'Ex. 470.~ Determine from the equatitn in the last example the height 
nf the wall wheu the line of resistance iat irsects tha base at a distance of 
tin. within the extiados. , , .*»JVv^ft«(^,^ 
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OH THB DEFLECnON iND SOFTUBE OF BEAMS BT 
FOECES APPLIED TBAHSVERSELT.* 

96. Neutntl eurface and neutral Uae of a 6«MJt. — • 
If we oonaider a long beam of wood a d supported at ita 
pjg jjg_ two ends, the effect 

of ite weight will 
be to bend it into 
each a shape as that 
shown in the figare; 
it is evident that 
the nndei sorbce 
c D will snfTer extension, and the upper snrfex^ a b com- 
pression : so that there will be a section F Q interme- 
diate to the compressed and extended parts, which will 
undergo neither compression nor extension ; this surfece 
is called the neatraZ surface. Forces may act on the beam 
in such a manner that the whole of it is either compressed 
or extended ; in such a case the neutral euiJace will not 
have a real existence, but there will exist without the 
body an imaginary surface bearing the same relation to 
the compressions or extensions as that bcme by the 
actual neutral surface in other cases. 

In what follows we shall assume that the forces act in 
a plane containing the geometrical axis of the beam con- 
sidered as a prism and at right angles to the axis in its 
undeflected state ; that the cross section of the beam is 

* This chnpt^ mnnot be naA with advantage b; anj Bludeot vho baa 
not aome acqaaintaDM with tlis Integral Calculus. 
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Bymmetrical with regpeet to the plane containing the 
forces ; and that the de6ectioQ is bo email as not to change 
sensibly the momentB of the forcea. The plane in which 
the forces aet wiU cut the neutral sui£tce along a line 
called the neutral line. It irill appear in sequel that 
under these circumstancea the neutral line coincides with 
the axis of the beam, ' 

Before going further the student should make himself 
acquainted with the simpler cases of moments of inertia. 
They are given in Part II., Chap. V. 

97. The ben/Ung Tnoment. — Let a b be a unifonn rod 
held at rest by three forces P, Q, R acting at right angles 
to its length ; suppose the rod p^^^ jji 

to be so strong as to sustain > 

the action of these forces with- I* d b 

out being much bent, so that "i " ' o ' | 

the distances A c, B c are not t^ "if 

sensibly altered. We have to ' 

do with two sets of forcea — (a) the externa) forces T, Q, R ; 
(&) the internal forces due to the elasticity of the rod, 
which are called into play by its extension or compres- 
sion. The first question to be considered is : — What ia 
the tendency of the forces to break the rod at any 
aaaigned point D? Now (Art. 60) p may be replaced by 
an equal force acting in the eame ^^^ ,3,. 

direction at d, and a negative couple • 

A D . p ; the like ia true of the other ^^ 

forces. Consequently, ifwe suppose an s 1 7 

imaginary plane drawn across the rod * ^ * 

at D, as shown in fig. 132, where for ^q 

convenience the thickness is magni- ' 

fied, we have on the left of D E a force R— p, and a couple 
whose moment is — ad.p + cd.r; on the right of d e we 
have the force Q and a couple whose moment is £ d . q. 
It thus becomes plain: — First, that the forces tend to 
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cause AED and bed to slide in opposite directions alon^ 
D E, i.e. they produce a shearing atreas measured by either 
of the equal forces B— P or Q. Secondly, the forces tend 
to make the parts a e d and bed turn in opposite direc- 
tions, the measure of tliis tendency being the moment 
8D.QCV — AD. P+CD.R, which, however, have contrary 
fiigna. Either of these moments ia called the bendinjf 
moment at the point d. 

In the caaes to be considered in the present chapter 
the shearing stress can be put out of the question ; the 
bending moment alone comes under consideration. We 
may say, therefore, that the tendency of the forces to 
break the rod at any point (d) is measured by the sum of 
the momentfi takeai with respect to D of all the forces on 
one side of that point, whatever be the number of forces 
acting on the beam. 

Ex. 471.— In fig. 131 BQppose tbs lodto rest on twopointa imder Aond 
B, and let the force B be prodacrd by a freight w bong at c ; thsn if A B ia 
denoted b; a, and ac hj b, and Bob; x , the bending moment at D ia 
— . z, if the weight of the nd is neglected. If, howevei, o is between 

A and c, the bending moment i«t£Z_jL? (a—x), and ot o it is -i i— • 

Ex. 4TS. — If the weight of the R>d only is considered t^e bending 
moment is Juiot-' jtnr*. wham o denotes the wei^t of a nnit of the 
length of Ule rod. 

Ex. 473.— In Ex. 471 if the weight of the tod is taken into acconnt the 
beoding momeDt is 

(<?:^+i».)(.->)-i.(a-.)- 

according aa n is between b and c oi c and k. 

Ex. 474.— In the last example dthet formula giTas fbt the bending 
moment at c the ralne 

Ex. 47fi. — In Ex. 472 the value of the bending momeit is gnatMt at 
UiH middle point, and there equals Jwa*. 

^ i*!'-- 
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£r, 476.— InSc. 473U I >(+ — , the bendiog monnent vill be' 
greatest at a point betreea and the middle of the rod, and the gnat«ac 
ytlna will be ^ ( -^+ —1 ; but otherwise its greatest *slne ii at 0, »Dd 
b that giTen in Ex. 471. 

Ex. ill. — A n>d ia enppocted on many points oil od the same horicontal 
line, BO that the onlj toKev acting are vraghts and the vertical reactions of 
- the filed points ; let 1 and b be an; two consecntive fixed points, b to the 
right of a; let the distance ab he denoted bj ^i the load od A B (inelnding 
the weight of the red) par unit of length by «i ; aad let p be any point in 
A B at a diBtanoe x ttoia a. Show that the bending moment at p is 

There m is the bending moment at b, and a the mm of the forces acting at 
and to the right of b. 

[Let there he any nnmber of parallel forces, riz. b acting at b, and 
B,, Bp B, . . . . to the right of b at distances r„ r, r„ . . . . the ram of 
their moments with respect to B will be 

ii = r,B, + r,B, + r,E, + . . . . 

> i to the left of B the ram of their 



i. + (i + r.)B, + (i + r,)B, + (6+r,)B,+ 

-i{B + B,+E, + B,+ . . . .)+»(.] 

98. To obtain a (dear view of the reactions by which 
the rod resists the tendency of the forces to break it, let 
UB suppose it to be divided along ^^ .^ 

D E, and the connection to be 
re-estebhshed as shown in the f ^^^ 
figure by means of two small j 
pieces of an elastic materia df ' 
and E a whose imstretched lengths ' 
are equal. The couple acting on 
A D tends to turn it (as we hare already seen) in the same 
direction as that of the motion of the hands of a watch, 
and that acting on B F in the opposite direction, so that 
D F will be compressed and e q stretched. Consequently 
D F will react with equal forces (a and B,) against D and F 
tespectively, as shown in the figure ; while e g reacts with 



3_i 
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eqoal forces (r' and b',) against e and a respectively. 
The two forces b and b' form a couple with a positive 
moment, which balances the couple that tends to turn ade. 
In like manner the forces B, and b', form a coaple which 
balances the couple that tends to ttim B F a. Consequently, 
whether we consider the forces acting on ade or those 
acting on B F O, we obtain the relations 

e=b' and EX D E=the bending moment. 
Of course D f would be compressed and E a stretched to 
just the extent needed for calUng into play the forces B 
and b'. 

If now we suppose D E G F to be a portion of the beam 
included between two planes at right angles to its axis in 
its undeflected state, the only difference will be that the 
part D H s F above a cert^n line h k will be compressed, 
while the other part H E K will be stretched. The com- 
pression will increase gradually from H K to D F and the 
extension from H K to EG. Thus there will be a distri- 
buted force which gradually increases from H to D and 
acts in b's direction, and in like manner from E to E a dis- 
tributed force acting in the direction of E'. It is plain 
that the forces on d £ must reduce to a couple with a 
positive moment, and as it balances the external forces on 
A D B we must have the moment of this couple equal to 
the bending moment. The same conclusion would follow 
if we reasoned on the forces distributed along fq which 
must balance the couple acting on B F. 

Proposition 2\, 

If a oylmdfrical or pHematic bea/m kaaaorosa aeeHon 
symmetrical with respect to a plame contavnvng the aasist 
and is acted on by forces m thai pUme at right angles 
to the axis m its -undefiected state, the neutral line wiU 
voi/ncide with the axis of the beam (i.e, wiUpass throiigh 
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the centre of gravity of each cross section), amd the re- 
t^procal of its roditta of curvature at any pomt wiU 
equal (the beading 7iwment)-i-E a k', where b demotes the 
Tnodulus of dasticity and a k^ the momerU of inertm of 
the cross section taken with reference to am, axis passing 
through the centre of gravity at right angles to the pkme 
of symmetry in which the, forces act. 

Fig. 134correapoiid8 exactly to fig. 133, p. 187;andfig. 
135 represents the crosa aeetion through D H E at right 
angles to the plane of sym- r™. la*. 

metry, which is the plane of 
the paper. Let E D and G F 
be produced to meet in o. 
Then as HS ia iinBtret«hed 
it is part of the neutral line, 
and if HK becomes in the , 
limit indefinitely small, Ho '. 
becomes the radius of cnrva- ' 
ture (p) of the neutral line 
at: the point h. Let h l be denoted by z, and let us con- 
sider a lamina L l' of the beam the area of whose cross 
section II' is denoted by a — the lamina is, of course, 
supposed to be between two planes very near togeUier, 
parallel to HK and at right angles to the plane of sym- 
metry. Now, as the uncompressed length of L l' equals 
HE, it follows from Art. 6 that the reaction of ll' due 
to its compression equals 




But p '■ p—z::HK : LL' 

or p : z::bk : HK— ll' 

therefore the reaction is . This force is distributed 

P 
nniformly over 1 1', and therefore may be supposed to act 
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at L. If a point ia taken below h the lamina correBpond- 
ing to it ia BbBtched, and therefore the reaction at that 
point IB in the oi^>o8it« direction to that exerted at L • 
this, however, ia provided for by e being negative in that 
case, BO that the formula just given applies to all points 
of D E. Hence if a„ a, .... be the areaB of any other 
portions of d A e A.' taken in the same way as a at distances 
«„ 8, . . . . from H, the resultant of all these reactions 
will be 

-<a2!+a,Zi+(Vi + - • • •) 
Now (Prop. 16) this eqoals ^ x d A e A' x z, where z is the 
distance of the centre of gravity of the cross section 
from H. As the resultant is a couple, this expression must 
be zero ; but neither e nor the area D A e A' is zero, nor 
can p be infinite (except at particular points), for then 
there would be no flexure. Consequently z must be zero, 
i.e. H is the centre of gravity of the cross section. Therefore 
the neutial axis passes through the centre of gravity of 
every cross section, i.e. it coincides with the axis of the 
beam. 

The sum of the moments of the reactions taken with 
respect to A A' ia 

-x(az'+o,2,*+a,a,*+. . . .) 

and this must equal the bending moment. Now the 
quantity within the brackets is the moment of inertia 
(ak') of the croBs section taken with reference to A A'. 



1_ bending moment 
p eak' 

bthe ordinary case of a rectangular beam it appears fiwm 
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Fart n.. Chap. V., that a e* equals ^ l^c, Le, a tvelfbh 
part of the width multiplied by the cube of the depth. 

Ex. 478. — Let the 'beam be held firmly at one and, and & ftaw p 
sppliedat Che other at right uiglee to ite length ; it U reqiuted to lietecmitM 
tint equation to the neutral liue, n^lecting the wei^t of the beam. 

[Let I. L, be the neutral line, l o the poeition of the 
beam's axis irhen unbent, S anj point in the neutral line, 
f the Tadiue of cnrratiire at r, x and g the co-ordinates 
of V, TicntondBr 1 theD, ancethebandiignioment atY 
isr (a— ar), wehare 

1^ 12p (a-x) 

Hoir, aiuee the eniratare is small, 3^ is small, ukd thei«- 
n be omitted ; coDsequentlj 



no. iM. 



<£)' 



therflfoTe 









Ex. 176-— Show that the deflection of the beam in the last example 

Ex. 480.— If in the last example a force is applied to the end of the 
beam and gradnall; increased up to 7, show that the mnDber of units of 
iroik expended in producing deflection equala 
2p^ ^ 
tbe' f 
[Oompare Ex. H9.] 

Ex. 481. — The end of a beam of oak U flrmlj embedded in mawmr;; 
the length of thep-ojectiQ|t part is 15 ft., its breadth ia 3 in., and its depth 
6 in. ; a force of 2 cwt. ia applied perpendicnlarlj at ita end ; determine 
the deflection, and the vork expended in prodndng that defection — the 
weight of t}ie beam being neglected. 

Am. (1) 6-S in. (2^ SI ft,-pds. of innk. 
2^. 482. — If a beam is held firmly bj one end in a horizontal position 
■od b bent Bimplj by its own weight, show that i - SH^^^ZfZ, where 
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(D i« the waight of a unit Ungth of Ilw b«am ; and that the deflection is 
l.'^. "1. 

[Theaa raults ua tzDS when the beam ii loaded nnifonnlf at the rata 
of m per unit of length.] 

Ex. *fl3.— If the beom in Ex. 48! were of elm, were 6 ft long, 1 fl, 
bioad, and 1 fL deep, and hod to mpport the prassun of hriakwork 14 in. 
thick and 10 ft. high, determine the dspreBSioo. Jm. 0-lS in. 

Ex. 481.— If a horiiontal beam i b is supported at its endi and is loaded 
bj a wagbt w at ite middle point, and il p it the radios of corvature at a, 
point in the nential line vboee distaoce fCom Uu middle point of the beam 
is X ; show that 

f BC6> 

and that the deflection at the middle of the beam is -^ . %■ . 
iabe i> 

[If the centre of the beam is taken as the origin of co-ordinates, z being 
maaaumd horJEontallj aDdji rerticall;, the bendiag moment is iw(^— «), 
and the valDe of y at either end equals the required deflection.] 

Ex, 486. — If the beam in the last example were bent b; its own wn^t. 
which is w per unit of length, show tlat J— ^" ^^Z*^ . and that Iho 
depression at the middle point is ^ . -j- . rj . 

Ex. 486.— A fir batten 3 in. deep, 1^ in. broad, is placed horizontal]; 
betveea two props S ft. apart and loaded with a weight of 135 lbs. in the 
tniddle;tta own weight being neglected, determine the depression ; determine 
also the deprewion if it were fixed at one. end and loaded witJi the same 
weight at the other end. Jiu. (I) ^ in. (2) ||? in. 

Ex. 487.^A spar of oak 3'2 in. square is placed horizontall; between two 
prnps 12'^ tt apart and loaded with 268 lbs. in the middle ; determine the 
deflection, neglecting the weight of the beam. Am. 1-597 iu. 

Ex. 488. — A piece of elm 2 in. aqnaceia placed horizontally between two 
•upporte 7 ft. apart, it is loaded in the middle with a weight of 125 lbs. ; 
determine the deflection when its own weight is neglected. AtU. I-SS in. 

Ex. 489. — There is a beam of larch 6 in. deep, 4 in. wide, and 12 ft. long, 
it is supported on a fulcrum whose distance from one end is 4 fL ; the shortcc 
end earriee a weight of 2 cwt. ; determine the deflection of each arm of the 
beam, its own weight being Delected. Am. (1J 0-109 in. (2) 0-437 in. 

Si. 460. — A rod, whose weight esn be neglected, has a weight tied to 
•Hch end, and is then placed on a fnlcriun bo that the weights balanca cadi 

^ i*!'-- 
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tAtt; ihtnr that the droopa nt the enda of tb« rod m ioTancIj pnpor- 
tionkl to the sqaans nt the mights. 

Er, 491. — Find the force which b«ng applied Tortieally to th» »nd of 
the beam in Ex. 4S2 exactly neaCraliges the droop. Why shonld aot thia 
forae eqn&l half the weight of the beam ? Jm. 8 via -i- 3. 

Ex. 492. — The ends of a beam rest on hoHzontal Bupports. it is deflwtsd 
by ita own vsight and a -rertical force w acting through iu midiUe point ; 
detonniiia the total defleetioo, and show that it eqnslB the inm of the 
aepaiate deflections produced by its own weight and by w, if w actTSTticallj 
downward, and their diflerBiioe if w act lerticaUy npw&rd. 

Ex. 493.~If AB, tc AFe the principal laflerBof a roof the feat of which 
are bstened together by a ti»-l)eBm B c, tlie middle point of which ii D ; if 
A and D nre joined by a ' king-post' which exactly neutralises the beoding 
in the middle of the tJe-heam caused by its weight, show that the tenaiuD of 
the king-post equals f of the weight of the tie-beam. 

£lr. 491. — In Ei. 487 determine the deflection when the weight of tha 
spar is taken iuto account. Jm. 1-8 in. 

Ex. 49S. — A beam of larch snpp^nted at each ecdmeagores 20 ft. betwetn 
the paints of sapport, it is 6 in. wide and 10 in. deep, it suslaing a wall of 
brickwork 30 ft. high and 1 ft. thick thronghont its whole length ; And the 
deflection. Jaa. 23-19 in. 

Ex. 49S. — If the beam in tlie last example is supported by a colnmn 
which exactly neatralises the deflection of the middle point, And the pres- 
«are on the column. Jiu, 42,170 lbs. 

Ex. 497. — If in the laat example the noder surface of the beam in its un- 
deflectad state is 12 fL &om the groond, the middle point is supported hj a 
column c^ east Jzon 3 inches id diameter, which in ite uncompressed state is 
exactly 12 ft. long ; determine the deflection of the beam at its middle point 
and the pressnie on the colnmn. Am. (1) 0-06 in. (2) 42,077 lbs. 

[The column being compressible will allow the middle of the beam to 
descend, whereby the thrust on the column will be dinunished : the qucction 
to be answered is — At iriiat degree of compretaion will the tendency of the 
colnmn to recover its fbnn npwaid exactly balance the tendency of the 
beam to deflect downwatd 7] 

Ex. 49S.— Id the last example tiQipoM the measurements to be made at 
M' Fahrenheit, at what tempsratoie woold there be no deflection at the 
middle point al the beam 7 Ant. IQf F. 

Ex. 499. — If a hollow cylinder (whose weight is neglected) the radii of 
whose section are r, and r he supported boiiEontolly at two points whose 
distance is a ; show that, when it snsCains a weight w at its middle point, 
the radins of curvature of the neutral line at a point distant x from the 
middle is given by the fbimula 

1 w(a-2») 
f ».(V-r') 
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u)d th« deSM^an it th« mlddl* point bj Uw fuimak 
,_ wo* 

[The moment of in«rtu of the ipae* between two eoneantric dcde* 
withreepeeC toadismeteriBisCri*— r*); seefic. 760.] 

Ex. fiOO. — If in ths lait example the ojlinder BnBt&ins tluonghaoC it* 
length « nnifism load of v Ibe. per onit of length, then 

Ex. 601.— If on iioD girder * haa & aeclion of tlie form diown in th* 
annezed disgnim, of the foUowing dimeneioDS, ib=«„ AB->ij, cv=^ 
■mjattj cn^b, the lower end □ H being of the same dimensiooa M 

^ ' ^ the nppei', Bbow that when thia ffrder sastainB a nnifonn. 

' . J piesatue thronghoot the whole of its length the defiectioD 

^1 at the middle point ie g^ren b; the formula 

»)L ''^ 

Ex. 502. — If there are two beame containing the same 
amonat of matemU, of the same length sod the same depth, and Boet^n- 
ing the Niine weight, the one hna a reotangular section, the otlier a aectioQ 
of the ibna ebown in the laet example ; given that i^4 in., c^l in., £, 
~ 1 in., e, — 4 in., ihow that the deflection of the rectangular l>eam will be 
y of the deflection of the other beam. 

99. Equation of three momenta. — A very interesting 
application of Prop. 21 is to the determination of the 
preBsoreB exerted by a beam or a rod on its points of 
support when there are more than two of them. 

Fot this purpose it is convenient to investigate a 
relation between the bending moments at any three 

* In practice the lower flange is commonlj made moch larger than the 
Dpper, lince cast iron offers more teaistance to presBare than to tension, and 
of conne the greatest economj of materials if effected when the load that 
wonld tear the lower flange would also crush the upper. To discuss thia 
question would lead us bejond our present limits. — See Mr. Moseleya 
Sftehanieal frindplcs, p. 658; Mr. Ranfcine'a Applied iieehiaUct, p. 319; 
eee also Mr. Fairhaim's V^ftU Information. Append. I. 
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consecutive points of support, which soay be done a« 
follows ! — 

Let A be an; one of the points, a^ and A, the points 
next to it on either side, and »m.iM 

let the bending^ momenta at 

them respectively be m, m„ Mj ; ""t? J; — k — ^ li •'•• 

let A, A be denoted by 2„ a a^ by 

l„ the correEponding weights per tinit of length by w, 
and vf„ and the sum of the forces to the right of A, (in- 
cluding the reaction of A,) by Q,. Then it follows from 
Sx. 477 that • 

M=M, + Q,i,4i«',V (1) 

If we reckon the moments of the weights positive and il 
A P be denoted by x, the bending moment about P {Hx. 
477) gives the equation 

EAK«g=M,+Q,G,-a:) + i«;,(i.-3!,)' (a) 

In integrating this equation we must remember that the 
neutral axis at A need not be horizontal ; all that we know 
is that the cnrve has some determinate but unknown in- 
clination at that point, which we will denote by a ; hence, 

when£=Owehave ^=0and-7^=tan a; also when a;={, 

•we have ^ = 0. On integrating twice, therefore, we obtain 

EAK*y=EAK*a;tana+iMiiB'+Q, (i^iSC* -^3:*) 

and therefore 

0=24 E A K* tan a + 12 M,Z, + 8 Q,?,*+ 3 w,I,» (2) 

If now Qj is the sum of the forces to the left of a, we have 
firom Ex. 477 



«!'-■ 
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and if we denote a p, by x, we shall obtain as before, by 
considering the bending moment about F, — 

On integratiug this twice we shall obtain, as before — 

0«24EAK»tany9+12M,i, + 8Q,i,»+3w,i,» (4) 
Now, as there is no sudden change of direction of the 
curve at a, we have 0+^9=180% and consequently tan o 
+ tan ^=0. Therefore, by adding (2) and (4), we obtain 

12 (m,Z, + M^) + 8 (Q,i,»+Qsii,*) + 3 (w,i,»+«'^,*)=0 
From (1) and (3) we obtain 

and therefore 

8m (i, + y + 4 (Miii + MjIjWwiV+WjZj* 

an equation which gives the required relation and is called 
the equation of three moments. It should be observed 
that the reasoning goes upon the assumptiona that the 
points of suppoii are accurately in a. horizontal line, and 
that the momen^'of inertia of the cross section of the beam 
is the same, at;all points of its length, but the load need 
not be at the'-'same rate per unit of length on the parts 
of the beam between diSerent points of support. 

By means of this equation the reaction at each point 
of support can be determined without ambiguity. Suppose 
there are n points of support 1, 2, 3, 4, . . . -we can ex- 
press the bending moment at each point in terms of the 
weights and the reactions, and we can apply the equation 
of three moments first to I, 2, 3, then to 2, 3, 4, then to 
3. 4, 5, and so on, thereby obtaining n.— 2 relations be- 
tween t^e reactions and known quantities. The two 
equations of equilibrium between the parallel forces acting 
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Oil the beam (Prop. 12) give two more equationa, and 
Uioa we have n equations between the n unknown reac- 
tions, wbicli are thereby completely determined. In most 
particular cases the process can be abridged. 

When the reactions have been detennined, the circum- 
stances of the flexure of any portion of the neutral hne 
can be determined by means of the equation (a). 

Ex. COS. — A bevn i» mipported oo flve equidistant props (*, B, c, Di l)> 
one being under escli end ; find the pressnies (f, a, b, b, t) on the points 
□f support. 

Here ws need five egnations, tmd thsy coold be easily jbtmed bb above 
ezpUiued, but we may usome as evident that r is eqtul to T, and a 

so tLat 3f+29+ft=iav 

wliere 4a is the length of tlie beam and u ita weight per unit of length. 
Now if H, Uj. Up Vf, H, are the bending momeDts at a, b, c, and p we ' 
have ii>0>K,,ii,-la'i(i—a»-KH and >^-2ii'»—M—2aP. The sqDation 
of tbcea momeDtB mutt now be applied to u, ii„ and Up and thsD to m,, 
itf, and M,. lu doiag tbii the student moBt observe the unavoidable change 
of notation ; in Ait, 69 v is the moment at the intermediate point, and 
and M, at the extreme points, so that, as I, = {, "K, the first application gives 

IS »fi + i (H+II,) Qi 

or Shi + iff ■> wa' 

the seoond applicrtion gives f/'^ . « — T» OT T V'ft 

lBjl^ + i(". + ».)''-2«4(^TJIV£!B.Sll ijj 

or 8ii, + <ii, = oio' -•-./# 

Heneo 12s + aa-7oio 

and 20F■^8a-^a«l 

liierefoie SSp-llnui, 7a-Saiii, 14B-I3a». 

Ex. S04.— A beam is mpported on throe pomts, one under each end and 
one in the middle ; find the pressure on each point of mpport, 

|lf the pnsaureB are f, 4, p, and tha momenta are denoted as in Art. 
S9, we have 

x,-x,~Oandir-)irto— Of ; and then, on applying the equation of three 
moments, we obtun 8p— iats, and 4a= Soto,] 

Ei. 60S. — Id the last example reqoired the equation to the neutral 
linSk the point at which the defi«ctJOQ in graatest, and tha amoont of the 
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[If tlw middlB point il Uktn sa the origin of oo-in'^iiatM, it as bs 
«aailj ibDWH that tho twndjng moment at s point digtsnt a from the taipu 
il ^ (a'— Aar + 4<*), wh*ace the eqnation to the nentnl line is ouilj 
detarminad, obMiriiig thftt *hen f — wehavey— and --^^—0, and that 
at the ptunt if gnateat deflection wa thall also have -£—0; whoiM -we 

•hall obtain I6x-'{i.i—'^i)atar thepoiition of the i«qnind point, and 
fw the Bmoont of gwteit deflection (») «e bare (ngArl;) ISG>aE*D 

Ei. 904. — A btMD neta on fooF points, one UDdei each end and the 
other two equidistant fcom the middle point ; find tJie pnasniee on the 
pwDts of snppMt. 

[If the distoiwas between the props aie ft, 2a, and A, and the jmBsniM 
on them f, q, a, p, it is erident that 

and it fbllowi from the eqnation of thies moments that 

Z^. 507- — In the last example ezplun the leanlt amTod at bj »i»Mng 
31 = 20, 

100. Strength of heama, — On this subject w© may 
ask either of two questions — (a) 'What is the greatest 
load applied in a given way that the beam will sapped 
with safety ? (b) What is the load applied in a given way 
that will break the beam ? In either case we must ascei^ 
tain the point of the beam at which the bending moment 
is greatest, for it is evident that if the beam is strong 
enough at this point it is strong enough at all points ; 
and if the load is gradoally increased it will break at this 
point. With regard to the first question, suppose it tty 
be ascertained that the material can be safely stretched 
1 — n-th part of its natural length. Suppose that fig. 134 
shows the section at which the bending moment is greatest, 
EO is the fibre that is most stretched, and if the load is 
such that E Q is longer than H s by 1 —wth part of H K the 
load is the greatest consistent with safety. 
Now EG : he::eo : oe 

therefore EQ— HK : aK:i£H : OH 

., «lc 
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or denoting e e by 6j and oabj p, we have 

p=n\ 
and therefore (by Prop. 21) 

nb^ (greatest bending moment)=EAK' 

Now if P is the greatest tension per nnit of area of cross 
section that can be applied to, the material with safety we 
have (Art. 6) np=E; 
therefore &i (greatest bending moment) = P a E* 

We may reason in the same manner on the greatest [o-es- 
Bure (q) per nnit of area of cross section that the material 
can sustain safely, and we shall obtain 

b^ (greatest bending moment)=QAE* 

where 5, denotes hd. Whichever of these eqaations 
gives the smallest value of the bending moment will give 
the greatest value of the load that can be borne safely. 

If we suppose the cross section of the beam to be 
rectangular, and that the greatest pressure per unit of 
area equals the greatest tension per unit of area that the 
mater^ can support safely, we shall have, denoting either 
byQ 

greatest bending moment=^QA& 

With regard to the second question, let there be two 
beams of the same material acted on by any transverse 
forces, and at the sections where the bending moment is 
greatest suppose the fibres which axe most elongated to 
be equally stretched, i.e. suppose n to have the same value 
in both cases. Then if p' and b\ denote in the case of the 
second beam the quantities coriesptmding to p and &, in 
the first we must have 

e ^ P' 

D,0„.«JhyCOOgle 



300 PRA.OnCAL MEOHAMCS. 

and therefore by Prop. 21 

h, (bending moment) _ b\ (bending nuHnent) 
AK* ~ A'K'* 

If either of theae beams is on the point of breaking, 
the other will be cm the point of breaking siso, for at the 
weakest part of the beam both are equally stretched. 
Soppoee the second beam to be a foot long, and to have 
fw a cross section a square of one inch ; let it be supported 
at two points, one under eaeh end, and let the fcarce (f) 
that vill JQSt break it when applied to its middle point 
be found }sy actual experiment; then, taking alt the 
measurements in inches, the right-hand side of tiie above 
equation reduces to 16 r. If we d«iot« this l^ s we 
have what is called the modulus of rupture for the 
material, and we see 4lkat when the beam is about to 
yield at any point by cross breaking 

Uie biding moment=8Ax^ 

It win be obs^red that the nasomng by which this 
fiwmula is arrived at assumes that the immediate cause of 
the rupture is the yielding of the under side of the beam 
to tensicn. If the beam gave way by the yielding <xf the 
upper side to pressure, precisely similar reascming could 
be applied, but 6, would denote the depth of the neutral 
axis below the upper suriace. 

TablbXIT* 
MODULUS OF KUTTURE. 



S-i-Un- 


LlM. peranum mat, 


B.t««.ce 


Uh. per Squn Inch 


Oak (EngllBb) 


10,032 
4,902 


Fir(Ei8») 
Elm 


T,no 

e,078 
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Ex. EOS. — A TectangnIaF beam S in. deep aod 3 in. wide rula horicon- 
tally on two points 10 ft. apart ; it can be safely subjected to either 
preastirsoi' teoaton at the rate of 1,000 Iba. par square inch. Wbatis the 
gieateat weight that con be aafely hung from its middle pinnt, ita own 
wmght being neglected ? 

Let F deimle the leqiured wught ; thsgreateit bending moment, bung at 
the middle point, irill b« 30f, the nnita being pounda and inebesi hencs 

8 x30p-1000x 18x^x6* 
themfbra f— 600 lb*. 

It will b« finuid that the deprarion caused b; p at the middle pcont is {the 
of an ineb, if the modoln* of elattieity i* 1,000,000 Iba. per sqnara inch. 

£r. 609. — In tlie ca««of a leetaagnlar beam, whose wcdght is neglected, 
■how that th* breaking load is as followi : — (a) ^^ . t, when it is held 

flrroljat one end and loaded at die ot^ei; (i)l^. _ ., when sitppotted 
onder the two ends and the load IB applied at the middle. 

Ex, BIO. — In the last example, if the loading is distributed nDiforml; 
OTsr its length, show that the breaking loadi* (a) 1^. — ; (fiylll, _. 

Ex. Sll. — Qirea a cylindrical log of wood, show that the stniDgeet 
rectangnlai bean that can be cut oat of it is one whose aides are in the 
ratio of 1 : v^ 

Ex. 612. — A. beam of oak is supported in a hotisontal position on points 
20 ft apart, it is 3 in. deep and i in. wide ; determine tlie wdght that con 
be suspended at a distance of SJ ft. &oin one point of support witbout 
brsaking itL What wonid be the magnitude of the wei^t if the depth 
-wet* tin. and breadth 8 in.? ^te>. (1) 1128-6 lbs. (2) lfiD4-S lbs. 

£r. 513. — ^What most be ths depth of a beamof Bigaflr 4in. wideand 
SO ft, loi^, that will just sostaio a weight of | a ton at ita middle, taking 
into sccoont its own weightf Am 1-6 in. 
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VQtTUAL VELOCITIES — lUCHnns IK A STATE OF tnOPOBH 
MOnOK — ^TOOTHED WBEEI& 

101. The prvnd^ of virtwU vdoeitiea, — Let p be a 

no. iw, force acting at the point A along 

^ the line a p, and let it be repre* 

j4 sented by a c (Art. 25). Suppose 

* i ■ "J ' '*V P's point of application to be 
shifted through an indefinitely 
small distance to B, draw Bn at right angles to AC oi ca 
produced* and let a n be denoted by p, which is conunonl^ 
reckoned positive when n folle between a and c, and 
negative when it &11b on c a im)duced, then p ie called 
the virtual velocity of F, and pp its virtual moment or 
virtual work. 

The principle of virtual velocities ia as follows : — If a 
system of forces in equilibrium act on any machine which 
receives any small displacement — consistent with the 
connection of the parts of the machine — the algebrtucal 
smn of the virtual works of the forces will equal zero. 

If P„ P^ Pj are the separate forces, and p,, p„ 

p, their virtual velocities, the principle ia expressed 

algebraically by the following equation, which is commonly 
called the equation of virtual velocities : 

PJ',+P,P,+Pjp, + =0 

It, must be remarked that in the above definition the 
line A B IB considered a small qoantity of the first order 
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(App. Art. 3), and consequent!; the virtual irorks 
^1 Pi> *s Pv Pj J>g • . • are in general of the first order ; 
if, however, the virtual velocity of the point of applica- 
tion of any one of the forces be of the second order, the 
virtual vork of that force will vanish in comparison 
■with the virtual works of the other forces and will dis- 
appear from the above equation ; this will happen in the 
following cases: — (a) When ab is ultimately at right 
angles to A o— e.g. when a c is the normal to a curve of 
which AB is a chord — hence the virtual work of the 
reaction of a smooth surface equals zero when the body 
elides along the surface; (b) when the points a and b 
(xnncide, e.g. when a is a portion of a rigid body in the 
act of turning round the point A, i.e. the virtual work 
of the reaction of a fixed axis is zero provided the axis 
can be treated as a line ; hence also when an incompres- 
sible body rolls without sliding on auy surface, rough or 
smooth, the virtual work of the reaction equals zero. 

The principle now enunciated will be seen frwn the 
following pages to be one of very great importance in the 
theory of machines; as the general proof is not byanymeans 
easy it will be useful for tiie student to prove from first 
principleB that it holds good in a few elementary cases. 

£k. 514. — If XBDdTsntlwnetuigiilaicomponentaof afonep, ihow 
thtt the riKaal wotk of r eqnalt the Bum of the virtiul wotlu of x Mid t. 

Let A be the paiot of appliisadoD of r, and let Tio. 140. 

* be tisDBferred to B ; complete the teetanfile m «, . 
amidrsirBpaiidBi jat right uiglei toAp; then 
Ap, xvt, kn, ara the Tirtnol TelodUes of f, x, end 
T, and ve hare to prove that 

Let XAP be denoted bj. B, then it Ii evident 
tliBt Ap~i.q + qp—A.vt,e<m #+a« linl 

therefon T.ip— aik.pcob 0-t-i,i>.PBin I 

or w.ip-X.kta + Y.An (1) 

If p h»d ut«d in the eootiuy ditectioii, x, x, and p would hne been u 
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•quBMon ; the nrtoal vork <tf p vcmld tw Begatin ; and (1) wmld b»- 
come ttw eqiiBtioB of TirRul Tslodtiaa. 

£*, 615. — lu tlie lut example Buppasa that p balancea x and T, and 
nppoM ila point of application to bs tnDsfemd in a diraction at right 
angl«a to a p. Terify tlie equation of nrtnal TetodtiM. 

[It mnat be ramembend that in this ea«a p'a viitnal votk eqoala aeio.] 

B/t. BI6. — Show that the prininple of viitoal Telodtiea is true in the 

caMof alMdjinlhaatate btndsring on modon up an indiiied plane, when 

a amall motion ia given to it eithet op or 

''*^"- down the plane. 

CDraw the figure as in £c. SIS, then, if 
the motion tAke piece np the plane, v will 
be- tmnsf erred to a point s, along a line 
D D, parallel to a B ; let &U from d, perpeo- 
dienlan on the directiona of the fbicee, Ti& 
DiiD, D,ji, D, r, then dw, op, or, are the 
Tiitnal Telodtiaa of the foreee, and of them 
Dpia poeitiTe and the othere negative ; the 
equation of virtoal velocitiee therefoia be- 

and this the itndent is requiied to pnve.^ 
Ex. AIT. — Viaitj the prindple of virtual velocitieB in the laet caee, sa- 

aoming that the plane (and vith it the bod;) ie eo moved that d deecribea 

a iDu^t line at right anglee toon. 

£r. £18. — Verify the principle of virtual velocitiee in the case of two 

fOrcee in eqnilibrinm on a atraight bar capable of turning round a fixed 

[Let p and Q be the loMM which balance on the rod as round the Sxed 
solute; BuppoH tharod Co ton thnngh a small angle end to come into 
the poeitjtm a' b*; draw 
*!m at right angUa to 
AP andB'n at right auglea 
to BQ. then Lm ia tha 
Tirtnal velocity of r sod 
B a of a, the latter bung 
negatiTei aleotheviitnal 
WMrk of the reaction of c is MTO (Art. 101); the equation to be proved ii 




The student must remember that a 
aa^sd triangles.} 



maud B B* • are ultimately right- 
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&. SI9.—Terifytha principle ID ths case of tiro panllel forcef p and 4 
which keep a beam &t restTouDd a lODgfa aila of Bnit« dimenaioii* (at in Ex. 
405), the motion being given to the beam raimd the axle. 

pJsing tlie notation of Ex. 405 and calling 9 the Bmall angle thTongh 
irhich the beam a tnined, the virtnal works are seTemll; rp9,Mq 9, and 
R p 8 lin ^.] 

Sx. G20. — Id the tut eumple how would it be posBible to move the 
■Tstem BO that the leactioD B sboold diiappeat bom the eqnaticHi of nitaal 
TGlocitiea? [Bonnd the point a, %- J'-] 

Ex. SSI. — In Ex. 619 show that vhen the axle is emootli tlie leaction 
inR disappear from the equation of virtnal Telodtiea. 

102. Proof of the prmdple of virtual vdodtiea. — ^The 
following proof applies to ^e case of any systein of forces 
acting on a single rigid body and in one plane, in ^Mch 
the displacement ia BuppoBed to be made : it can be easily 
extended so as to include every case of forces that act on 
any machine. 

Lehua. — Let A and x be any ttoo povnta in a given 
line, let the Une he tranaferred i^- 1*». 

to Q/njy consecutive position o y, 
so that A coTnes to B and xtoY; 
then if BY equals A x, and if an 
and T m are drawn at right a/ngles to ax, the ime a n 
tviU vUimately eqxial x m. 

For n m equals B T cos 0, i.e. it ultimately differs from 
B Y, and therefore &om ax, by a small quantity of the 
second order ; take away the conmion part a fn, then a n 
and X m ultimately differ by a small quantity of the second 
order, but they are themselves of the first order, and 
therefore are ultimately equal. (See App. I., Art. 3.) 

N.B, — If A X be transferred to B Y in such a manner 
that either A n or x m is of an order higher than the first, 
then will the other also be of an order higher than the first; 
e.g. if A o is a small quantity of the first order, and B A o 
a finite angle, A b and a ?! are both of the second order ; 
likewise a x Y is ultimately a right angle, and consequently 
X m is also of the second order. 
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Cor. — Hence if a force act along a certain line, and if 
two points in the line be rigidly connected, its virtual 
velocity will be the same at whichever point we suppose 
it to act ; also if there be two equal and opposite forces, 
their virtual works will be equal and have contmry 
Hgns, whether we suppose them to act at the same point 
or each at one of two rigidly connected points, e.g. 
Suppose p to act aloi^ AX (fig. 143); if it act at A its 
virtual work is p . A ti, if it act at x its virtual work is 
p . X m ; consequently in either case its virtual work is 
the same. If A «. is of the second or some higher order, 
X m is not of the first order, and in either case the virtual 
work is zero. 

We can now proceed with the general demonstration 

required, and this is given in the three following steps: — 

(a) If a system of parallel forces acting in a given 

plane have a resultant, and if the points on which the 

forces and their resultant. 

are supposed to act be 

rigidly connected, then the 

sum of the virtual works 

of the forces will equal 

the virtual work of the 

resultant. 

Let Xj, Xj, be the forces, x their resultant, ' 

draw a line (o y) at right angles to their directions, and 
cutting them in N„ Nj, . . ■ N, and suppose these points 
to be rigidly connected with those at which the forces 
are supposed to be applied, then the virtual works of 
the forces in the required case are severally equal to their 
virtual works if supposed to act at Mj, N, . , . , N. Now, 
suppose these points to receive any small displacement 
consistent with their rigid connection, and suppose them 
to be transferred to M,, M^ , . . m, these points will he 
in a straight line (o y") and their mutual distances will be 
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tlie same as before ; tlie two lines will (generally) inter- 
sect in some point 0. DrawM,mj, H,mj Mm, at 

light angles to tte directions of the forces, then th^ 
virtual velocities are respectively N^m,, N^mj, . . . h m. 
Let the angle ^ o / be denoted by 0, and o N„ ir, . . . . 
o N, by j/i, y„ . . . y, then it is plain that ultimately * 

H, m,=j/i^, M,TO,=y, 5, TsmssyB 

But by Prop. 12 we have 

^iyi+^yi+ ='^y 

and therefore 

XiSi^ + f.3'i^+ =^y0 

i.e. the sum of the virtual works of the £irces equals 
the virtual work of tiieir resultant in the case specified. 

(b) Next, let us consider the case of any syatem of 
forces P„ p„ Pj . . . . acting in one plane on points rigidly 
connected. 

Resolve the forces in directions respectively parallel 
to two rectangular axes, then P, will be equivalent to its 
two components Xj, Yj, and similarly P, to x^ t,, p, to x„ 
Tj, &C., and the original system is divided into two systems 
of parallel forces, viz. Xj, z,, x, , . , and Y„ t,, y, . . . ; 
let X be the resultant of the former system and Y of the 
latter, and let their directions intersect at a certain point 
A, then the direction of their resultant (b) will pass throogh 

A, and B will be the resultant of Pj,Pj,Pj Suppose 

A to be rigidly connected with the other points, and sup- 
pose X, Y, and R to act at a. Now, if the points of applies^ 
tions of the forces receive any displacement whatsoever, 
the virtual work of H equals the sum of the virtual 
works of X and Y {Ex. dl4), i.e. (by a) equals the sum of 

> For tetoy mt hs in £, we ehall hars nm— y tan 4— Mm tan 0, bat 
a m and tan 9 are amall qoaDtitiea of the first order, so that their prodaet 
is of the second order, and can therefore be neglected, i.e. h m ultimately 
•qnals y tan 9 or y A. 
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the virtn&l works of Xj, Zj, X3 . . . a]idofT„T„T, . . .; 
but (Ex. 514) the virtual work of f^ eqiials the sum of 
the virtoal works of x, and T„ and similarly of Pj, p„ 
. . . ; hence the virtnal work of B equals the sum of 
the virtual works of p,, p„ p, . . . ; or 

Br=Pi3),+P,3),+Pjj)y->- 

(c) If p, F„ Pj, p„ .... are forces in eqailibriom acting 
in one plane at points of a rigid body, and if that body 
receive any Biaail displacement, the sum of the virtual 
works of the forces will equal zero. 

For let B be t^e resultant of p„ f^ Pj, . , . . and let it 
act on the body at any one point in its direction, then 
(byS) 

^iPi + ^»P> + ^sPs + * • • =B»* 

But B is equal and opposite to P, since the given forces 
are in equilibrium, and hence, since B and p act on 
rigidly connected points, we have by the corollary to the 
lemma 

pp+Br=0 
and therefore, by addition, 

Pff+p,y, + p,p,+p,3>,+. . . =0 

Q. E. D. 
103. The work done hy a force. — If the student turn 
to Alt. 11 he will see that the definition therein given 
might be stated more generally as follows ; — a wtiM of 
work is the work done by a force of one unit when its 
point of application moves through a unit of distance in 
the direction of the force ; it follows that, when the point 
of application of a force of P units moves through s units 
of distance in the direction of the force, Ps units of 
work are done. When the units are pounds and feet 
. it is convenient to call the unit of work a fooi-j)Otvncl. 
We have now to consider the extension of the defi- 
nition which mnst be made to meet the case of a fiwoe 

..... ^ xi'-- 
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whofle point of application moves in aaj manner what- 
soever. The required extension will be readily made by 
observing that if the point of ctpplication of a force 
receives (im.y small diaplacemerU, the virtual work of the 
foroe ia the work done by the force durmg the displace- 
laeai. The Justice of this stetemeat can be iUnstiated (or 
proved) by the consideration of the following simple case : — 

Let w be a weight attached to ihe, end b of a perfectly 
fleiihie and ineztensible string without weight, passing 
over a smooth point ; let W be ba^ no. lu. 

lanced by a force p acting at A along 
A, then win p equal w ; now, suppose 
A to be transferred through a small 
distance to B, draw b n at right angles 
to C A, produced, then will W be raised 
from E to D, and An is ultimately 
equal to DE. Now, the work expended 
in raising w ia w x d £, i.e. it ultimately equab P x a n, the 
virtual work of P. 

Next^ let us suppose that the point of application of 
p is transferred Buccessively to points A, a', a", a'", . . . the 
successive directions of that force ^^_ ^^,_ 

being a p, a'p', a"p", . , . ; let (all tm 
them the perpendiculars a'n, a"n', 
a"'s", . . . and let an, aV, a"m" . . . 
be denoted by j), 3/, p", .... then 
the work done by p when its point of • 
application is transferred frcou A to 
a' is its virtual work P p, and the work done during the 

successive transfers will be P'y', v"p", p"'j3"' and 

the whole work done will be Pjj + p'p'+p"j)'' + 

whether the successive values of p be the same or not. 
As, however, this is somewhat general, it will be well to 
particularise two important cases. 

(a) Iiet the force coutinue constant, then if the lines 
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along vtiich it eaooesedvelj acts are parallel, and if the 
point of application of the force moves in any line 
straight or carved, the work done will equal the prodiict 
of the force and the projection of the line on the direc- 
tion of the force ; e.g. take the case of a crank whoee 
arm is a, the extremity of which descrihes a circle whose 
diameter is 2a, let P be the driving force acting along 
the connecting rod, which we may suppose to be so long 
as to be virtually parallel thronghout its motion, then the 
work done by P in one revolution is 4Fa. 

(b) Let the force continue constant, then if the direc- 
tion of the force always touches the curve deecribed by 
its point of application, the work done wUl equal the 
product of the force and the length of the curve, e.g. 
Suppose a winch whose arm is a to be turned by a force 
p acting at right angles to the arm, then the work done 
by P in one turn of the winch will be 27raP. 

It must be remarked that the virtual work of a force 
may be either positive or negative, and hence the work 
done by a force may be either positive or negative ; in 
the latter case, however, it is perhaps better to speak of 
the work as being expended on or done against the force. 

It is scarcely necessary to remark that a force will 
do no work, in the cases in which its successive virtual 
works are zero (Art. 101). Another case may also be 
specified : — ^A rigid body may be conceived as consisting of 
a number of points connected by their mutual attractions 
which act along the lines joining them, and which are so 
great that the points undergo no relative displacement 
from the action of the external forces ; under these cir- 
cumstances the sum of the virtual works of each pair 
of mutual attractions will equal zero (Art. 102 Cor.\ and 
therefore the work done by the whole system of internal 
forces must equal zero. If, however, the body is either 
compressed or extended, the work done by or expended on 
the internal forces can be no longer neglected {Ex. 149). 
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104. McuAvnea m a etcde of wniform motion. — Sap- 
pose any machine to be acted on by forces p, Pj, p,, pj, 
.... in equilibrium, and suppose the machine to be 

slightly moved, then ifp,Pt>Pi'P3> are the virtual 

velocities of the forces respectively, we shall have 

Pp+pj3i + PsPs + p^, + . . . =0 (I) 

In the new position of the machine, suppose the forces, 
without undergoing any change of magnitude, to be in 
eqnilibrinm, and suppose the machine to receive a second 
displacement, then if ^', p^', p^', p^', .... are the virtual 
velocities of the forces we shall have 

pp' + Pj?,'+Pjj)j' + p,Pj' + . . . =0 (2) 
Suppose that in this second position the forces are in 
equilibrium and that the machine receives a third dis- 
placement, then ii p"tPi"tPi"jPi" .... are their virtual 
Telocities we shall have 

Tp" + FJ)," +T,p^" + ejP^" +. . . =0 (3) 
and so on for any number of displacementB. Hence bj 
addition 
f(p+p'+p" + . . . •) + Fi(jf)i+Pi'+Pi" + ---) + Fi{Pt+Pa 

+?."-'-• ■)+^iiPi+P>+P3" + - ■•) + •■■ =0 (A) 
Now, if we suppose p, p', p", &c., to be positive, P (p +p' 
+p" + . . .) is the work done byp; if p,p',p", .... 
are negative, p(p+j3'+p" + . . .) is the work expended 
on P ; in the former case p would be called a power, in the 
latter a reswta/nce, hence the equation (A) contains the 
following fundamental theorem, viz. If a mackme he in 
•motion, and if at each i/nstami of the inotion the powers 
amd reaietances form a system, of forces in equilibrium, 
the sum of the units of work doiu by the powefrs will 
eqvAjd the sum of the uniia of work expended on the 
reaisla/ncee. 

Now, it will be remarked that if the machine be in 
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motion all cliange of its motion must be due to an excess 
of the powers over ihe resistances or of the resistances over 
the powers ; hence, in the case supposed, there can be no 
change in the motion of the machine at any instant ; such 
a machine moves uniformly,* and hence the theorem 
above proved justifies the assertion made in Art. 14, viz. 
that the number of units of work done by the t^ent equals 
the number expended on prejudicial resistances, together 
with the number expended usefully. 

105. The modulus of a machine. — Let us assume that 
the machine enables a certain force or power p to over- 
come a second force or weight Q, then the relation between 
P and Q can generally be expressed by means of an equa- 
tion of the form 

P=AQ+B (1) 

where A and B are nnmbers depending on the form of the 
machine, and on the passive resistances (compare Art. 89). 
Now, by considerations depending on the form of the 
machine, there will be some fixed relation between the 
distance (Si) described by p's point of application and (Sj) 
the distance described by q's point of application, let then 

s,=ns,t (2) 

By multiplying (1) and (2) together we obtain 

P8, = TOAQSj + Bg, (3) 

But PS, is the work (d,) done by p, and QS^ is the 
work (u,) ei^nded on Q, hence 

0, = 71AD, + BS, (4) 

* If the machine has a maUon of translation, like a Tulway tzaijn, iU 
motion u Bud to be nniform vhea its Telocity undergoes no change ; if the 
machine moves ronod a fixed axis like a fly-whosl, its motion is nniibrm if 
its itngtil'"' Telocity ondei^aM no ciiange; if it has both motions combined, 
like the wheels of aeaniige, it moTes nnifbrmly if neither Telocity nndsr- 
goea any change. 

t It con be easily shovn in regaid to any machine the parU of irhieli 
move without passiTc resistances that » f - a. 




If the machine moves with a uniform motionT^ 

tion (4) gives the Dumber of units of work (u,) actoally 
done by the power whOe (u,) is expended on the weight. 
If p and Q ^e not in equilibrium during the motion, Uj ia 
etill the number that must be es^ended on the weight and 
resistances ; if F does a greater number of unite than u, 
the surplus will be accumulated tn the machine, the motion 
of which will be accelerated ; if f does a lees number than 
U, the difference must be withdrawn from the work pre- 
viously accumulated, and the motion of the machine will 
be retarded. The subject of accumulated work will be 
treated further on. 

Ex, £22. — If a bod; be dragged along an incHned plane show that Uie 
nniU of work expended Till equal xbe nmnbeF that woold be expended in 
dragging it along the bade, rapposed equally rough, and ia lifting it. up the 
petpendiciilar height. 

Let AS c be the inclined plane, v the body whose weight ii a. s tlw 
foice, which acting along the plane woold ^^ ^^j 

be on the point of dragging it np the 
plans, if K were at leat, then 

P«l8# = QBiD(c.+ t) 

or P = (l(sina + /iC(Wo) 

where a danotes the angle a a c, and /i oi 

tan ^ the eoeffldent of friction between 

M and ii B. Now. if v is in moUon along 

AB, under the action of p and q it will 

move nniforml;, and the work done bj p will equal the work expended OD 

a ; bat tlie work done bjr is f x a si therefore the work ei^ended on q 

OXAD(flina + ^(m«o) 
or «)<C=c + /.xAC) 

Bnt/taMAoii the workreqnired to ding u along AC. if fiie the coeffident 
of triction bstween h and AC. and qxbo is theworic that mnst be expended 
in lifting a &om c to B, therefore the munbar of nnita of work ia as stated. 
By an exactly similar process it may be shown that (he nnmbar of nnita of 
work leqnized to drag a bodj doom a longh inclined plane equals the 
somber reqniied to drag it along the base BnppoiedeqnallyionghdiRitntateif 
by ths aomber required to lift the body throogh the height of the plane. 

Ex. S23. — If a train weighs 80 tons and ihe friction is 7 IbB. per ton, 
determine the nnmber of fbol-poiuids of work that must be s:^nded in 
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drairiag it for 4 milei up nn incline of 1 io 200 ; and determine the hon^ 
power of the etigine that will do this in 1 minutee with a uuform Telocity. 
.int. (1)80,760.720 ft-pds. (2) 93^ H.-P. 
Ex. £Si.— In the lait example dtbt what diBtance on a, honzontal plaoA 
vonld the wme engine hare di&wn the bain in the same time ? 

Aiu. 11^ milet. 
Ex. 626. — How long would it take the enj^ne in Ex. S23 to draw (he 
nme ti«io with a nniform velocitj otsi a, noece of 4 miles np an incline of 
1 in 1007 diu. IS^min. 

Ex, G26. — A train ie dlswn with a nnifonn velodty np an incline 3 
miles long of 1 in 2S0, on which the reaialanceH are 7 Ibe. per ton ; deter- 
mine the difltance on a horizontal plane over which the BSme train coold be 
dmwn with a nniform Telodtj by the aame ezpenditore of work. 

Jne. GfJ miles. 
Ex. S27. — Id Ex. 346 ifthe bod; is in the state of nniform motion np the 
plane, show that tie ralation between r, the work done bj p, and v, the 
work expended on w, is given by the equation 

u, sin a cos {^-^)-tr,cos ^ sin <a+^) 
[Th« lelatioii hetween the ftaeee f and w is 

p cos (l3-^)=w sin {« + #) 
Now, if s, is the distance through which I's point ot sppliealioD moTM 
measured in the direction of that force 

S,-IC0B|B 

and if 8^ is the distance through which Vb point c^ application more* when 
similarly meaauied 

where /is the length of the plane, hence 

S| sin a=s, eoK fi 
whence the relation between v, and v, is at once found.] 

Ex. 628. — If a pirot snstainiDg a pressure a is made to rerolTS once, 
show that the number of unite of work expended on the friction of the end 
equals I* >( pa. [See Art. 82.] 

Ex. 6ZS. — In the case of a single fixed pulley the nnmber of units of 
work expended in raising a weight a throogh a height q is giTtu I^ th« 
formula 

TT = oaj + 6 J 
where a and b hare the Talues assigned in Ajrt 89, 

Ex. 680. — In the case of a tackle of » sheaves show that the Dumber of 
units of work expended in raising a weight a throogh a height q is given 
by the fonuola 

" o'-l \o"-l •-l"* 
[See Ex. 416.] 

no,-«jnyGt.H5'^'le 
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Ex. S31. — In Bx. 421 iiet«naiDe the nnmbet of fbot-ponnda of vock ex- 
pam^OD the paafliTB kud on the useful reBiitaocei when the veight of 1000 
lbs, ifl wii«d through 60 ft. Ana. (1) 67,000. (2) £0,000, 

Ex. 532. — ' It ia said that in a pair of blocks witb five pnlleja in each 
tvo-tbinlB of the tatce are lost by the friction and rigidity of the topes.' * 
Detenuioe the degree of truth in this statement when each sheave is 4 in. 
in radius, and tuina on sd oils } of an inch in radius, the axle beiag of 
irrought iron and the bsarin^ of cast iron, and the rope 4 in, in circum- 
ference ; the veight to be raised being lOOO lbs. 

, Work expended on pnsaiie resistanCBs IB , 

Es, B33. — Id Uie capstan Ex. 427 show that tbs work that muet be done 
bj the forcn is older to moTe the veight q through a height g is ^tbd bj 
the formula 

1,-^1+ _j,_J ^i+_j Qj+_ i^n.„j,_^+__.^ 

Ex. fi34. — A tope passes OTsr a single fixed pulley in such a manner that 
itM two parts are at right aoglea to each other ; the one end carries a weight 
a ; the radius of the pulley is r and of the axle p, the angle $ such that 
■ill ^ :.. ^-^- i then, the weight of the pnlley beii^ neglected, show that 
if p is the foice that will just raise a, we have 



P„(a+^±£«^tanC45' + fl) 



Ex. G3S. — In the last example show that the leUtion between t and 4 
may be very nearly represented bj the formula 

Ex. 630.— A weight of 500 lbs. has to be railed from a deptb of 60 
&thome ; it is fhst^ned ut a rope which passes OTsr a fixed pulley in such a 
manner thatthe parts of the rope aro at right angles to each other ; thsrops 
is voond up by means of a capstan which is torued by two equal parallel 
forces acting at the end of equal arms ; the rope is 3 in. in circnmfereaca, 
the poUey 6 in. in effectjie radins, its axle half an inch in radius, and of 
wrought iiMi tuming npon cast; the capstan weighs 4 e*t., its axle is 4 in. 
in radius, oak moTing on wrought iron, the effective radius of the capstan 
Ifiin.; det«ntiine the number of faot'ponads ofwork that most be done in 
Ol^er to ruse the weight (not weight and rope), and the number expended 
on passive resistancee. .rfns. (1) 204,3GS. (2)64.356. 

Ex. S37. — There is a flied pulley 20 indies in radius (r) moving on an 
■xlal in. (p)inradias(Bili#»0'I9); a weight of 600 lbs. is raised from a 
depth of SOO feet ({) by means of a rope 3 in. in drcamference which passes 

* Si. Young's Lectmtt, vol. L p. 206. 
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orei it ; Un and of tlw rop* &IIi u the weight ri 
that molts from neglecting the weigbC of the Tope in caleal&ting die foot- 
poDwli of iroik required to raise the weig)it~tha aniud length cf the two 
huging puts of the rope beiog nekoned nt 300 ft. 

[Gunpsra Ex. HI and 158.] 

Et, S38. — In the Ust eiompledetenninetlieenor that wonld remit fioB 
Delecting theveigbt i^ the nfw if the Mid -warn aof allowed tofiiU. 

Jm. Error 19,000. 

2!r. 639. — If s weight q UraJsedthninghBheightf bymaanattfascrew, 
diow that if the same DoUtiui is empl<^ed as in Ex. S98 tha Dambei of 
nniU it waA expended is gireii by the tarnaia 

Ti = (»j|t*n(« + rt + |.^|i'} ootano 
when »U frietions an neglected eacapt those batwaen thread and groove 
aod on the and of the screw. 

Ex. 540. — An inm aoiew 4 in. in diameter contmBmcatef motion to aa 
iiOD nut, the eerew thread ie indiaed to it« base at an ai^e of 18°, the 
diuaet*r of the end of the screw is 2 in. ; all the snr&ces are of east iron ; 
determine the number of IbotrponndB of w<^ that mnst be Bq>e>ided itt 
nidng a weight of S tone thioogh a hei(^t of 2 ft. 1^ means of this screw. 
Jm. 23^8. 

Ee. 641. — Detenniae tbtoogh what height a man working with this screw 
ecold raise a wei^t of I ion in a day ; and what would be the beat length 
of tlie ann of the screw on whii^h he woika — poshing hcffisontallj ; deter< 
mine also the part of bis w<ak which is eipanded in orarooming frietjoB. 
Jm. (1) 3B4 Al (2) 7t ft (3) |. 
106. The end to be attained by eiOting teelk on 
wheels. — ^The problem to be solved is this : — GiTen an 
lole A, moving with a nnifonn angnlar motion round its 
geometrical asis, it is required to connect it in Bnch a 
manner with a parallel axis B, as to communicate to it a 
uniform angnlai motion which shall have a given ratio 
to the former. Suppose the axle A to revolve m times in 
one minute, and it is required to make the axle B revolve 
n times in one minute ; join the centres a and B, divide 
AB into in+n equal parts, and take AO equal to » of 
these parts, and therefore B G will ctrntain m o! them, so 
that 

AC :CB::n :m 
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with oentrea A. and B, the radii AC, BO reBpectively, 
describe ciroles touching at C; if these oitcles are fixed 
each to ite own axle, and revolve with them, and if their 
circumferences are rough, so that the; roll on each other, 
the problem is solved ; fear take on the circumferences 




respectively points (f and c" which were in contact at c, 
then must the arc c (f equal the arc c c", since the several 
points of the arcs have been successively in contact each 
with each, and this is true whatever be the lengths of 
those arcs. Now, in one minute the point c' describes an 
arc whose length is 2irA C . m, and therefore c" describes 
an are whose length is 2^ a c . m, i.e. an arc whose length is 
iwsJ.Tb, since AC.m=BC.n; but 2irBC.n is » times 
the circumference of the circle whose radios is b c, and 
therefore the axle b makes n turns while A makes m tarns, 
i.e. b moves in the required manner. 

It is evident that the angular motions will have the 
same ratio whatever be the time, and therefore when 
the time is very shcH ; hence if the angular motion of 
the axle A varies firom instant to instant, that of the axle 
B will also vazy, but the ratio of the angular morions will 
remain constant. , 
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It Ib also plain that the directiooB of the angular 
motioDS vill be contraiy, as indicated by the arrow heads. 

It may be remarked that tiie vheel AC is called the 
driver, and b C the follower. 

Br. £12.— If in tlie last article a siii|^ vlieel moTiog on a pBiBUal ul« 
Tilb its CMitre Id the line A b were inlerpoaed between a c and B c, it would 
cause die (Ulowet to revolTe in the hum diraction as the diirer, and woold 
Doi prodnee an; ehanga in the ratio of their »ngnl«i- motions, the ladii a c 
and B o being nnchanged. 

107. PracHoal objecHan to the above solution. — It is 
evident that tiie above solation foils if the surfoces of the 
wheels rub smooth, so that the moUon becomes partly one 
of sliding and partly one of rolling contiict ; and also that 
it will &il if ihe centres A and b are slightly displaced, 
since then the contact ceases : one method, in common 
use, of obviating this objection is to pass a strong band 
of leather tightly over the wheels ; this method is com- 
monly used when the centres A and b are so considerable 
a distance apart that the wheels would be inconveniently 
large if in inmiediate contact ; the most effectoal means, 
and the only one with which we are here concerned, is to 
cut teeth on the circumferences of the wheels ; when this 
is properly done the uniform revolution of the wheel a 
can be made to commnnicate a nnlfotm revolution to 
the wheel B. The problem we have to solve is therefore 
twofold : — 

(1) To determine the form that must be given to ihe 
teeth of wheels, in order that any uniform motion of the 
driver round its axis shall communicate to the follower a 
uniform, motion round its axis. 

(2) As this cannot be done without causing the teeth 
of the one wheel to slide over those of the other, it is 
required to determine what amount of work is lost by the 
friction of the t«eth when work is transmitted from one 
axle to the other. 

The limits of the present work will not allow as to do 
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more ttan give one solution of the former question, and 
an approximate solution of the second. £eaders who 
desire further information on this very important subject 
will be able to obtain it by reference to Mr. WiUia's 
Pri-nAAples of MeoKaniam, and to Mr. Moeeley's M»- 
cfiaTiical Principles of Engvne.ervng : • the former work 
treats only of the question of form. ; the latter also ctm- 
tains a very full discussion of the question oi force. 

108. DejinitioTi aTid properties of the epioyoloid. — 
If a circle carrying on its circumference a pencil-point be 
made to roll on the via. ita. 

outside of the circum- 
ference of a fixed 
circle, the pcunt will 
trace out a curve 
called an epicycloid: 
the fixed circle is 
called the base ; the • 
moving circle is called 
the generating circle. 
Thus if Q is a point 
on the generating circle A D Q, and A p c is the base or fixed 
circle, then if Q were in contact with a p c at p, the point 
Q will trace out the epicycloid p q. 

(a) It is evident that the length of the arc A Q equals 
that of the arc af. 

(b) It is evident that the point Q is at the instant 
moving in a circle of which the centre is A, and radius A Q, 
80 that the line A Q is the normal to the epicycloid at the 
point Q, and if D Q be joined that line is a tangent to the 
curve at Q. 

(c) It is evident that the form and dimensions of the 
curve are independent of the particular point Q occupies 

* A jny desi elemeDtaty diKuMioo of tbe fomu of ths fiesUi of wImcU 
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on the generating drcle, so that if ve take a Vacoesaion of 
points o,Q[,Q, . . . on the generating circle, and describe 
with them a succession of epicycloids Q r, Q, F„ u, P, . . . 
they will all be exactly like one another, and if p" Q' be 
any epicycloid described on the same base with the same 
generating circle as the others, it too will be exactly like 
the rest: if we now suppose all the fcormer to remain 
fixed, and the circle f'ac to revolve round ite centre, 
carrying f" q' with it, then when p' comes to Pj, the curve 
p' Q' will exactly cover P, a,, and in like manner it will 
successively cover p, q, and p Q. 

PropoaiUon 22. 
An epicycUndal tooth can be made to work <»rrec% 
wiih a. straight tooth. 

Let PQ be the tooth described on the base ap, Uie centre 
rnj. 1(0. of which is 0„ by a 
circlewhose diameter 
is A o ; suppose the 
base to revolve round 
o, and let the tooth 
assume successively 
the positions p, 9,, 
yWi.p3?j cut- 
ting the circle ado in 
, points q^, q^, q„ then 
since the straight 
Hneaog„og,,0(2'| . . . . 
touch the epicycloid 
in the points (;„ q„ q, 
.... it is plain that 
a straight line whose 
length is oa, and 
which is movable 
round o, will, if driven by the tooth, come successively 
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into tlie positions oa^yOa^,oa^, . . . paaaing throogh the 
points qi, ^31 (J's ■ • • • respeotively. Now, if ve suppose 
the angles A Oi3>„PjO,p, . . . ^to be equal, the arcs Ap„ 
PiPi'PtPt ■ ■ ■ "e eqnal,and therefore (Art. 108 (a)) the 
arcsA5'j,5,g',,5,5, ... are equal, and the angles they sub- 
tend at the centre c will be equal, and their balTes will be 
also equal, i.e. the angles a o a, , a, o a,, a, o Oj, are equ^ ; 
ao that if the circle p A 0, move with a uniform angular 
motion, it will communicate a uniform angular motion to 
a straight line AO movable about the point o, i.e. the 
straight line works truly with the epicycloidal tooth. 

Ex. 543. — If with centre o u<d radiiu oak circle be described, show that 
if tilis circle work with i F bji Action, any one of its radii Till have the 
Mma ■iig;ulai velodt; as if it had been dtlTeo hj tbe tooth p a. 

109. Practical rule for the form of teeth.* — Let o, 0, 
be the centres of the two toothed wheels ; draw the line of 
centres o o, ; when the point ^^ w^- 

of contact of any two teeth is 
oQ the line of centres let it be 
at A; with centres and o, 
and radii o A and o, a respec- 
tively describe circles, a A a', 
hAb' ; these are called th&'pitck 
drdea of the respective wheels, 
i.e. the two circles which 
lolling by &iction would move 
with the same angular motions 
as the wheels. Now, if there 
are to be m teeth in the wheel 
0, there must be m, in the ■ 

wheel o„ where m, is given by the proportion OA ; 0,A 
;:m ; m,. 

Divide the circnmference of a A a* into m. equal parts, 

* This rale, thoagh not the bett, ia — at, at all ereatB, naed lo be— rer; 
(eneiallj empLojed in ptaciiee. (See Vi'iUii, p, 106). 
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of which parts let A Aj be one ; the chord of this arc is 
called the pitch of the wheel ; divide it into two (neaxly) 




equal parte, of these A£ (the smaller) is the breadth of 
a tooth, and E A, the space between two teeth ; then the 
flanks B A, D E of a tooth (i.e. the parts of its outline within 
the pitch circle) are straight lines converging to the 
centre ; and the feces of the tooth A C, £ p (i.e. the parts 
of its outline on the outside of the pitched circle) are por- 
tions of epicycloids described on the pitch circle as a base 
by a generating circle whose diameter equals the radius of 
the pitch circle of the wheel with which it is to work, viz. 
o, A. The teetli of the wheel 0, are cut npon the same 
principle ; the circumference of the pitch circle 6 a 6' is 
divided into m, equal parts, and each is divided into a 
tooth and a space ; the flanks of the teeth converge to Op 
the feces are epicycloids described on the pitch circle as 
a base by a generating circle whose diameter equals the 
radius oa. That the two wheels thus constructed vrill 
work truly, follows immediately from Prop. 22 ; thus, if 
the wheel o revolve uniformly, the tooth bag driving the 
tooth a'Af/, the epicycloid AC will cause the straight line 
A b', and therefore the wheel o,, to revolve uniformly i on 
the other hand, if the wheel 0, moving with a uniform 
motion drive o, the epicycloid A c' will cause the straight 
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Ifiie A B, and therefore the wheel 0, to revolve anifonnly. 
This is of ooujBe true whether the wheels move in the direc- 
tioos indicated by the arrow heads ia fig. 151, or in direc- 
tions opposite to them. In order to prevent the lodamg 
of the t«eth, it ia uanal to make ae less than a, e by -jY 
of. the pit^h A A, ; and to cut the Bpace A B' deeper than the 
perpendicular length of the tooth a c in such a manner that 
the distance from c to the centre ia less than the distance 
from B* to the same centre by -^ of the pitch a A, ; if, 
however, the workmanship is very good, the differences 
can in both cases be made smaller. 

The rule for determining the length of the teeth com- 
monly adopted by millwrights is to make the length of 
the tooth beyond the pitch circle (i.e. ac or ac^ equal to 
^ of the pitch." This rule is, however, a very bad one ; 
the following, though not perhaps the best, is very much 
better : — Suppose o to be the driver, and suppose a pair of 
teeth to be in contact on the line of centres, the &ce of the 
next tooth should be so long that its extreme point c, 
should just be on the circumference of the generating 
circle ax,, as shown in the figure; the length of the 
tooth of the follower ia determined by a sinular rule ; the 
extreme point of the following tooth 0, should (under the 
same circumstances) be on the circumference of the gene- 
rating circle a x o. The reason of this rule is as follows : — 
It may be considered that when the wheels are in motion 
the pair will bear the whole or nearly the whole stress 
which at any instant will be the next to go out of contact ; 
BO that, the above construction being employed, the one 
pair of teeth is just going out of contact when the next 
pair cornea to the line of centres, and consequently the 
working stress is not thrown upon any pair of teeth until 

• WilliB'B Vrineiplti of Mechanimn, p. 98. The rule wliieh follows is 
giveii both b; T&c. Moaelej, Mtchamcai PnncixU*, p. 2S7, u>d bj Geo. 
Uoiin, Aide-MtmoiTe, p. 280. 
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it c mes to the line of ceobreB ; bat it appears that prac- 
tically the friction between a pair of teeth is very much 
more deetmctlTe when they are in contact befwe the line 
of ceatres than when in contact behind the line of centres; 
by following, therefore, the rule above given, the fric- 
tion between any pair of teeth is diminished. (Compare 
Ex. 566.) 

In practice the teeth of a wheel are all cat bom a 
pattern ; in constructing a pattern the epicyoloidal curve 
may be drawn from the actual rolling of a circle of the 
proper size; or an approximation may be obtained by 
means of circular arcs. Rules proper for this purpoee will 
be found in Mr. Willis's Treatise above referred to. 

Ex. H4. — TodetBrniiaeOnn^iuof tlieiritabcjick c^ a vbeel iriiich 
■ball COiil»u»t««tli^giTaii pitch a. ^ a 

Ex. US.— If ft wheel of m teeth drire another of n tee& ; then if th* 
diJTer make p rerdntioiu per miDnte, the fbtlower will make ^ reroladoiiB 
per minntA. 

Er. 546.— TheN ue thi«e parallel axea, a, b, o ; a nukes p lerolatdMis 
pel minut*^ it carnM a iHkeel of m, teeth which works with a wheel of n, 
teeth on B ; B also canies aooUier wheel of m, teeth which works with a 
wheel of n, teeth on c ; ehow that c mokea ^ . ^ , ji reTolutione per 



Ex. Si 7. — A winding engine ia worked in the'following manner :— A ateam 
engine cansea a ciank to make 30 revolntions per minnte ; the axle of the 
crank bae on it a wheel containing 8S teeth, iriiich works with a wheel 
wntaining 108 teeth ; the latter wheel is on the same axle as the dram, 
which ia 5 ft. in radios ; detennine the nomber of feet pet minnte deecribed 
bj the load. Ant. 3tt ft 



* Tbn abore anacgement ie to be fonnd in most cnmei ; if the shidnit 
ie not acquainted with the arrangement of a train of wheels he will do welt 
to examine a gtwd crane, such as is to be seen at most railway statJona : 
the tiain of wheels in a clock is also a good example bnt cannot conuaooly 
be Blndied without taking the dock to pieces. 
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'"' 110. The hunting cog, — If wheels have to do heavy 
Tork, and the precise ratio between the velocities is 
not of great importance, an additional toot,^— called a 
hwntmg oog — ^is introduced into one of the wheelu, so that 
the same pair of t«etb may seldom work together ; by 
this means they are kept &om wearing tinequally. For 
instance, if in the last example we denote the teeth of 
the driver l^ the successive numbers 1,2,3, . . . 36, and 
the teeth of the follower by the successive numbers 1, 2, 
3, . . . 108 ; then in every revolution 1 will work with 
1, 37, and 73; 2 will work with 2, 38, and 74; and 36 
will work with 36, 72, and 108. If now we introduce a 
hunting cog into the driving-wheel, so that it contains 37 
teeth, then on the first revolution 1 will work with 1, 38, 
and 75; in the next revolution with 4, 41, and 78; in 
the third with 7, 44, and 81, and not until the 38th re- 
volution will it work with 1 again, 

Ex. 518. — If ID ths lut example » 'himtiing c(^' ven iDtrodne«d into 
the diiver bd that it contains 37 teeth, detennine the number of feet per 
minate the load wiU nov tinvel. Ant. 323 ft. 

Et. e4g.— If in Ex. MS thece g,re J^ -h I aitaa and the driven contain m 
iMth, and the tbUowera conlaja » teeth Sr-piece, ihmr that the nninber of 
reralations luade h; tlie lost axle will he p( ~ I 

Ex. 5fiO. — If in the Uit example it is required to moltiplj the number 
of reTolntioDB 200 times, how numy ailea muet we tue — (I) if we Cuke 
m=2»; (2) if we take m — tn; (3) if wa takeni = S», and determine the 
Bumbai of teeth emplojed, in each i»se ueing the nearest whoU nnmheis 7 
JtK. Aim (1) 8. (2) i. (3) 3. 

Teeth (1) 24n. (2) 20». (3) 2In. 

Ex. SSI. — If each dri*eF has m teeth, and each follower n teeth, and if 
a is the tobil Duinbei of teeth in the tiain, and if the last axle makes q 
teiolDtiona while the tint azla niake« one revolution, abov Oiat 
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* Er. 'Sfi3.— In the Un tcainple ihow that for gireii nhtM of u and 
■ -wt ihall obtain Um gteaUat nine of g by ntfUog n-S-59 .« nearly.* 
[It is auily ihown tbat log , ^"\ - 1 + — , vhaoc* the remit Btated.] 

Ec. MS.— Id the oue of a pair ot fdieeli with epicTeloidBl teeth ehow 
that the dtatance Lhrangh irhich the ■or&cee of each pair of teeth elide ooe 
npon the other while in contact and after paseing the line of ceotree ia sp- 

pioiiinatelj repneented by the tbiroiilB — ( — -t- — ) <" — '- ( ' ''' ~ I 
where r and r, are the radii of the diirer and follower te^peetiTBly, and ■ 
and Oi the number of teeth in thoaa wheals leepectiTcly. 

[The motioD et one tooth oo the other ia partly a didii^ and partly a 
rolling motion. Now, if we refer t« fig. 1 1>3, it ie erident that the pair of 
teeth jnit going out of contact tooeh at o, i it is also erident that the two 
poiata t, and a', were in eonlact at a, bo Ibat (ha apace thtongfa which the 
(oi&cee hare elidden over e»ch othar ie A, a'^ which is reiy marly eqn^ 
to the nun of the yened vnea of the ara Ai,and xt.'^ i.e. to r Ten -^ 
+ r, Ten -~ ; whence the value aligned in the qneation.] 

Ei. SM. — A weight p balances a wai^t Q onder the following dienm- 
■tancea : r ia tied to a rope which ia wrapped roimd an axle whose radios 
ii J) ; Q ia tied to a tope which ie wrapped round an axle whose radins 
is I ; to the former ia attached a coneentrio rough wheel, vhoae radius is 
r, to the laUei in lilw mannw a ocmcentrie rough wheel, whose radina ia 
ns. lu. 'i i these two wheels 



line of oanties ao that 

•how that if we neg- 
lect the mapiitude 
of the axes and the 
rigiditf of the omds, 
we ihall hara 

P 'i 

[The arrangemeat 
described in the 
abore exanple is 




annexed diagram ; it 

* It wottldappeaifromthisthatthe bestpn^iortionbetweaiitheniimber 

of teeth in driTer and fallowsr for multiplying veloci^ ii 1 : <. This 

result ie due lo Br. Young, Ltclvra, toL il. p. M. Mr. Willis remark tha 

the rule is not of much practical valne (iVinnpb^ p. 2IS). 
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it erideDt that the langh wtieels act on each other by meaiia <tf a nmtaitl 
actjon thnngll the point A.] 

Ex. SSS. — Id Hit laat example if ire ntppoae the Beparate vheel auS 
Bzles to tnm Toand axes whose radii are f and p, napectiTelj and the limit- 
ing angles of reeistance between them and tiieir bearipge to be ^ and ^, 
ahow that when f ia on the point of oveKoming q vre bB*e the fblloving 
reladon (neglecting the rigidity of cocde, and the weights of the wheel and 
azlea):— 

p(p-p sin If) (r, +p, Bin <t>,)-9 (f + p, Bin ^,) (r + psm f) 

Ex. G6Q. — If in Ule laet example, beaides the ftictions on the axes, we 
talce into accoont the welghU w and w, (^ the wheel and axles, determine 
the Telation between F and a- 

Ex, 657. — If in tie laat example wa neglect powers and prodocts ol 

pjrn^ pam^ ^ ft"° . * .i , ("if^S^i, show that the nnmber of foot-ponntls 

p r J r, 

of wockthiLt mnst IwdoDein order to raise a weight of Q Ibe. throngh s ft. is 
giTen by the formula 

+'jiiwP^L*+w/-Lii^r 

q K r r, J 

Ex, ties. — Iq the laat example if we snppose theiott^ vheels to be M- 
placed by a pair of toothed wheela wtiose pitdi ciidea hare the same radii 
ae the wheels ; then if the wheel o oontainB B teeth, and the wheel o, con- 
tains n, teeth, Bhow that when <t is raiaed through a diaCaoce i the work 
loat by the friction of the teeth is approximately represented by the fbrmida 
(uis (-4—1, where u ia the coefficient of bictjon between the teeth. 

[If the wheel o,i rerolTes through tm angle ^ the distance throogh 

which tlie snriaces of the driTing and diiTea teeth slide i« — ' ( '+ —\ 

and therefore, snppoeing b, the ouanat prtnure, to eiMtinut eoiutiait 
during the contact of the teeth, the number of nnits of work expended 
on friction equala la -^ f^I + — V Now, appntximBtely, 
Br,=a;, and thenfore the work expended on one pair of teeth equals 
jia?Sr* + *j! but -2 is the distance through which a is raised during 
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thautiim of ona pair of tsath, uid the urns leing true of n«cj pnirof teetk, 
ire obtain ths result stated in tbe question. Of eotme, tlie addition of tha 
aaptessiOD contained in the pieeent qnestioa to that obtaioad in tbe laat it 
the eorract approzimats fimniila for the work expended in ninng ft weight 
throDgb the intarrention of a pair of toothed vheels.J 

Ez. 669. — A fiooe p Acting at the end of an arm o x, tvo feet long, 
causes the toothed vheel ob to ma^e 10 tnma per minata ; this -wheel 
wo^og with the wheal o, b tnma the dram o, c and raisM the weight 4 ; 
giTen that f does at the point i. 330,000 foot-pounds of work per minnte, 
dstermiDS appmiiniataly the weight q that will be raised bj the dram, 
baling given the isdius of OBtobelfL, o, BtobaSft., the number t^ 
teeth in ob toba iD,and the ndioaof the dram 5 ft; the teeth, sjdea, and 
bearing are all of cast iron withoot nngoents; the radii of the axles an 3 
in., the weight o{ the axles and appendages of □ is 3600 lbs., and that of o, 
is £400 lbs. .dfu. 2752 lbs. 

[Sea Note to Ex. 667.] 

Ex, BOO. — Show that in a train of p pairs of wheels and pinion** the 
work lost bj friction between the tsath is given b/ &» fbimnla 



^|-L*l.±+...*_L_) 



when »„(■,«,.. ,u^ are the nauber of teeth in tbe snccesaiTe wheels 
aul pinions. 

Ex. S6I. — There is a bain of p eqnal pairs of wheels and pinions ; the 
nnmbels of teeth an inch that the last axle rerolTea m timea faster than 

the first; Aov that if d ie the namber of units of nsafiil wrafcTielded, Qia 
work lost b; the &ictJon between the teeth is represented \>j the fonnnla 



£^n 



») 



where « is the nnmbcF of teeth in each wheal. 

*Ex. SS2. — It is m^aired to make the last axle mors m timea fiutar 
than the first, show that the lose of work is least when p, the nnmbai of 
pairH of wheels and pinions, is given by the formnla 

«~'+log^)n'"'+1.0 
*Bx. 683.— If in tie last example it is required to mnltiplj the Telocitj 
too times, show that the proper number of purs of wheels and pnions is S 
or 1, i.e. show that tbe eqoation in the lost example gives a value of p 
between 3 and 4 ; and determine the number of teeth employed in each ease 
if the flnt pinion have 20 teeth, using the nearest whole numbers. 

Am. (1) 339. (2) 338. 

■When a small wheel driTBs a large one the former it freqneatly called 
a pinion and the latter a wheeL 
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Bx. SS4.— If in the pair of wheelB already described (Art. 109) all bnt 
• aingle pair of te«th be cat awa;, bo that (lie Kmainiug teeth act on each 
other vhite the wheel o moves thiongh on angle — Iwfoie coming to the 

lineofcentree, and alao while it mores throngh an equal angle after having 
passed the line of centres, and if ve suppose p and a to act on the pitch 
circles of their respective wheels, show that when Che point of contact is in 
•neh a position that the vheel o has to revolve through aa angle B before 
the poiat of contact comes b> the line of centres we have 

r{r,— (r + r,) tan 0tanf | =<ir, 

and that when the point o! contact is so (itnated that' the driver lias re 
volved through an angle 6 horn (be line of centres we have 

iT-{r + (r+r,)tan !!?- tan * } 

[If in the accompanTing figure i ia the point of contact of the teeth be- 
fore thqr come la the line of centres, that point x will be on the circnm- 




fetenceofaeircle whose diameterieoA; if then ve draw a line sb audi 
that the angle b x a equals f, this will be the Lite of the mutual action of 
the teeth ; remembering that the angle A o z equals B it is essil; showD that 
die perpendicolars on b b* fiom o and o, are lespectivel; eqiuJ to 

r COB < cos * 
and (r + r|)coa{fl + fli)-reo8acoB<> 

Thence the first eqnatjon is obtained ; the second is obtained in a rimilar 
Bianner, b; detetmining the relation between F and a when the follower has 
revolved through an angle S' which will be found to be 

pr-alr + (r + f,)tana'tan*} 
vheuce we obtain the ansver,] 
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B*. BBS. — If IB bs&njdiiuaeteFof AcireleKB; if c be uiy point takan 
in the pTolong&tion of a b (ao tbat b a betwMn i. and c), and if ^ p, u p, c r 
b« joioad, iho* that 

BC-ACtUlF&BUnBFC 

BDd hence explain the actioB of the fbn«e vhich prodoiMl the remit tint 
fidlowB fron the fint equation in Ex. SM, vis. that whim r, ^ (r -i- r,) tan I 
tan ^ the force p most be ioflniUlj luge to bring a into the itate boidenng 
on motion. 

Ex, 6S6. — If the driver be not grester than the Killowsi, show from the 
tquatjona of &. Mt, tbat for a giren value of a the valaeof pia grputai 
vhen the driring tooth is in a given poaition b^fort it comes to the line of 
otmtrea than When it ii io a coireapoiMling poaition after having pauad the 
line deaDlxtm. 

[If n be written fbr the ratio of r to r, (ao that m cannot be greata 
than nai^) the equatjoua in Si. fiSl can be written thoa : — 

pjl-(l+«)Mt.i»«J-« 
and v'-«|l-l-M-4-— IfitaoDrf} 

eonaeqnentlj 

F— ^-a{(I + R*)/ilan *— {l-t-—lfi tan fflA + pomtive terms} 
Hid tois, on a^wading in powen of #, is ibnnd to eqnal 

i«[(I+m)«li{l-»')»'+Jt{I-»iO»'+- ■■! +po«itrr« Wnnal 
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DYNAMICS. 



INTBODUCTOBY.* 



111. Vdociiy. — ^Before conradering /orce as the cause 
of cha/nge of vdodty, it will be necessary to define 
accnrately the means of estimating velocities nomeri- 
cally. 

Def. — A body moves unifbnnly or with a uniform velo- 
city when it passes over equal distances in equal times. 

The units of distance and time commonly employed are 
feet and seconds ; f and whenever a body is said to be 
moving with any particular velocity, e.g. 6 or 6, this will 
always mean with a velodty of 5 on 6 tt. per second. 

De/. — When a body moves with a variable velocity, 
that velocity is measured at any instant by the number of 
miita of distance it would pass over in a unit of time if it 
co7itm.ued to move waif ormly from thai vnatant. 

It will be seen from the definition tiiat variable velocity 
is measured in a manner that exactly &lls in with the 

* The itadant ie panicul&rly leeonuneiided to make himMlf tliorooghlj 
mMlar oT this ch&pter befbra proceeding ftirtber. 

f Toprerent mutalu,itmaf beBUt«d ttutU)«tJnM nterctAla'amtmt 
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ordinary way of gpeakiiig ; thas, wten ve say that a tnan 
is moving at Ute rate of 40 miles an boor, we mean that 
if it were to keep on moving oniformly for an hour, it would 
pass over 40 miles. Again, if we were to drop a smalt heavy 
body, we should find that at the end of a second it ia 
moving at the rate of about 32 feet per second, or, as it 
is commonly stated, it acquires in a second a velocity 32, 
meaning that if it were to move uniformly from the end 
of that second it would pass over 32 feet in each successive 
second. 

112. Relation between wnifvrm vdociiy, Utne, and 
distance. — In the case of a body moving with a uniform 
velocity, it is evident that the number of feet (s) passed 
over in t seconds most be t times the number <^ feet 
passed over in one second (v), 

,\8=vt. 

The distance 8 can, of coarse, be represented geometri- 
cally by the area of a rectangle whose sides severally re- 
(HreBent on the same scale the velocity and the time. 

in half an hour; 

Ex. MS. — A bodj morea at the late of 13 milei ui honi ; detanniae 
iU Telocity. Jtu. I7f. 

Ex. 5i9. — The eqnatoiial diameter of the earth u 41,847,000 tL, and 
the euth makes one leTolDtion in 8S,164 aeconda; determine the velocity 
(^ a point on the earth's equator. Jm». 1G26. 

Ex. 670. — A body mores irith a velocity of 12 ; how maoy miles irill 
it pswoTarin one hone? Whatinmld be itsrelodtyifwsnsedyVKlB and 
minutes as onlta inatead offset and seconds f dm. (1) Sj^ (S) 240. 

113. The velocity acquired by /aHing bodies, — It 
appears as the result of the most careful experiments that 
at any given point on the earth's surface, a body fEiUing 
&eely in vacuo acquires at the end of every second a 
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certain constant additioDal velocity : " this velocity ie 
slightly different at different places, but is always the same 
at the same place, and never differs greatly from 32 ; so 
that if at any instant the falling body has a velocity v, it 
■will have at the end of the nest second a velocity v+32. 
This additional velocity is the accderative effect, or, as it 
is sometimes called, the acceleratmg force, or simply the 
ttcceleraHon, uf gravity, and is denoted by the letter g ; — 
in all the following examples it will be assumed that g 
equals 32, unless the contrary is specified. 

From what has been said it is plain that if a body is 
let fall, it acquires a velocity g at the end of the first 
second, 2g at the end of the second second, Zg at the eod 
of the third second, and ao on : consequently, if « is the 
velocity acquired at the end of ( seconds, we shall have 
v=gt. 

By the same reasoning it appears that if the body is 
thrown downward with a velocity v, and if « is its velo- 
city after falling ( seconds, then 
v=v+gt 

Moreover, when a body is thrown wpwivrd so as to move 
in a direction opposite to that in which gravity acts, it 
appears that it loses in every second a velo<nty g \ conse- 
quently in that case 

v=-i—gt 

Ex. fiTl. — A bod? Mis for 7 seconds ; vith what nloeilj' is it moving 
at the end of that time t Jiu. 221. 

Ex, S72. — If a body is 1st iUI, ho7 long will it Uke to acquire s velodtj' 
of 200 ft. pel second t J.nt. S} aec. 

Er. 873. — A body is projected downward with a velodty of 80 ft. per 
Boeond ; determine the veloeitj it will hare at the end of 5 Beconda, and the 
uumbsi' of seconds that moat elapse before ita velocity equals twice its 
initial veloeity. ^. (1) 2*0. (2) aj sec 

* It may be Temarked, that the difibtence between the velocities with 
which a featbet and a boUet descend is entirely due to the rt 
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£>. 574.— A body U dmnrn dovBwud «itb a velodt^ oT IflO ft. p«c 
•eooDd ; dcUrmiu ita rekidty at die end of 4 saconda, and tfae ntlmbei of 
•aecnds in irhich a body Ihat ii marely dropped would Mqniie that 
Telocitj. Jn. (1)288. (3) S tse. 

Ex. 615. — A body a. ii piojactsd downirord witli a veloei^ of ISO ft. 
p«r neoDd; at tha same inatant anotheF bodj B ia projected upward with 
an equal velodtj ; dstanoiiia how much taaWi A will be moving than b at 
the end of t aeconda. Jjtt. 6 timea. 

Six. fiTfl-— A bodj ia thiown upwards with a Telocity of Sfl ft. per 
second ; with what Telocity will it be moring at the end of i leconda ? 

[The fbnnola girea —83, i.e. it will be moring Awnrainj with arelointy 
of 3S ft. per second.] 

Ex. ft77. — In tike laat cms how long will it take the body to r«ach the 
highett pMQtf 

[It wiQ be at the highest point when eifO, i.e. aftiei 3 seconds.] 

Ex. 578. — A body is at any insCwit moving ypimrd with a given veloeity 

T ; show that it will be moving downwaida with an equal velocity after — - 

9 
•aoonds ; and that it will leach its highaat point after— seeonds. 
3 
Ex. fi7S. — A body ia thiova up with a velocity mg ; after how long 
will it b« descending with a velodty itgj Jju. M-f » sec 

114. TJie distance deambedm a givfn time by a fall' 
ing hod/y. — It admite of proof that if a body is allowed to 
Ml freely from rest for ( seconds the number of feet (e) 
which it will pass over is given by the formula 

If, however, it is thrown downwa/rd with a velocity v, 
we shall have 

e=vt + \gf> 

and if v/pwwrd with a velocity v, it wiQ, at the end of t 
seconds, be a feet above the point of projecti<m, where 

Ex. fiSO. — How many feet will be described in 4 «e«oiids 1^ a bodythat 
more* freely from icet ludei! the action of gravi^? jiu. 2U ft. 

Ex.6Zl. — Through how many milea would a body fellii^ fifee^from 
teat descend in one minute? Am. 10}^ ni 

Ex. 683.— A body is pt^^gected downwwd with a velocity of SO ft. per 
•Mond ; haw fax will it &11 in 1} aacond 7 ^l. 6fl fL 
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Ex. GBS. — A body is prcgeoled upward with a reloci^ of 100 ft. p«( 
second; hor hi^ will it baTsBKBiidsd in 3 aeeoDds? Jm. 156 A. 

Ei. f S4. — Shaw itai the greatest Talue of Yt—igP is fonod bj nskiog 
tm I. . [Compiue this reaolt with E*. 573.1 

S 

Ex. S8£. — If ft bod; be pnijeeted upaari with a Tdodt; of 9S ft pec 
second, where will it be at the end of 7 iacotid«,BDdwhBtwUlbe thawbola 
distance it will have deacribed ? 

Jiu.(l) I13fLbelow the point of prrjectioD. (2) 400 ft. 

Ex. 586.— A bod7 U projected npmrd with a relodty of 100 ft. pec 
teeoud; detemuoe whete the bodywill be. with wlut relod^,aiid in what 
diiection, the bodj will be moring at the end of 4 seconda. 

Jxi.{l) 144 ft. above the point of piojec^on. (2) 28 ft. pei see. 
dowDwaid. 

Ai. 687. — A body ii pfojected npwaid with avelaoi^T; show that it 

will w«om to the point of proieetion after — sees. 
3 
[Compare this resnlt with Ex. fi7S.] 
Ex. £88. — A body fiiU» for a time t, and bus a relotuty v at the ban- 
ning, and e at the end of that time : ehow that it denribefl the same dis- 
tanoe as another body describes in the eame time with a uaifona Telocity 
i (' + ")■ 

115. ReUUion bdweeti vdodty acquired and d/iata/nce 
passed over by a falling body. — The above relations 
between the velocity (v) which the body haa at the end of 
a time (f) and between the distance (s) which it describes 
in the same time (t) enable ub to determine the relation 
between v and e ; thns, if tiie body is simply let fall we have 

v=gt 
and fl=i3** ^ 

whence ^=2g8 

an equation which gives the velocity acquired in falling 
horn reet through 8 feet. In like manner if we take the 
eqnatdons 

v=-v+gt 
and 8=vt + igt* 

we see that 2gB=2ygt+g*t* 

,, lA.jny Google 
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and v»+238=v»+2vgri+sr*? 

therefore «»=v»+2j;8 

TMe eqnation gives the velocity (v) which the body 
has after &lliog thcoogli s feet from the point at which it 
was moving downward with a velocity v. Similarly we 
can show that 

in which v la the velocity which it has when it is s feet 
above the point at which it was moving upwards with a 
velocity V; whether the direction of the velocity v is 
upward or downward does not appear &om the equation, 
and must be determined by other considerations. When 
a body is moving with a given velocity (v), a certain 
height (h) can always be found such that if a body fell 
down it freely from rest it would acquire the given velo- 
city ; under these circumstances Y is said to be the velo- 
city due to the height E. These quantities are, of course, 
connected by the equation 

V»=2ffH. 
Sx. S8S.— If a bod; is thrown upwud vith a Telocitj t, show that it 
rill owend tbrougb — feet. 

Ex. 690.— If a body ii thnmi npwaid iritii a Telodty of 200 ft. per 
second, flad ita greatest height. Jju. 62S fU 

Ex. sei.— If a bod; falls freel; thiongli ISO ft, find the velocit; it 
acquires. Aiu. OS. 

Ex. S92 A body is projected Terticall; upward with a velodt; of SOD 

ft. per second; bov long will it take l« reach the top of a tower 200 ft. 
high, and with what Telocity will it reach that point f 

.ifu. (1)1-1 gflc. (2)184-9. 

Ex. fiOS. — Let 1 be the highest point of a rartical line a B : at th« 
sams instant one body is dropped from A and another thrown np from b, 
the; meet at the middle point of a b ; find the initial Teloci^ of l iie seco nd 
bod;. Jut. v'ffXi.B. 

Ex. 594. — A stone (a) a let fall item a certain point; one second afteof 
(uiothBrstone(B)iBlet feUfrom a point 100 (t. lower down; tnbowmaii7 
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MCOndi fiom tite 1>egiiiniDg of its motioD viU a overtake b, and what 
dialAiiee will it hare dsHCribed? jtea. (1) 3| aen. (2) SlOj ft 

Ex. 695.— A BtoDB (a) i» let fall from the top of a tower 350 ft. high ; 
tt the name iiutaat a lecond stone (b) ia let ML from a window £0 ft. below 
the top 1 how long before a will b strike t^e ground ? Ant. 0'3S aec. 

Ex. 696, — A atone (a) is prcgectad rertjcallj upwoids with a Teloci^ of 
96 ft. per second; after 1 Beoinds another stone (b) islet fall &om the same 
point; howIangviUBmore before itiaorertakenbj A, and at what point will 
this happoi t Ant. (1) 4 see. (2) 25S ft. below the prunt of projection. 

Ex. Ml. — In the list example if onlj 3 seconds had elapsed when b 
was let &I1, wonld a ever hare overtaken it ? Jnt. No. 

Ex. 698.— The point a is 128 ft. aboTO b ; a body a tirown upward 
from A witli a velodty of 64 ft per second, and at the same instant anat}iei 
is thrown upward &om B with a velocitj' of S6 ft. per second ; show that 
after 1 seconds they will both be at a ; moving downward with Talacities 
64 and 32 respectiyalj. 

Ex. 6S9. — Determine the heights to whiiih velodtiee of 20, 6S, and 
760 ft. per second aie respectively due. 

Jm. (1) at tt (2) 61^ ft (3) 9025 fL 

116. OiAer coBea of unif<yrmly atxderaiM motion. — 
The velocity of a body is said to be uniformly accelerated 
when it is increased by equal amoants in equal intervals 
of time. Thus, taking feet and seconds as the unite of 
distance and time, if the velocity of a body is, during any 
second of its motion, changed from v ft. a second at the 
beginning of the second to v + 20 ft. a second at the end 
of the second, the acceleration is said to be 20 in feet and 
seconds. In like manner if the acceleration is / in feet 
and seconds, this means that if at any instant the body is 
moving at the rate of t feet a second, its velocity vill be- 
come at the end of a second V +/ feet a second. The 
velocity is said to be uniformly retarded when it is 
diminished by equal amounts in equal intervals of time ; 
thus, if at any instant tiie velocity is T feet a second, and 
at the end (rf a second it becomes V— / feet a second, the 
velocity is said to undergo a uniform retardation /. It is 
nsual to reckon retardation as a negative acceleration. If 
we write / for 3 in the formulee of the preceding articles 
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they will apply to the rectilineal motioD of bodies vhow 
velocities xindergo any nniform acceleration or retardation. 
ThoB, if via the initial velocity,/ the acceleration, t the 
time at the end of which the body has a velocity v, and iii 
at a distance from the starting point, we shall have 

r»=v»+2/8 
£1. 600. — At the diitaDce at ths moon tli* acceleiatiTe efttet of gamtj 
ia reduced to about j{j ; if & body fell freely &om tbia distune* for one 
hour, witb That velocity per minuta vonid it then be tMiagJ and in how 
many seconds wonld a bod; &Uiiig in the Dsighbauhood of the emrth'a 
suc&ce acquire the aame velocity 7 . 

Ant. (1) 1828}. (2) 1 sec vei; neail;. 
£t. flOl. — If a body vera to begin to bll to the earth bom the distance 
of the moon, hov man; yards voold it fall through in half an hour ? 

Jtu. 4B21 yards. 
Ei. 603. — In the last example if a bod; ware thrown opvard witb a 
velocity of 4 miles an hour, how long vonid it talie tu retom U the point 
of projection? Ant- 13U sec 

117. The acceleration of the motion of a given body 
prod/aced by a given force. — In most cages the moving 
body is acted on by several forces, which to a certain extent 
neutralise each other, and its motion is caused by their 
resultant. Snppose that a body is placed on a Bmooth 
horizontal plane and moved by a force (f) acting horizon- 
tally ; the fcffces acting are the weight of the body, the re- 
action of the plane, and the force p ; of these the two 
former neutralise each other, and the latter produces the 
motion. So long as the force producing motion remains 
tmohanged, it will uniformly accelerate (or retard) the 
motion. The amount of the acceleration is determined by 
the fundamental principle * — If any gioea body ie acted on 

* The evidence for tbis principle, as fbr all tbe other fnndanunital 
principlea of dynamics, ia experiment, thongb it i» ver; difficult to devise 
experiments which shall exhibit them in a state of isolation: Galileo, who 
discovered most of them, possessed a rue eagscity in detecting the partt ul 
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aivdy by two forces, the accelerations due to the 
action of ^forces are in the soTtie ratio as the forces. 
Kow, if the weight of a body be w lbs., we know that the 
senBible attraction the earth exerts od it at London is a 
force of w lbs. — the term pound being used to denote the 
nnit of force, as in Art. 23. Also, if this body fell freely 
in vacuo in London it has been ascertained (see Tabl^ 
XV., p. 250) that its velocity ia increased in each second 
by a velocity of 32*1912 ft. per second ; this ia, therefore, 
the acceleration of that body's velocity when acted on 
by a force of w lbs. Suppose the same body to be acted 
on by a force of p lbs. and the corresponding acceleration 
to be/; — suppose, as in the above instance, that the body 
is placed on a smooth horizontal plane, and urged along a 
straight line on the plane by the force P ; — then in each 
BUGcessive second <^ its motion its velocity will be increased 
by a velocity of/ feet per second, where / ia given by the 
proportion 

w :p:; 32-1912 :/ 

In the following examples 32 will be used as an approxi- 
mate value of 32-1912. 

It follows from the remark already made (Art. 116) 
that the formulae previously given for falling bodies will 
be true in the present case when / has been substituted 
for g. Thus we shall have 

v=ft 8=ift* lf=2f8 &c 
Ex. S03. — A bodj weij^iiDg 30 Ibi. elides along a smooth horiamtal 
plane nndar a oonstant fbrce of IS Iba. ; determine — (1) the additional 
lelodty it ocqairee io every KCond ; (2) the velocity it Till hare at the 
end of S wconda ; (S) the diatonce it irill paw over in S seoood*. 

.i». (1)16. (2)60. WZOOtt. 

a phenomenon vhich wera dne to distnihing canses, and thmi was enabled ta 
get at the fundamental pnnciples. The eiperimental verification of these 
principles is nearly always iadirtet, and consists JD conipaiiog actnal coses 
of motion (e.g. that of planets, of pendnlnms, &e.) with the e 
principles which have beea derived from them. 
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Ex. S(M. — A. jatte vei^biog •» lbs. is urged along a rongti horiiontal 
plime b; a ibrca of f lbs. sctiiig in a direction' parallel to tile plane : the 
coefficient of friction ii>i; if the body's velocity is iiMieaaad in evra7 second 
by/, show tliat 

vhsM^denotSB S2'1S12 ra (appForiniatelj) 32. 

£r. SOS.— A Kdght of 100 lbs. is moved along a boiiiontal plane bj a 
comtant force of 20 lbs.; ths coefficient of &ictiou igO'lTl determine — (1) 
the distance it will deicrilM b 10 seconds ; (2) the time in vhich it will 
describe 200 ft Jm. (0 48 ft. (2) 30-4 see. 

Ex. 606, — A train weighing 60 tons is impelled along a horizontal road 
bj a constant force of 660 lbs. ; ths friction is 8 lbs. per ton ; whatTelOcitj 
will it have after nioTing from rest far ten minu(«s, and what distance 
will it describe in (lut timer * 

..tei.<l) 17| miles per honr. (2) 7714 ft. 

Ex. 607- — If in ths last example (he steam were cnt off at the end of 
ths 10 minntes, how manj seconds will eUpaa before the train stops, and 
how to will it go? .Am. (1) 225 see. (2)2893 6. 

Ex. 608. — A tiun is obaervad to move at the rate of 30 miles per honr, 
the steam is cat off. and it then rons on a boriiontal plane for 10,000 ft ; 
find how manj lbs. per ton the resisEancea amooot to enpposing them Inde- 
peodent of the velodtj. 

[It is easily shown that/-0*0968 ; then the resistance (r) in lbs. per 
ton (w) is fonnd to eqnal 67T6 lbs.] 

Ex, 609. — A sphere lies on the deck <tf a steamer and is observed to 
loU back 20 inches ; if the teaistaDce to roUii^ is the j^th part of il« 
weight, determine the change in the velodtj of the steaioer. 

Jia. 2-309 ft. per sec 

118. The Tootion of cormected bodies.— The meaning 
of the term reaction has been already explained in Art. 26, 
where the law is stated that when a body (a) acts on 
another body (b) the action is mutual ; whatever force A 
exerts on B, B exerts an equal opposite force on A. It 

* If the resistances which oppose the motion of the train were constant, 
it would be possible to atrain anj Telocity, however great ; in reahty Ijie 
resistance of the air always imposes a limit to the velocity that can be 
Bttained by a tr^n moved by a force that eiceeds the Mctioos by any 
given amount; thus Mr. Scott BnsBeU's formula for the resistance con- 
tains a term iuvolviztg the square of the velocity of the train Ifiapkine, 
p. 620). 
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mnst be nnderstood that this law is perfectly general, and 
is true whether the bodies are at rest or in motion. Sup- 
pose that two bodies, whose weights are P and q, are 
connected by a very fine weightless thread, supported by 
a smooth point on which it hangs. If p is the heavier ot 
the two, it will descend, and in doing so it will draw q 
np. If the question is to determine the velocity acquired 
and the distance described by the bodies in a given time, 
we may proceed thus : — The system whose weight is p + q 
is moved by the eicess of the weight of p over that of Q ; 
hence if/ is the accelerative effect of that force we have 

p+Q iT-Q-.-.g :f 
and as this [voportion gives / the question can be an- 
swered easily. But if the question is to find the force 
which causes p's motion or q'b motion, we must proceed 
as follows ! — If p acts on q with a force t, q will react on 
p with an equal opposite force, and, as both these forces 
are transmitted along the thread, t is the tension of the 
thread. Now the velocities of the bodies aie always equal, 
therefore the acceleration of P's velocity must equal that 
of q's velocity. But p moves downward under a force 
of p— T pounds, and q upward under a force of t—q pounds. 
Therefore if/ is the required acceleraticm we have 

9 F jr Q 

vhence we obtain 

/=^r0.j; and T = 2IS 

•' P + Q " P + Q 

The value of / is the same as that previously deter- 
mined, and T is the value in lbs. of the force with which 
p acts on Q, and of that with which q reacts on" p. 

Ex. eiO.— If in the cast fliplained in the last article p and o veigti 
12J 11>H. and UJ lbs. rospectivolj ; find (1) the acteleration of p'« and «'§ 
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nlocitj, (3) the dittauM thef woold daacribe in 5 sec. Tiota s state of itn, 
(3) thstendonoftliethnad. .Jiw.(I)lJ. (2)I6{A. (S) 11^ lb*. 

£e. eil.— -A weight 4 U tied to k string, and rests od a ron^ horimitel 
table ; to tha otbei end of the string ia tied a weight r which bangs ve^ 
ticallj over the edge of the table ; if the weight of the string and its &ic- 
tiOD against th« edge of the t&ble are neglected, show that when t falls it 
•ccelentes a'l TelodQ' in erery second bj/, whnv 

^-^''■' 

[Tbenadentvillroiiiai^ that in tliiscase a wei^t F + aisnoredbrft 
force p— pa.] 

Ex, 612. — A mass of cast iron weighing 100 Iba. is drawn along a hcm- 
lontal plane of east iron by means of a cord which ia parallel to the plane, 
and to ths end of which a weight of 30 lbs. is attached (as in Ex. 611); 
determine — (1 ) the acceleration ; (-2) how fiir it will m ove in 4 seconds. 
^1«.(1)1J. (2)10ift. 

Ex. 618. — If in the last example the mjas had described S ft. in 1{ 
seconds, what most have been the coefficient of friction 1 Aiu. ^. 

£r. 814.— KinEr, 611 a weigha 1 lb, and P weighs 1 oz. ; if moreoiror 
lie length of the string ia 12 ft. and f ia placed at the edge of the table 
which ia 3 ft. above the ground, Hnd — (1) how long pwill take to reach tbe 
ground ; (2) how long it wilt take a to arrive at the edge of the table, the 
biction batwesn a and the table being neglected. 

Jiu. (1) I'Te sec (2) iie sue. 

Ex. SIC — In the last example snppoBe p and a each to weigh one 
pound ; determine the coefficient of friction between a and the table if that 
body jnst reaches the edge. Jni. ^. 

Ex. 616.— In Ex. 611 show that the tension of the string equals =-^^—^ 

Ex. SIT.— Id He. 612 find Uie tension of tbe cord. Jju. 19| lbs. 

Ex. 618. — A plane is observed to be descending with a uniform accele- 
ration of 8 ; a body weighing "W lbs. resU on the plane : show that the 
mntnal preesnre between w and the plane is Jw. 

Ex. 619,— Three bodies P, a, n, weighing 100 lbs. apiece, are connected 

by threads and placed oce after another on a smooth horizontal plane; 

they are set in motion by a weight of 20 lbs. which is connected by a thread 

to P and hangs over the edge of the plane ; find the tensions of the threads. 

Ana. 6i lbs., 12^ Iba, 18J lbs. 

Ex. 620. — A chain bangs over a point; if we suppose tbe chsin per- 
fectly flexible, the point perfectly smooth, and the hanging parts of unequal 
length, it will not stay at rest, but will mn off the point; shovthat dnring 
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the motion the tension of the chain at its middle paint equale the weight of 
the ehortei of the two hBOgiDg parts, 

119. The work accuimdated vn a TtwviTig body, orita 
In/netic energy. — A moving body has, in virtue of its velo- 
city, the power of doing work against a reBistance. For 
inetance, if a train ia in motion, and the steam is cut off, 
it will run for a considerable distance before coming to 
rest; and all the while it is moving it is doing work 
against the friction and other resistances. This power 
which a moving body has of doing work may be called the 
work accumulated in the body, but it is more commonly 
called its vis viva, or kinetic energy. Let the body 
weigh w lbs. and have a velocity of v feet a second ; sap- 
pose its motion to be opposed by a constant force of P lbs. ; 
the work originally accumulated in the body when its 
velocity was V will be gradually expended in overcoming 
the force, and will be exhausted when it comes to rest. 
L^t the body move through k feet before being brought 
to rest by the force; it will then have done rh foot- 
pounds of work against the resistance, and this must have 
been the work accumulated in it, or its kinetic energy, at 
the instant its velocity was v. Now if/ is the retardation 
of the velocity due to p we shall have 

v"-2/ft=0 
but we know (Art. 117) that-^ = - 



wfaere g stands for 32'1912 or approximately 32. If then 

w is given in pounds, and v in feet per second, - — ia 

the work accumulated 09 the body, or its kinetic energj 
in foot-pounds. 

»2 ' ,, ,- yCt.HJ'^lc 
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Ex. 831.— A body Thoe« weight is 10 lb>. move* with a velodty of IS 
A. par sacond, it \a» to DTercome a constant resistance of lulf % ponsd ; 
determiDa the nambar of teet it will deeciibe befbre atApping. 

[Then an 40 root-poDnds of work acenmulatiMl in thebodj; now, if x 
be the number of faet required, \x ii the oombet of foot-poniid« of waric 
done, whence x eqniila 80 ft.] 

Ex. 622. — Id a limilar manner obtAiii the answers to the Ex. 607, 608, 
•DdOOS. 

Ex. 623.— If in two bodies moring with the asme Telodties there am 
ucnmnlated D foot-pounds of work, and if their weights are f and a, show 
that the number of foot-poondJ accumolated in p is — — - . 

Ex. 624, — P weighing 10 lbs. is attached bj a fine thread to o weighing 
40. Iba ; Q is placed on a longh table over the edge of which p hangs ; F 
&IU throngh S ft. and then comee to the ground ; q moves dq fbr 6 ft. mors 
sod comes to T«tt on the table. What is the coefBcient of Motion between 
o and the table 7 Jtu. ^. 

Ex. 62S. — A railwBj tmok weighing with ila contents 10 Uaa — reaiat- 
ances being 8 lbs. per ton — is drawn. jrom i«et b; a horse; aitergiung 300 
ft, it ie obeerred to be moving at the rata of 6 ft. par second ; determino 
the number of foot-pounds that has been done by the horse. 

Jm. S2,7S0. 

Ex. S2S,— A train weighs 100 tons— msistances are B lbs. par ton — 
determine the smallest number of foot-pounds expended in a run of 100 
miles on a level road.* Jm. 422,400,000. 

Ex. 627.— In the last example if the train stops 10 times and the 
driver in aoch «a«e geta the speed up to -tO mitea an hour, aitd to save time 
torna off the steam and puts on the break at 1000 ft. befbre each station, 
determine the total loss of work ; and the proportion it bean to the tot«l 
nombar of fuot-pounda that need be expended. 

jKt. (1) 90,760,000. (2) Dearly }. 

Ex. 628. — A shot weighing 6 Iba. leaves the mouth of a guu with a 
velocity of 1000 ft. per second : determine the number of foot-pounds seen- 
mnUted in it, and the mean prtesure exerted by the exploded powder 
behind it if the length of the bore is S ft. 

Am. (1) 93,750. (2) 18,7o0 lbs. 

Ex. 629. — If tha shot in the last euunple penetrates 24 in. into a pi«ea 
of sound oak, determine the mean resistance offered by the wood. 

Atu. 46,878 lbs. 

* It is supposed that at the end of the journey the steam is turned oB 
at such a point that the train just tuns inui the station without putting o« 
tha break. 
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120. Velo(nty acquired by a body i/n. alAdiTig down a 
tmooth curve. — Let h be the vertical height of a point 
A above another point B, the points 
being anywhere sitnated ; let tis sup- 
pose them joined by any amootk line, 
whether straight or curved ; then If 
a body is suppoeed to slide in vacu* _ 
from A to B along the cnrve, and if v 
is the velocity it has at A, and v the velocity it has at B, 
it can be proved that 

v'=v^ + 2gh 
Now, if a point b' were to be taken vertically onder A, and 
in the same horizontal line as b, a body that is thrown 
down firom A with a velocity v will have at b' the Hame 
velocity, viz. v — i.e. the change in the velocity of the body 
between A and the horizontal line B b' is irrespective of the 
path it describes. In explanation of this remarkable fact 
it may be observed, that at every instant the reaction is 
perpendicular to the direction in which the body is moving, 
and therefore cannot accelerate the velocity. The same 
formula is tme of a body suspended by thread, and oscil- 
lating ; for the tension of the thread will act at eatii point 
perpendicularly to the direction of the body's motion, and 
will neither accelerate nor retard the velocity. 

Ex. SSa. — A stone U tiad to the eadof a BtnDglO ft.long&nddewribes 
B vertical circle ofwliicb the etring ia the radine ; if at the highest point it 
i* moTiDg at the rata of 25 It ■pel aecond, find iu velocitj after describing 
angles of 00°, 180°, and 270° rtipeotirel; from the highest point. 

-to*. (1) 368. (B) 43-6. (3) 3fl8. 

Br. 631. — Show that if a Isodj oeci11at« in noy ore of a circle, the arc 
of ascent vould olwa^ equal the ore of daecent if there irera □□ posaiTe 



Er. 033. — A body ii tied to the and of a string 12 fL long, the other 
•nd of vhich ia fastened to a point a ; at a distance of 1 ft, verticallf 
beloiT A i« a peg b ; the bodj descends through an angle of 30° when tha 
■triug eumet to tlie peg b ; find tha angle throagb which ttie bodj will rise. 



3<e PRACTICAL MECHANICa 

Ex. tK. — Snppoia alxxly to mor* in arertic&l circle vbofls ndinaii r 
BDcl loweat point A ; let v be tlie Telocity it hiu at a point f and tr that vhich 
it has at a 1 let the chorda a f Bkod A a be denoted b; c sad c respecttTelj ; 
aho-wthat ^-■f + ?.{d'-d^ 

Ex. 634. — If a bodjr slide dom an an of a veitical circle to (be lowest 

point of the ciccle, show that the velocity at that point is proportional to 
the chord of the an described. 

121. Ceidrifugal force. — If a stone is tied to the end 
of a string and whirled round, there arises a very peculiar 
csfie of the action of forces, and one which requires careful 
consideration. Suppose the string to be r feet long, the 
stone to weigh w lbs., and to move with a velocity of 
V feet per second ; now, the tendency of the stone at each 
instant is to move off in the direction of a tangent to the 
circle it describes, therefore there must be exerted on it 
at each instant a certain force (p) acting along the radius 
and towards the centre sufficient to deflect it from the 
tangent and to keep it in the circle ; this force is given 
in pounds by the formula 

^ w v* 



where g denotes 32*1912 or approximately 32. In tiie 
case supposed this force is supplied by the hand which 
puUs the stone towards the centre ; the stone consequently 
exerts against the hand a reaction equal and opposite to p. 
This reaction of the stone against the hand is its centri- 
fugal force. The string ia, therefore, stretched by two 
equal forces, viz. p exerted by the hand and the centri- 
fugal force of the body. It must be added, that when any 
heavy body moves in a circle under the action of any forces 
whatever, the sum of the resolved parts of the forces in 
pounds along the radius must at each instant equal — . — 

g T 

or the body will not contiuue to move in the circle. 



OENTEIFUQAL FORGE. a47 

We have alreadj seen (Art. 117) that if a body whose 
weight is w lbs. ia acted on by a force of p lbs., it would 
acquire at the end of every second an additional velocity 
/ equal to —gi in the present case tiierefore 

Ex. 636, — A weight of 1 lb. Sh fastened ta the end of a etring 3 ft. long 
aai mads to perform 60 Terolutiani in 1 min. with a uniform Telocity ; the 
revolTitiODH take place in a horizontal plane : determine the tension of the 
■tring. Am. 2*57 lbs. 

Ex. S3B. — In Ex. 630 deterouDe the tension of the eCring at the hijheat 
and at the oCber points, sapposiug the bod; lo weigh 10 lbs. 

Jtu. (I) 9-53 lbs. (2) 3963 lbs. (3) BS'SS lbs. (i) 33-53 lbs. 

Ex. 637. — If abodj mores in a vertical circle the radios of whiah is 5 
ft., determine the Tslocity at the highest point that tlie body ma; just keep 
in the circle. Jm, 12'6S. 

[Let T be the tensionof (he string, then t-(-w= ?.— and the body will 
t *' *" 

jnst keep in the circle if t — 0. If — . — were-less than it the body would 



Ex. 633. — la Ibe last example show that the tension of the string at 
Ihe lowest point will equal 6 CimeB the weight of the body ; and that when 
the body has described a quadrant tram the highest point the leiuion is 1 
times the weight of the body. 

Ex. 639.— Show that the ceutrifugal fbrce (/, Art. 121) at the equator 
eqaels 01 1 129 or the ^ part of what the acceleration doe U> gravity 
wonld be if the sarth were at rest. 

[See Ex. 569 and Table X¥.] 

Ex. 640.— How many revolntions wonld the earth have Ui make in 2t 
hours, if bodies would jm< stay on ber Buriace at the equator? .Atu. 17. 

Ex. 641.— Giyan that the moon makes one revolution round the earth 
in abont 2,360,000 seconds, and nearly in a circle whose radius is <i9'9Sl 
limes the earth's equatorial radios, show that ths accelerabve eSijCt of 
gravity on the niooD must equal — - — reckoning in feet and seconds: 
what inference can be deduced from this as to the law of the decreiiMi of 
the earth's attraction ? 
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Ex. 643. — A body mow in a circle whose radius il r, tha tarte tei^se 
towKrdi the GSDbe necesm; to krap it ia the circle is f ; if o is the work 
aecamaUted Id the bod; sbov that 

2i3-pr 

122. TviMofoBciUation of a simple pendulum. — If a 
small ballet is suqwnded by a very fine thread, and caused 
to oscillate in any small arc (e.g. not exceeding 2° or 3° 
on eacb side of the lowest point), then the time of eacli 
oscillation * is given approximately by the formula 



-Wl 



where t IB the required time in seconds, and I the distance 
in feet from the point of suspension to the centra of the 
bullet. It may be remarked that the above formula would 
be rigorously true if the bullet were reduced to a point, 
the thread perfectly fiexiUe and without weight, and the 
arc of vibration indefinitely small : a pendulum possessing 
these properties (which is of course an abstraction") is 
called a simple pmdvlum, and the above' formula is said 
to give the time ctf a small oscillation of a simple pen- 
dulum. 

Ex. 643. — If g — 32'2. detcrmiiie the nDmber of oscillations nude in ooa 
hour bj s pendulum 3 ft. loDg. Jju. 3754'2. 

Ex. S44. — It is firand that at a certain place a pendnlnm 39-138 inchea 
long oeciltatex in one second ; determine the accelendTe effect of gravity 
at that place. .ins. 321897. 

Ex. eiS.— Find the time of 100 cociUationB of a pendnlnm II ft. long 
at a place vbeie Uu length of the aeconds pendalum is SS'Dl? in. 

Am. 1S3'9 sec 

Ex. S44.— If X is the length of a seconds pendnlnm show that 
J?-- '1. 

t auj place, and I 
t the came place. 



le lime of moring &om tiia higheit point on one side to tlia 



CENIKB OF OSCILLATION. 

Ex. 048. — A peDdnlnm »t die ftTerage tempecSitiLra ( 
Mcond ; it is found thai ita length ia l ; after a certain tj 
loM 60 sees. B daj ; deUimine the incieaw of its length. 



123. Centre of osotUation <md of percussion, — Let 
A B represent aaj body capable of oscillating about an axis 
passing through s perpendicular to the plane na- iml 
of the paper, which plane contains the centre r^ 

of gravity Q : let the body be made to oscillate ) 

round the axis, ajid let the time of its small 
oscillations be noted ; determine the length I 
of the simple pendulum which would make a ^ f I 
small oscillation in the same time ; in 8 a pro- I ' 

duced take o, such that s o equals I ; then the '^' 

point o is called the centre of oaeUlaiion of the body 
corresponding to the centre of suspension s. If a b has a 
definite geometrical form s can be determined by calcu- 
lation, as will be shown hereafter ; but in any case it can 
be determined by observation as explained. 

In the plane of the paper draw o r at right angles to 8 o ; 
it admits of proof that if a B • were struck a blow of any 
magnitude along the line o r, there would he no impulse 
communicated to the axis ; the point o is therefore also 
called the centre of percnsaion. 

Bx,6i9. — A mass of oak ii auBpendBd fceeljbjft horicontalsziB ; it ia 
observed to make 43 oscillations in one minut« ; at what dietanee heloir 
the point of snppaTt most a shot be filed into it so that there maj he no 
impnlBB on the poinCof sapportf Aiu. S'313 ft. 

Ex. 650. — A tilt hammer when allovgd to oscillate shont its axis Is ob- 
•erved to make 39 smaU oscillationa per minute ; at what distance from 
its axil must the point be at which it strikes the object on the anvil in 
onJUr that no impulse may be communicated to the axis? 

Jm. 9'628 ft. 

* The bodj AB U mppond to be Bymmetrioal with reference to the 
plane of the p^^ei. 
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Length of Se- 


,--.r 


OlMrw 


FUm 


Latitude 


ioluobn 








uidSewDls 


Stbine. . . . 


SpiUb«igen . . 


N. TS'SO- 


39-21*69 


82-2528 


Sabina. . . . 


Hammarbat. . 


TOHO- 


39 19476 


32 2363 


Sranbelg. . . 


SWckholm . . 


6S°21' 


38 16541 


32-2122 


B«««l. . . . 




64''42' 


89-15073 


32-2002 


Sabine. . . . 




61=29' 


3913883 
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Bopda, Biot, and 










Sabine. . . 


Paria . . . . 


*8'=B0' 


39'12B51 


321819 


Biot ... . 


Bordeani . . 


WBV 




32-1691 


aabina . . . 


NewYork . . 


40''43' 


3910120 


321694 


££•'■ : : 


SandTJchlBlanda 


20«62' 


3904690 


33' 1148 


Trinidad. . . 


lO^SS' 


39-01888 


33-0913 




Bawak . . . 


s. oo r 


39-01433 


820880 


3abiDe and Da- 










perrey . . . 


Aaceniion . . 


7°56' 


39-02363 


32-0956 


FrejcineC and 










Dnpairej . . 


We of France . 


UO'IO' 


39'04684 


32-U51 


Brisbane and 










Bumker . . 


Paiamatta . . 


as-iff 


3907452 


32-1375 


FpBjcinat and 










DopacMy . . 


bles Ualoninat 


Bi'sy 


89-13781 


32-1896 



124. Variationa in the force of gramty at different 
placea of the eartk'e surf ace. — When experimental deter- 
minatiooB of the force of gravity are made with great 
care, it is found to have different values at different 
places ; these differences are due to two principal causes. 
(l)The spheroidal form of the earth, in conseqnence 
of which the attraction of the earth at different placea 
is not the same. (2) The diumal rotation of the earth, 
which cauaea the sensible or apparent force of gravity 
to be less than the actual attraction, aa part of the latter 
ia employed in keeping bodies on the surface of the 
earth. Besidea these general causes, variations are pro- 
duced in the determinations nuide at particular places 
by differences in their level, and differences in the density 
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of tbe Btrata in their immediate nelghbotu'liood. The 
apparent force of gravity at any place ia determined by 
ascertaining the length L of a simple pendulum which 
beats eeconds at that place, and then the accelerative 
effect of gravity is determined by the formula (Ex. 646) 

The preceding table gives the length of the seconds 
pendultim at different places, according to Sir G, Airy," 
and the values otg which cbji be deduced from them. 

* Figun qftia Earti, p. 229 
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CHAPTER 11. 

OS DNIPORMLT ACCELERATED MOTION, 

125. Change in the nwmerical value of an accdei-a^ 
Hon due to a change in the units of dintaTice arid time. — 
In ihe preceding intxoductoiy chapter we have used feet 
and seconds as the units of distance and time, and we 
shall cootinne to do so except in cases where the contrary 
is specified. In feet, if we take the accelerative effect of 
gravitjas 32'1912 or as 32 approximately — and this is 
almost universally done— we have tacitly taken feet and 
seconds as the units of distance and time. It would be 
quite poBsible, however, to nse any other units we please, 
as yards and minutes, miles and hours, m^trea and sidereal 
minutes, &c. The question may therefore be asked — Sup- 
pose an acceleration to be / when feet and seconds are 
the ooitB, what will be the numerical value of the accele- 
ration when any other imits, as yards and minutes, are 
used ? To answer this question we may reason thus : — 
Since / is the velocity in feet per second by which the 
velocity of the body is increased in each second, we have to 
find in yards per minute the velocity by which the velocity 
of the body is increased in each minute. Now a velocity 
of/ feet per second is one of/x60-T-3 yards per minute; 
and as this is the increase in each second, the increase in 
eachminntemustbe 60x/x60-i-3 or/x60»-!-3; this is 
therefore the required value of the acceleration when the 
units are yards and minntes. Similar reasoning will 
apply to other cases. 
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Et. sas.— If B "boAj mOTSB with a velocity of 1920 ft. per second, what 
ia its Telocity eetimated in jarda psF minute ? Jsu. 38,100. 

[Not, it must be remembered that at the end of eBch teoond a ialling 
bodj seqaireB on additional velocity of 32 feel per iKond ; it appears from 
the laM tvo exam[iea that t^ eame body would acquire in each minuit an 
additioDal velocity of 38,*(I0 yardt per minute ; but the former nnmber re- 
presents the acceleialive effect of graTity in feet and seiyrads, and there- 
fore the latter lepiesenta the accelerative ^bct of gravity in yards and 
minutes,] 

Ex. 6S3. — If thennit of distance were a fathom, and the unit of time 16 
sac., what would be the nnmerieal valne atg ? Aia. 1300. 

Sx. 6S4.— Oiven that tbe accelerative effect of gravity at the diatanea 
of the moon equals ^ in ftot and seconds, find its value in miles and 
hours. Ana. 21'91. 



Ex. 666.— A « 



acceleration has a Dumerical value/ when certain 
>w that its value trill be ^ when the new unit of 



nnita are emplojad ; show 

time contains n, and the new onit of distance », of the old nnita respectively, 

PnyposUflon 23. 

If k'BCTihe av/y curea bovmded by a line atra/ight or 
carved c D, amd by straight Imea a b, a d, b c, o/ which the 
two latter ore at right cmgtes to ab; a/nd if the line Dcbe 
suck that for amy point P the ordinate p s represents the 
velooitywithwhicka bodytnoves Tha. in 

at the end of a time ty that is 
represented on the same scale 
by iSfthsnthea/reaofthecurve 
wUl represent the distance 
described by the body in the 
ij/me AB, 

Divide AB into aoy number 
of equal parts in N,, K,, H„ . . . . 
draw ihe ordinates p, n„PjK,, 
p, Hj . . . and complete the rect- 
angles DH„ P,N„ P,N„ . . . . 
Now, if we suppose the body to more during each ioterval 
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of time vith the velocity it has at the commencement of 
that interval, it will (Art. 112) deicribe a distance repre- 
sented by the surd of the rectangolar areas dh,, PiN,, 

p, Nj, ; and this will be true, however great the 

number of intervals may be, and therefore when the velo- 
city changes continuously, the apace described will be 
correctly represented by the limit of the sum of those 
areas, i.e, by the curvilinear area a b c d. 

Proposition 24. 

If a body begvtie to move along a Btraight line vrith 
a veloin'ty v, and its vdodty undergoes a uniform ao- 
cderation /, the distance [s) drecnhed hy it in a time t 
is given by tkeform/tda 

s=vt+yt* 

Let A B represent the time t on scale ; at right angles 

to A B draw i d and b c representing on the same scale v, 

the velocity at the beginning of the time, and v+ft the 

velocity at the end of the time (Art, 113); join DC, then 

no. 168. *^® ^^^ A B c D will represent 

e the distance described. 

Draw D E parallel to A B ; in 
D c take any point p, and draw pm 
parallel to D A, cutting D E in M. 
Now, since DA (which represents 
v) is equal to b e, we shall have 
CEeqnal to/,i, ot/xab. Bnt 
by sinular triangles 

PH :ce::du :DE::Aif :ab 

and c E equals / x a b ; therefore ? H equals / x A w, there- 
fore PH equals AD +/x AS, i.e. (Art. 113) PH represents 
the velocity with which the body is moving at the end of 



_ 
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Ibe time rein-eBented by a k ; hence the area a b c d repre^ 
Bents the required diBtanoe 8 (Prop. 23). 

Nowarea ABCD=iAB(AD + BC) 

therefore «=i((v + v+/i) 

or B=7t+yt* 

If the velocity is uniformly retarded, a precisely Buuilar 
proceBS leads to the equation 

and if the body begin to move from rest, we obtaiD 

'=if 

Ohi, — On MCOUDt of lie (frent importanoB of tha formula proved in the 
propoaition it may be nell to giva briefly aDothar proof Suppose the time 
( to lie dirided into an j number (n) of parta each eqnal to t, so tbat t eqiuls 
n T. The velocitiee at the beginning of thpse succeeaiTe intervals are T, 
T+ t/, V + 2t/, t + 3t/. . , . T + ii— 1)t/ If we suppoae the body to 
moTe tbronghont each interval with the velocity it haa at the beginoii^ of 
that interval the distances reapectively described will be vt, vt + t"/, 
tt + BtV, VT + Sry, . . . vt + (b — IJT*/; and the whole diatanee de- 
Bcribed on this goppoaition (»,) will he their snm, viz. 

»vt+tV{1 + 2 + 3+ ■• ■ + (»-!)) 

thereftora •,-T»T+/T'2i^lli 

..ui/<'(i-L) 

How I ie the limit h> which t^ approximates when » is iDcntsed ; hence, as 
_ becomes ultimately laro, 



Ex, 6M. — If a body is thrown np with any velocity, and if t, and t, am 
the times daring which it is respectively above .and below the middle point 
of its path, show that 
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Ex. (67- — If a ^Kid; felli undec tlie ae 
ftcM/, Bhmr lliHt Ule disttuiceB described i: 
mideal lerica of which the Snt term U-L uid the comman difference/. 

Ex. 658. — In the •th second of its malion a Mling bod; deecribea A 
feet: determine its initial velocity. Ant, V'^h—^ (2* — I). 

Et. 66&.— If a bod; IB let Ml and deacribea a certain dietance, and tJiia 
distance is divided into n eqnsl puts, shoT that the time of describing tho 
Erst part ie to that of describing the laat as 1 Is to Vn— v'n — I. 

Ex. 660. — A foiling bodydescribes in the nth second m times tbedistanea 
described in the(*— l)th second; find lie irholedist&nce described in the* 



Ex. 461. — There is a ebasm vith vater at the boltom : on dropEang a 
stone dom it tbs splash is heard n seconds after the stone leaves the hand ; 
show that the distance of the surface of the water below the hand is given 
bj the ibrmula (^ - 32-2) 

«-lI30 (S6 + «- ^\22B + 70n) 

[The velocity of sonnd may be taken at 1130 ft per second ; it will bo 
observed also that llSO-i-16'1 -70 very nearly; now let « be the time th« 
stone takes to &11, n~x is the time the eonod takes to lisa, and if i is tha 
Tequited d^th we bava 

«-lj,a>=16-l*' 
and (-1130(i»-») 

tbtttfbre i'-70(»-;r) 

whence ( is easily fonnd.] 

Ex. 662. — When • is bnt a few seconds, show that the formula in tha 
last example can be written 



Ex, SB3. — Detennine the valnes of i frota the fbrmulsB of Ex. 661 and 
662 when n equals 3, 4, and 6 seconds respectively. 

.Jm. (1)134-3 ft. and 133-8 ft. (2) 232-4 ftaDd231'8ft. (3) 354-6 ft. 
and 3S3-I ft. 

Ex. 664. — A body during the 2nd, Sth, and 7th secotid of its motioo 
describes respectively 16, 24, and 46 feet. Is (his consistent with onifbcm 
acceleration? 

£r. 665. — A body moves from rest under the actioii of a certain fbrcc ; 
Bt the end of 5 sec. the fbrce ceases to act, in (be next i see. the body 
dMeribesl80ft. Find the accelerative effect of the fbrce, Jtu.B 
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126, ComjM^Uion of vdocitiea. — Suppose a body to be 
at an; instant at the point a, and suppose it to be moving 
with 8uch a velocity aa would in a fio, m». 

certain time cany it to B along the * " 

lineAB; supposethatatthatinstant [ P^^^-X \] 

another velocity were communicated I ' |~:n I 

to it such as would in the same 

time carry the body along the line AC to c, if it had 
moved with that velocity only ; complete the parallelogram 
A s c D and join A D, then at the end of the given time the 
body will arrive at D, having moved along the line A D. 
That this is so appears at once from the well-known fact, 
that when a ship is in a state of steady motion, a man can 
walk across her deck with precisely the same feeility as if 
she were at rest ; thus if he were to walk across the deck 
when the ship is at rest he would go firom A to c ; but if 
we suppose the ship to have such a velocity as vrill in the 
same time carry the point a to B, he will come to the point 
D ; and if the velocities have been uniform he will have 
moved along the line a d. Now, let v and u be the two 
velocities, then 

AB : Ac::u : v 

and if V is the velocity compounded of them 

AD : ab::v : u 

So that if A B and A c represent the given velocities in 
magnitude and direction, a d will represent the velocity 
compounded of them in magnitude and direction. Hence 
the rule for the composition of velocities ia the same, 
mutatia mutandds, as that for the composition of forces. 

If the velocities vary from instant to instant, the rule 
will give the magnitude and direction of the component 
velocity at any instant j this is the case which commonly 
happens, for example, when a body is thrown in any 



o^lc 
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direction transverse to the action of grarity. The method 
of determining the motion of the body may be described in 
general terms as follows : — Conceive the time to be divided 
into a great number of intervals, and su^^tose the velocity 
that is actually commtmicated by gravity during each 
interval to be communicated at once,* then, by the ccsa- 
position of velocities, we can determine the moti<m during 
each interval, and therefcnre during the whole time ; the 
actual motion is the limit to which the motion, thus 
determined, approaches when the number of intervals is 
increased. 

Proposition 25. 

A body is thrown in, vacuo with a gwen vdoeity (v) 
m a direction maki/ng any angle loith the horizon, to 
determine its position at the end of any given tvme (()■ 

Let the body be projected along the line a n ; take a k 
equal to Vi, and divide ( into n parts, each equal t; then 
if A N is divided into the same number of equal parts in 
Ho. wo. M,, Hj, Mj . . . each part will 

equal v t. Now, the effect 
of gravity is to increase 
the velocity of a falling 
body by 3 T in a time t ; 
we may therefore conceive 
the body to move through 
each interval with the 
velocity it has at the 
beginning of that interval, 
and at the end the velocity 
to be compounded with gr. 
During the first interval the body will move over the dis- 
tance aNj; drawNiTO, vertical and equal to ^tXt; complete 

* It is immaterial whether ve conceive it to he communiuted at tb* 
bt^niuDg or at the end of the interraL 
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the paraUelogram n, H, ; then since the eides n,to i and 
Mj N, axe proportional to the velocitiea gr t and v, the body 
will, daring the next interval, move along the line N, Q, and 
at the end of the interval will arrive at a point Q vertically 
under it,; the actual velocity with which the body haa 
moved being, of course, equal to N, Q-s-t. At the point Q 
we have to compound this velocity with gr; to do this we 
must produce »,Q tor, making Qr eqoal to H,ci; takeon, 
eqnal bo grxr, and complete the parallelogram, then the 
sides of this figure are proportional to the component 
velocities, and therefore the diagonal is in the same pro- 
portion to the velocity compounded of them ; at the end 
of the third interval therefore the body will be at B verti- 
cally under n, ; the same construction will apply to any 
number of intervals, and the required point P will be 
vertically under N. To determine N e ; produce N,Q to m,, 
Q B to m,, R s to tHj, &c., then will N F equal the limit of 
the sum of sm„ m^ m^, m^irt^, &c. ; but by similar triangles 
H m, is the same multiple of N, Q that Nj M is of Mi M,, 
therefore Ntji, equals {n—l)g-^, similarly Tn, Tn, equals 
(to— 2)jt', m^m, equals (to— 3)grT^, &c., and therefore 
their sum equals 

(TO-l)i^T» + (TO-2)3'H+(n-3)97^ + ... + 2srT*+3T» 

=5rT»{(TO-l) + (TO-2) + ... + 2 + l} 

Now, however great the number of intervals, Q, B, s, &c., 
will remain vertically under N^, N„ N^, &c,, so that in the 
limit P will remain vertically under N. Also the limit of 

^gt*{l — J is Jsri*j therefore the true position of the 
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body vlll be found by measuring downvaid firom H a di9- 
tance equal to i jr C* 

£r. 066.— A bodymoTOiBloDgB amDOthhorizoDial plans vitha velocity 
of 3 ft. p«i second ; at Iha end of 2 aecoads a velocitr; of 8 ft. per second i* 
impnuBad on it in a dincdon at rigbt anglu to its nouon ; after how long 
Till its distance from the starting-point be 21) ft. ? Jiu. i sec 

Ez. 667- — A bodj II projected in racao irith a given velocity in a given 
direction ; detenoine its range on the horiioDtBl plane passing thioDgh ths 
point of projection and the time of flight. 

Let Abe the point of projection, A N the direction of projectitm, ab the 

Fie. in. horizontal {dane tbrough a, let the velocity of 

■ projection be denoted bj v, and tlie angle h a b 

by B. Let the body stiite tbe plane at B after 

T seconds ; ve have to determine a b and l ; 

diavr BN at nght augtes to AB, then (Prop. 23) 



and 


KB-ij7 


but 




therefore 


ijT'-VT 


or 


^_2v 

~ S 


Agam 


AB-AK 




2v 



Er. 66S.— A body u piqected with a velocity of 100 fU per second in a 
direction making an angle of 37° with the horizon : determine the time ol 
flight and range on a horizontal plane. Jju, 3*76 sec. and 300*4 ft. 

Er. 869. — If a body ia thrown with a givoo velocity the horizontal 
range is greatest when it is projected at an angle of 46° ; and jbc angles of 
piojectJOD one as mnch lass as tlie other is greater than 45° the horinmt&l 
rangss are the same. 

* This result is, of comae, true for any constant force acting aioog 
parallel lines, the accelerative effect of which is /. Hence, if a body haa 
at a certain point a given velocity (v) along a given line a h, and is actsd 
on by such a force, its position at the end of t seconds is given by the coli- 
struction — take ap equal to vf, draw nf parallel to the direction of Iha 
force, take HP— l/^; r is tbe required poeicion of the body. 
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Ex. 670. — Blow that the leart velocity irith which a bodj can be pro- 
]»cUd to hare a hoiizontal laags b is 4 v'2b it. per secoDCl. 

Ex. 671. — Cetoimine the angle of eUration and velocity of projection 
that will enable a body to strike the ground after 10 seooodB at a difrtance 
ot 6000 ft. from the point of f^edjon. 

.iw. (1) 17" 46". (2) 625 ft. per B«i 

St. 872, — A body is projected irith a velocity v in a direction making 
an angle a -with the horizon ; if B is its range on a plane passing through 
the point of projection and indinsd at an angle j^ i^j, 

A to tbe horizon, and i the time of flight, de- 
tennine a and t. 

Let * be the point of projection ; draw A ii 
a horizontal line tliFOOgh a,ab tbe inclined 
plane, ah the direction of pn^ection ; let the 
prqjeeldle Uiike the plane at b, then we have 

AN»VTBndlIB-iy l' 

bnt AK:iiB::amAiiH-. BinnAS 

or tt: JfT<::coae: Bin(a-S) 




B-1^ ""("-'yeoaa 

Ex. fl7S. — Determine the time of flight and range on a plane inclined id 
an angle of 10° upward from the horizon in the case of a body projected as 
in Ex. 668. Jns. 288 sec. and 233-6 fL 

Er.-674. — A body is projected with a velocity of 120 ft, per second in a 
direction Tii«.lring an angle of 28° 46' w^ the horizon , determine the time 
of Bight and range on a plane passing tJirough the point of projection — (I) 
when it is horizontal ; (2) when inclined upwards &am the horizon at an 
angle of 12° ; (3) when inclined downward at the same angle. 

Jiu. (1) 3-61 sec. and 379*5 ft. (2) 221 see. and 237'7 ft 
(3) 5 sec and 5383 fL 

Ex. 67S. — A bod; ia thrown horizontally widi a velo^^ of 60 It. p«T 
second ^m the top of a tower 100 ft. high ; And after how long it will 
strike the ground, and at what distancA from the foot of the tower. 

.iM. (1) 2'5 sec, (2) 136 ft 

Ex.i7B, — If any number of bodies are thrown horizontally £rom the 
top of a tower, tbey will all strike the ground at the same instant whatever 
be the velocities of projection. 
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St. 617.— Thm i» ft bill wli'-w inclinBtion to tha himion !■ W; a 
^qeetiU ii thrown from > poiot on it U an angle inclined to ths bcnmn 
■t 49° ; ihoir ttut if it wer* prqjected down the plane iu range would ba 
nearly S| times what tha langa would be if it w«a« thrown up the ^sse. 

Ex, STS.^In the last aumple mppoae the dope ot (he bill to he doe 
north and Kath, and tira uinnth of tha plane of prqjection to be a ; show 
that tbe nun of the two nngea obt^ned bj throwing the body towards the 
lacsoding and deecending parta of the bill equals 

[ne anmnth ia the bearing of a ptunt from tha Math amnoA on » 
lonnmtal jiIoM.] 

Er. 679.— If there are two inclined planes and the angle bctwe«D tbem 
ii bisected bj the hmiioDtal plane, and if the ranges of ths projectile on 
the three planes are b,, b,, and b respectiTBl;, show that 
B, + B, : b::2 : cos indinatioo. 

Ex. 680.— If in Ex. ST2 the bod; is so projected as to obtain tha 
grea te st range with a given velocilj, show that the diraction of prqection 
most bisect the angle between the vertical and the plane. 

[It mnstbe remembered that 2 sin (a-e) cos a>siD(2a-0]-sin S.] 

Er. 681.— Referring to the fignje in Prop. 2fi,if a n and hf are denoted 
\j X and y re^ectirelj, show that 

r-^vtcosn 
y-YlBin«-iyC 
Ex. 682. — Show that the highest point the projectile can reach ii 
^ Bin* a feet shore the middle point of the horizonta! range. 

Ex. 683. — Two bodies of nneqnal weight are thrown from the asm* 
point in difierent directions with different Yelodtiee ; And tlia position ot 
their ceotie of giBTitj after t Hcood*. 



Proposition 26. 

Z%e curve de»erihed by a projectile in vacuo is a para~ 
hola whose directrix is horizontal, and at a height above 
the povnt of projection eqiuU to that to which the vdocUy 
of projection is due. 

Let pbe the point, and pm the direction of projection j 
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let PQ be the path of the projectile, and Q its poEition at 
the end of t Beoonds ; draw the vertical pw. m. 

lines D p N and M4, also draw Q s parallel 
to F M, then 

PH = QM=i(;(' 

QN=FH=Vf 

.•.QN*=— . PN 
9 
Now, this relation between Q tf and p N is 
the same, wherever on the curve we may 
take q; but if a parabola were drawn 
through p touching P M, with its diameter vertical and its 
directrix passing through a ptnnt D bo taken thai, 4ps 
equals — we ^oold have for any point of it 

QH»= — .PN 
3 
i.e. it wonld coincide with the curve described by the 
projectile ! hence that curve is a parabola whose directrix 
is horizontal and passes through the point D ; but it will 
be retnarked that 




So that DP is the height to which the velocity of projec- 
tion is due. (See Art. 115.) 

Cor. — The velocity of the projectile at any point is 
that due to the height of the directrix above that point. 

Let p Q P' be the path of fm. i«4. 

the projectile, of which d d' is p , . o u* 

the directrix ; at the point d 

let the body be moving with 

a velocity v in the direction 

Q T ; now, it is plain that if ' '' 

another body were thrown from Q in the direction Q T with 

an equal velocity u, it would move in exactly the same 
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J the projectile, i.e. it woiJd deacribe the cnrve 
Q f' ; but if a bod^ iB tJ^wn from Q so as to describe that 
curve, it mti^ Ims throwu with the velocity due to the 
heifrht Q C, i.e. t>*= 2 ^ . C Q. 

£t. B84.— In i^ Ifil, Bhow Uutt if b 
equal parts, aod the pointe of Bection join 
into porta that are deacribod in eqael times. 

Ex. 686. — Show that the Telocity v of the projactile at any time ( is 
giTea by the foimnla 

o'-T'-Zv^sina+y'C 

Ex. Bit. — There is a mil i feet high, a bodj ia Uuown from a pcant a 
feet oa one ekie of it so as jual tt> dear the mil and to &II o feet on the 
other aide ; ahov that 

tan (angle of elevatioD) •• ^""t-V 

<'^°'-i-«»)-'^' { j^ * '-^' } 

S.'B. Thiunghont the Tolnme no account is taken of the resistance 
offered bj the air to bodies moTing in it. If the velodty is considerable 
this raiBtance becomes rerj great, and if taken into account serionsl; modi- 
fial the anawen to question relating to felling bodies and projectiles ; how 
seciooaly, may be judged from this, that Newton found that vhen glass 
globes, some about thre^^DUters of an inch in diameter, filled irith mar- 
coiy, others, aboDt five inches in diameter, containing only air, vers allowed 
to &11, the former took about four ssooods, the latter about eight secooda, 
to desenba 220 fMt* 



* JVMCtfM, p. 3S2, 3rd ed. 
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CHAPTEfi in. 

ON FOKCE 4KD MOTIOIf. 

127. Ma88, density, momeni/wm.. — If a body Tten 
placed in one pan of a perfectly just balance exactly 
counterpoises a second body when placed in tlie opposite 
pan, the bodies are said to contain equal quantities of 
matter. If the bodies were both lead they would contain 
equal quantities of lead, if both platinum they voulfi 
contain equal quantities of platinum ; if one were lead 
and the other platinum, we can say that they contain 
equal quantitiea of matter — the word matter being a 
general term, denoting lead, platinuTH, wood, atone, water, 
ajw, &c. When any two bodies contain equal quantities 
of matter they posBesa certain qualities in common, thus : 
— If they are successively placed in the same relative 
position to a third body, the mutual attractions between 
them severally and the third body will be equal; e.g. 
if the third body is the earth, this is the &ct indicated 
by their counterpoising each other in a perfectiy just 
balance. Again, if they both move with equal uniform 
velocities of translation, they will have equal kinetic ener- 
gies, i.e. the same power of doing work. If they move 
with equal uniform velocities in equal circles they must 
be acted on by eqnal forces tending to the centres of 
those circles. Other physical jwoperties might be named 
which they have in common. It is on account di all bodies 
possessing these and other properties in common that 
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there is need for the use of the term matter in tlie Bcienoe 
of mechanics. 

The qnantity of matter in a body is called its moBS. 
Now, any sabatance which is an exact coimterpoise to 
the standard pound contains as much matter as the 
standard pound. We may Uierefore take the standard 
pound as the unit of mass, and may speak of a body whose 
mass is three, four, or any number o! 'pounds. If this is 
done, it must be borne in mind that we are osing the 
word poond in a different sense from that in which it 
denotes a nnitof force. That the senses are really different 
is evident on a little consideration, thus : — Suppose a per- 
fectly just balance to be in equilibrium with a standard 
pound in one pan and an equal mass in the other, the 
equilibrium would be maintained if the force of gravity 
were altered by any amount, provided it continued to act 
equally on both bodies and along vertical lines. But if 
the force of gravity were altered, the pressure exerted by 
the standard poond on a horizontal plane supporting it 
would no longer be the same, and for this reason a par- 
ticular place is mentioned in dining the unit of force, 
viz. the mutual sensible attraction in London between the 
^axih and a pound of matter is a force of one pound (Art. 
23), or, as it may be conveniently termed, a gravitation 
miit of force." 

The following definitions are connected vith the defi- 
nition of mass : — 

(a) A body is any limited portion of matter, 

ih) A particle is a body so small that for the purposes 
of a given investigation the distances between its parts 
may be neglected. 



• The wriationB in Um vieigU of a (pyen Ijody — 
mntnal lenBibls attractiiin batwesc the earth and that body— at differant 
{wnta on the earth's ancface, coald be obeerred directly by mesnB of a 
dalicateapriiig.— HerKhel'a (hUlmtt of Attrmomg, Azt. 234. (8e« fie. S»8.) 
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It may easily happen that in one investigation a body 
may be properly treated as a particle, and that in another 
the distances between the parts of a much smaller body 
must be attended to. Accordingly, when the word particle 
is used in the sense above defined the mass of a particle 
may be several pounds, (ur even tons. 

(e) A body is said to be of wniform density when any 
equal volumes taken from any parts of the body contain 
equal quantities of matter. 

(d) When a body has a uniform density, the quantity 
of matter in the unit of volume is called its density. 

(e) The momentum of a moving body is a quantity 
vhich varies directly as its mass and velocity jointly. 

If there are two bodies whose masses are in the ratio 
of H to H, and their velocitieH in the ratio of V to v„ their 
mconenta will be in the ratio of m v to m, v,. If we agree 
to call the momentum of a body unity when its mass is 
one pound and its velocity one foot per second, the nu- 
merical value of the momentum of any body will be its 
mass in pounds multiplied by its velocity in feet per 



It may be well to call the attention of the student to the 
feet that the word weight has two distinct meanings — first, 
' quantity meaeured by the balance,' as when we say that 
the weight of aleg of mutton is ten pounds; in this sense 
weight is ma as or quantity of matter ; secondly, ' gravity 
or heaviness,' as when we say that a spring is pressed 
down by the weight of a body ; in this sense weight is one 
kind of force. Practically speaking, the contest will 
nearly always show in which of the two senses the word is 
need. In dynamics, where the distinction is of great 
importance, it is convenient, on account of the ambiguity 
of the word weight, to use the word mass where quantity 
of matter is intended. 

128. The ahsokbte unit of force. — The determination 
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of the numerical value of a force is efiected by the priii- 
dple that the force exerted on a body is proportional to 
the momentiim it imparts to t^e body in a given time. 
Let P and f, be forces acting on bodies (a and b) whose 
masses are in the ratio H to M„ and in any given time let 
them impart to these bodies velocities in the ratio of t to 
V, ; then the fundamental principle above stated enables 
US to draw the concluHion that 



Thus, if the masses of A and B are in the ratio of 3 to 4, 
and the velocities communicated to them in any eqnal 
times are in the ratio of 5 to 7, the force f must bear to 
the force P, the ratio of 15 to 28. 

Now suppose that we agree to call that force unity 
which acting on a pound of matter for one second would 
ctanmonicate to it a velocity of one foot per second. Such 
a force is called an absolute unit of force, or a British abso- 
lute nnit of force.* If a force (f) communicates in one 
secrmd a velocity of/ feet per second to a mass of m pounds 
we must have 

p : \".mf: 1x1 
or r=mf 

and this is the numerical value of the force (f) in absolute 
units. Thus if a force communicates in one second a 
velocity of 8 feet per second to a mass of 5 lbs., the force 
must be one of 40 absolute nnits. It will be observed 
that/ is the acceleration of the velocity of m produced by 
F, and consequently the number of absolute units of force 
in p is the mass of the body in pounds multiqlied by the 

* Itmmld, of couree, bepoadbleto ngeanydiamulBof taDee,nui8S,u]d 
time ; the farce vliicb in one second oommomcatea to a gnunme of matlfr 
& velocitj of one centimetre a second is an absolute unit of force and it 
called a C.Q.S. unit^ ot a iyne. The British abaolnte unit i« aometiiiie* 
culled \fetmdal. 
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BcceleTSitive effect of f on the bod; estimated in feet and 



The relation between the absolute unit and the gravi- 
tstion nnit can be determined thus : — The eendble force 
of gravity on a pound of matter in London is, as we have 
seen, a gravitation unit ; but if a body fella freely for a 
second in London it acquires a velocity of 32'1912 feet 
per second, so that the force producing this acceleration 
in a pound of matter must be one of 32*1912 absolute 
units, and, consequently, a gravitation nnit of force equals 
32'1912 absolute units. It will be observed that the 
force of gravity at the earth's surface on (about) hnlf an 
ounce of matter is about an absolute unit. 

Let g and g" denote the accelerative effect of gravity 
in London and in any other place ; the force of gravity 
on a maas of m pounds at that place will hem.g' absolute 
units, and therefore mg'-*-g gravitation units. If the 
numbers registered in the last column of Table XV. are 
. con^dered, it will now be seen that they admit of two 
interpretations. The entry for any one place gives the 
Telocity in feet per second acquired in one second by a 
body Mling freely at that place ; it also gives in absolute 
units the sensible force of gravity exerted at that station 
OD a mass of one pound. 

129. The unit of work. — We have already seen (Art. 
103) that when the point of application of a force equal to 
the nnit of force is made to move through a distance equal 
to the unit of distance the work done is a nnit of work, and 
when the unit of distance is a foot and the unit of force a 
pound (or gravitation unit) the unit' of work is called a 
foot-pound. Of course the work done when a force equal 
to the absolute unit is exerted through a foot is also a 
unit of work, and we may call it an absolute unit of wOTk." 
* It haa bvcD pioposed to call this unit of work a foot-poiaidttl. Tba 
Tork done vben a C.G.S. unit, or dyne, is alerted tbtoagh a centioiitie ta 
called an erg. 
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It is evident that a foot>-poun<l equals 32*1912 absolute 
tmits of work. 

Let a particle whose mass is H pooDcIs be mOTing at 
any instant with a velocity of V feet a second, and suppose 
it to be brought to rest after describing a distance of h 
feet from that instant by a force of p absolnte units acting 
in a direction oj^site to that of its motion. If / be the 
accelerative effect of F on H we have the following rela- 
tions: — 

P=M/ 

and 2/A=V» 

therefore pA=Jmv* 

Now p A is the number of absolute unitB of work done 
against P, and consequently ^ H V* is the kinetic energy 
of the body, or its capacity of doing work estimated ia 
absolute units of work, when h is in pounds and V in feet, 
per second. If the kinetic energy is required iu foot- 
pounds its value in absolute units of work must be divided 
by 32-1912 (Art. 119). 

It will of course fbllow from this that if the velocity 
of a particle is increased from v to v, a force or forces 
must have acted which have done on it i m (ii*— v') abso- 
lute onits of work ; and if its velocity is diminished iirom 
V to V it must have done against a force or forces 
jM(y'— «*) absolnte units of work. 

in the following examples, which illus^te the subject 
of Arts. 128, 129, the numerical value of ^ in London is 
taken strictly as 32*1912 ; in other parts of the book the 
appproximate value 32 is used except where the contrary 
is stated.* 

* The pound has b««D used as the unit of mMe throngbout the ramain- 
ing pages of the book. Ibia ne^^raOa for tbe anawara to BereraJ of tha 
qoeatioiu <liff'eriiig irom thoee giTen' in some of the pievions editiou. 
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£c. 637. — A force estimated in BriHali absolute unite is 00; what would 
be the BumBrical value of tbe force if ttie unit of mass were I cvl and the 
lUlitB of diatance and time a jord aod a micute ? Jne. 0S4'3. 

Ex. S8H. — How man; British absolnte nnite would there be in an abao- 
Inte unit of force if the kiLjgtBmme, mitre, and second were etnplojed aa 
the onita of maas, distance, and tjine ? A lih)giaiiuna equals 2*3069 lbs. 
and a mitie eqoals 39-37013 inchea. Ant. T'23e. 

Ex. 6S9. — Show that a British absolnta nmt or ptnmdal equals 1 383S 
dynes, and that a toot-ponndal equals 1313B4 eigs; having given that a 
mitrs eqnala 39-37013 inchea and a gramme \5iS2S6 gruns. 

Ex. eao. — A mass of SOO lbs. is acted on by a foice of 12fi absolnta 
units ; what distance will it describe from reet in 8 seconds } Ant. 3 ft. 

Ex. 601. — A cubic foot of cast iron is obeeired to increase ita velodty 
Ij 6 ft. per second in every second of its motion ; determine the force which 
prodncea (hie acceleration, aesaming that a cubic foot of water weighs 
1000 01. An». (1) 23S2*2 absolute unit& (3) 69-96 gmv. imite. 

Ex. 082. — A body whoae masx is 10 Ibe. moves from rest along a 
■tiught line under the action of a constant torra ; during the first second 
of its motion It describes a distance of SO fL YHtat is the force which pro- 
duces the motion 7 What is the mass of the body which thiit fores woold 
jost support in Loudon 7 What in IVinidad 7 (TaUeXV.) 

Am. (1) 1000 absolute units. (2) 3106 lbs. (3) 31-16 Ibe. 

Ex. 698. — The acoeletative eflfect of the moon's attraction on a particle 
situated on ita snfbce is about 6-4.* A man can jnmp to a height of 5 ft. 
on the eailh'a tmrbce ; how high could he Jump on the moon's Burface ? 
Am. 29 '6 ft. 

[In both cases the maea of the man's body is the same, and the force 
exerted bj tiie muscles is the same, quite irrespectively of tbe force of 
giavit; ; consequently, in the act of jumping, tbe velocity witli which he 
leaves tjie ground is the same in botli caaes,] 

Ex. 694. — Suppose that near the anr&ce of the moon a mass of 6 lbs. 
were placed on a plane, and it were observed that the plane descended with 
a uniform acceleiatioa of 3*6 tt. per second ; what pressure would the mass 
produce on the plane in absolute units ? How much matter would a force 
equal to this pressure support in I>>ndon7 Am. (1) B. (2) 1-47 oz. 

En. 696. — If near the moon's surface two bodies are connected by a fine 

thread paseing over a smooth fixed cyUnder, the former, containing 30 lbs. 

of matter, falls and pulls up the latter, which coutainB 20 lbs. of matter; 

find the tension of the thread (1) in absolute units, (2) in gravitation unita. 

.<™, (i) 129-6. (2)4-02. 

• Eerechel's OtaUne* o/Attrmmny Ait. 508. 

,, ,-A..,nyG(.)t5'^le 
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E*. 6H. — A mssa of 7 iht. falls tluQagh 100 ft. uau the smfiee of tlin 
mooni nbat kioetic energj do«a il acquire in the full ? 

.^fw. 37S0 aba. units, or IIT'4 fL-poimds, 

Ex. 697.— If equal fonMS (p) act od tiro uoeqaal hodlea foi the same 
tine, Bhbw dtat the bodies will acqniie eqoal nioineiita. 

£r. 6S8.— Show that momenta of the bodies is the Iset example will be 
eqnal when f variee from instant to instant, provided the forces are the 
•ame M the same instant IhroDghont their dme of action. 

[The resnlts of the last two ezamplea are of cousideTahle importance ; 
tbe; are almost self-erideDt and tlierefore liable to be forgotten — for this 
reUDn the stodent's attention is partionlarly diretTted to them.] 

Ex. 69B. — When the powder in tbe bore of a cannon is ignited, the 
pneanra on the ends of the bore and on the shot are at eacb instant equal : 
a sbot weighing S Ihs. is fired from a gnn quits Gree to move and weighing 
6 CWt ; the Telocitj with which the shot leares the gun ia 1 000 fL per 
Bocond; wbat is the velocity of the gnn's recoilf Jm. 8'93 ft. per eec 

Ex. 700. — Show that tlie kinetic energy of the gun is alwsyB small 
compared with that of the shot ; and aacertain their Valnefl in foot-pounds 
in the ease suggested in the last example. 

Jna. 93,760 ft.-pds. in the Biiot and 837 in the gim. 

Ex. TOI. — If the tmnnions of the gnn in Ex, 699 are enppacted on two 
parallel smooth planes inclined at an angle of 30°, determine how &r it 
will mors along these planes. Jm. 2-6 ft. 

Ex. TOS. — The menniial barometer (when placed on the sea-level) 
stands at any given height ; suppose the force of gravj^ to undergo any 
change either of increase or decrease ; explain why this, unaccompanied by 
any other change, would not alter the height of the harometer. 

Ex. 703. — There an (wo meicorial barometers placed cm the saa-lsTel ; 
the height of the meicuiyinthe one is 30 in., and then ia a perfect vacuum 
above it ; the height of the mercni; in the other ia 23 m., and there is an 
imperfect vacuum of 6 in. above it ; suppose the force of gravity to change 
from 32 to ii, at what height will the taeaxMij now stand in the second 
barometer? Ant. S2-2V6'aL 

130. Motion on cm mdmed plane. — Let a particle 
whose mass is M lbs. slide on a smooth inclined place. 
The force of gravity on the body, which is m gr absolute 
nnits, may be resolved into two forces M ^ sin a along, and 
H g COB a at right angles to, the plane, where a denotes 
the inclination of the plane to the horizon. The latterof 
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these forces is neutralised by the reaction of the plane, 
and consequently the motion is caused by the former force. 
I^ therefore,^ denotes the acceleration of the velocity of 
the body when moving dqwn the plane, m/ is the force 
causing motion, and therefore 

f^g cos a 
If the plane is rongh there will be a fiietloo /t h ^ cos a, 
where /t stands for the coefficient of firiction between the 
body and the plane ; consequently in this case the force 
causingmotionisMp' Bin a— /tM^ cos a; and as this must 
equal m/ we most have 

f=g sin a— fig cos a 

In like manner if the body move^ up the plane tiie letai- 
dation (/) is given by the equation 

f=g sin a->rtig cob a 

If the angle of friction is denoted by ^, the last two equft- 
tions may be written 

/coe ^=g Bin (o— ^) 
and /cob ^=g sin (a+^) 

The reader will not have failed to observe the distino- 
tion between the case of a body moving upward against 
gravity and that of a body sliding on a rough plane against 
friction. In the former case, when the npward velocity 
of the body is exhausted, it immediately begins to move 
downward. In the latter ease the body simply comes to 
rest. Friction has no tendency to reverse the direction 
of the motion ; it tends merely to stop the motion. 

O^- 704. — Find the Telocity afqniied by a body in descending a smoolh 
inclined plana GO ft. long and having an inclination of 23° ; detBrmine also 
the Telodt; Uiat vonid be acquired if tha limiting angle of resietajice vera 
IS". 4.ia. (1) 3fi'4 it. par aec (2) 21'a ft. pei bco. 
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£t. 705.— TlMNi**pluie 50 It long and inclined to the hiniBOD at xn 
kngUof 30°; tha limiting angle of resUiAnce between it and agino bodj 
i» lA" 1 deUnnine tha relodty the body most hare at the taat of tha plane 
«o u jnHt to laach the top, and the time it will take to get then. 

.Jm. (1)48-4 ft. pel aec (2)3'07Bec 
Ex. 70S.~A bodj jiut reati on a plane which is inclined at an anglo of 
80° to the horJTOn. Find tie Telvdtj acgoired and the dietanca dcachbed 
fivm rest in 2 sec. by the bodj when the ]daae ie inclined at an an^e of 
60° to the horiion. Jm. (1) 866 fL per sec (2) 36'9 ft. 

O £r. 707. — If a body aUdea down a ge&Ue incline of 1 foot vertical to m 
horizontal, show that the acceleiatjan reiy nearly eqnals I _ — ;i j y. 
AndifM- 100 show that the etrot egaale aboat ^^^ part of the whole. 

Ex. 708. — A train moving ac the late of 34 milea an honr comei to tha 
top of an incline of 1 ft. in 860 ; the resistanceB are S lbs. per ton ; the 
■team ie eit off at the top of the incline, and the tmio cornea to rest at its 
f'<ot ; determine — (I) the TetaidatbD of the train's velocity ; (2) the length 
of the incline ; (1) the time ^ motion. 

Am.(\)^. (2) 27,104 ft. (3)1540 sec. 

Ex. 70S. — At the elide at Alpnach (he first declivity has an inclination 
of 20° 30' and is GOO it. long ; being kept continn^y wet the limiting 
angle of teaiatanceie 14°; in how many aacottda would a tree descend thia 
first declivity were it not for the KSiBtance of the ur F Am. 14 3 sec. 

Ex. 710.— A body slides &om rest down a plane whose indinatim is I 
and length % ; it passea with the velocity acqaired during the descent of 
the first plane to a second whose inclination i is less than the limiting 
angle of reeiaiance p; if I is the distance tluough which it slidrs before com- 
ing to rest show that 

sin itf-i) 
i^Ex. 711. — A train beginning to ran down on indine with a given toIch 
city, will go before stopping n times as far as it would do if it had begnk 
to rnn up the incline with the same velocity; show that the tangent of the 
angle of indination of the plane is fi (n^ !) + {«+ 1). 

Ex. 712. — In the lust example, if the Mction is 8 Ibi. a ton and the in- 
cline 1 in 420, show that it will run down the plans before stopping fivs 
times &rther than up the plane ; that 1}ie time which the train takes in 
oomingtoreat is aleo five times es great in the latter case as in the former. 

Ex. 718. — Two planes siiaaUy indiaed to the Eioriaon ucend from tha 
same point on opposite aides of the vertical line ; a partide slides down 
the former and passes withontcbange of velocity on to tlieeeconds, ap which 
it slides till its velodty is eibaosted ; it then slides dovn the second and 
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np the first ; if l and I are the lengths of the first plane descrilje in th* 
descsut and ascent leRpectiTelf , eho-w that 

and tliat tlie time of the motion is 

sin(a + *) \ Von (« + *)/ 
irhero t is the time of descent of tbe fiiet plane. 

Ex. 71*. — A body »hose mass ieMlhs. is pulled up an inclined pUne by 
a force of pj/ absolute units that acta parallel to the plane ; show that tbe 
ftCcelentiTe effect equals ( - -. "" t' + ^'A y^ -whore a is the angle of ia- 
elinatJOD, and f the limi^ng angle of resistaDce, 

Ex. 71S. — Let A c, c B be tiro planes sloping dovnward in cODtrai}> di- 
mctions from the point c, and inclined to the horizon at angles lands 
lespectivelj ; a mass f slides dovn c a and drairs a mass a up c b bj 
maaDi of a fine cord vhich passes OTer a and is tied to each Ixkl; : if the 
limiting angle of resistance betTsen the bodies and tbe planea is f, show 
2hat 

^_ psin(A-»)-ttsin(B + » 

Ex, 716. — Id the last case if tbe ioclioes ore equal and small, being 1 
in ni, show that 

^■{k ■}?,-']' 

£c. 717.— IftbereBiBtancesarcSlbs. peFt^nondtheinclinelin 140, 
and a set of full trucks is requii^ in their descent to poll up theincliae an 
equal number of similar nupty trucks, sbov that the contents of each truck 
(Jiould on tbe average be mora than double the veight of the truck. 

"Ex. 71S. — If a circle be placed with its plane Tertical, and tbroQgh its 
bighest point an; chord be drawn, a body irill descend along tbal cbord 
ysnpposed to be smooth) in the same time as down the i^ical diameter. 

Ex, 719. — If through any point there is disnn a vertical line and any 
number of inclined planes on tbe same side of the line, and having a 
common limiting angle of resistance ^ ; then if bouios begin ta slide fmm 
die point down these planes at the same, instant, show that after any 
interrsl they will be found in the arc of the segment of a vertical circle 
cut off by the vertical line which subtends at the centre an angle equal to 

131. If we are only required to find a relation between 
the velocity of the body and the dietance it describes on 
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an inclined plane, we may reason on its kinetic energy ; 
thus : — Suppose it is at any instant moving Tfith a velocity 
V, and aft«r it lias moved up the plane a distance k let its 
velocity have changed to v ; the change in its kinetic 

energy is ^ H v'— ^ M v*, and this by Ex. 522 must equal 
the number of absolute units of work done f^alnst 
gravity {agh sin a) and tlie number done against friction 
{fiug h cos a) during the motion. Therefore ^1^(7*— u^) 
=Jtgk (dn a+/icos a); and we may reason similarly in 
other cases. 

£1. 720 A train moTiiig at the ntt« of 15 milea tu hour comes to tha 

foot of an incline of 1 in 300, renatances 8 lbs. per too ; if tlie ateam is 
cnt off, hov far viU it go before atoppingF Aat. 109S ft. 

Ex. 721' — A bod; alldaa daim an inclined plane the height of Thicli is 
12 feet and length, af base 20 feet ; find hov far vill it slide along a hori- 
zontal plane at the bottom, supposing the coefficient of friction on both 
planea to be J, sod that it passes from, one plane to the othei without loaa 
of Telocity 7 Jiu. bi h. 

Ex. 732. — A tntin weighing SO tons comes to l^e foot of an incline of I 
in 160 with a Telocity of 30 miles an hour ; the resistances are 7 lbs. p«i 
ton, the length of the incline 2 milea; the train baa at the top of the incline 
a velodt; of 20 ntilea an hour ; bow manj foot-pounds of work hare been 
done by the st«am in getting the train up the incline ? and through bow 
great a distance would the same expenditure of work have taken the train 
mth a uniform velocitj along a horizontal line ? 

Aaa. (1) 16,570,400 tl.-pda, (2) 26,303 ft. 

Ex. 723. — If a train begins to descend the incline in the last eiampla 
with a velocity of 20 miles an hour, how tax will it descend by its own 
weight before acquiring a velocity of 30 miles an hour? Ana. 5378 ft. 

Ex. 721. — There are two points A and B on a railroad (bur miles apart 
on the same horizontal liue ; the railroad is in two equal inclines, one up 
and the other down, of 1 in 160 ; the trwn which weighs 50 tons and ex- 
periences resistances equal to 7 lbs. per ton, has a velocity of 30 miles an 
hour at a and b, anda velocity of 20 miles an hour at the top of the ineline ; 
the velocity being supposed to change uniformly &odi 30 to 20, and again 
from 20 to 30, and when the latter velocity is attained further acceleration 
is checked by putting on the break ; determine — (1) llieloss of irork intbot* 
pounds ; (2) the loss of time due to the ioclinea. 

Jm. (I) 1,810,000 foot-pounds. (2)72} aae. 

Em. 72 J. — A chest 6 ft. long and 2 ft. square stands on its end on tlM 

., ,.lc 
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deck ofa ship, one fftcs bung perp«DdieaUT Ki the direction of the moUon; 

the aliip is Buddeol; brought to Test ; what mnet hare hreu ita velocit; if 

the eheet is jnatorsidiioini, itbeing supposed thatallsLidiiif; is prevented t 

Jns. ii miles per hour. 

[If V is Che Teqnired velocitj and u the mass of the chest in pounds, 

ita kinetic energy id absolnte aniCa is inr'; and to OTerthrow the chest re- 

, qniresMj (VIO— 3) absolnte nnila of work.] 

Ex. 726. — Show from the principlea of the present ardde that the Telo- 
city acquired by tbe bodies in St. 71S while moringfrom reet over a length 
{ of the planes ia given b; the fonanls 

Psin(A-»)-asin(B4») 
^ {p + a)coaf 

Ex. 727.— Th^re is an inclined plaoe of 1 in 90 along whieli a train 
weighing 80 tons is made io descend for a distance of 300 ft. ; to the train 
is attached a rope which, after passing round a pulley at the top of the in- 
cline, is fastened by the other end to a lighter train weighing 16 tons ; the 
rope is so long thst the light train is at the foot of tbe incline when the 
heavy one is at the top ; find — (I) the velocity with which the heavy trtua 
reaches the foot of thx incline; (2) if the heavy train is disconnected from 
tbe light one at the foot of the incline, find tbe distance to which it will 
ran before stopping on the honzontal plane, resistances on the incline being 
7 lbs. per ton, on the level 3 lbs. per ton. 

Jm. (1) 8-07 ft. per sec. (3) 86S-7 ft. 

132. Newton's laws of motion. — In the preceding 
pages we have taken for granted, as we have required 
them, several fundamental principles respecting the motion 
of bodies — such, for instance, aa the equality of the mutual 
action and reaction of two bodies on each other ; that a 
body baa no inherent power of changing the velocity or 
direction of its motion, that such changes must be pro- 
duced by action &om without, i.e. by eEtemal or Impressed 
force ; that force is proportional to the momentum it pro- 
duces ; and, which is only a particular case of the last 
statement, that forces acting on the same or equal masses 
are iu the same ratio as their accelerative effects. These 
fundamental principles were stated expHcitly and with the 
ntmost generality in the introductory part of the Prvn- 
dpia * by Newton, under the name of axioms or laws of 
• P. 13 (Srd edition). 
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motion. They are three in nomber and, vith the iUoB- 
trations he added to them, are as follows : — 

1. Ererj body eontinnee 
■U&ight line, except ea far u 

PngecUlei eontitme in their ilate of motion, except so &r w the; Bra 
Tetardsd by tbe reaitrtMiM of the ]ur, Mid urged dovmrard b; the force of 
giavitj. Tha puts of a hoop by their cohesion continiullj Ara.tr one 
aDother baek from their rectilinear motions ; the hoop, however, doe* not 
cease to turn, except eo fti as it is retarded b; the air. MoreoTsr tha 
greater bodies of planets and eometa, which more in spaces offering leae re- 
sistance than the air, prseetre fin a longer time their inotiona of translation 
and rotation. 

2. Change of momestnm is proportional to the impressed moring force, 
and tAksB place along the straight line in which that force is impressad. 

If a forcfl produce any momentnm whatever, tvics the force will pro- 
dnce twice the momentum, thrice the force will produce thrice the momen- 
tnm. whether the forces are impressed at the snms time and instAntiuieonsly, 
or gndnally and saccessiTely. This momentum ia alwa^ eommnnicaled 
in Che direction of the furce producing; it ; so that, when the body was 
prsTionsIy moving, it ia added to the body's momentum if the directions 
are the same, subtracted from it if the directions are opposite ; it is added 
obliquely if the directions are inctined ; and the momenta are compounded 
in accordance with their several directiona. 

3. Reaction is always coutrary and equal to action ; or tha luatual 
aetiousof two bodies on each other are always equal and exerted in contrary 
direetioDB. 

If any body presses or draws another, it is just as much prsssed or 
drawn by tliB second body. If any one presses a stona irith his finger, the 
finger is also pressed by tha stone. ' If a horee is drawing a stone tied to 
a rope, the horse is (so to speak) equally drawn bad towards the stona ; 
for the rope being strelched both ways will, in the same endeavour bo 
slacken itself, urge the horse towards the stone, and tha stona towards the 
horse ; and it will impede tha progress of the one aa much as it advances 
the pn^ess of the other. If a body strike on another body, and by its 
force ebantce the momentum of the latter body in any iray whatever, its 
own momentnm will in torn undergo ao aqu^ change in a contrary direc- 
tion irom the forca of the latter body, in consequence of the equality of 
Uie mutual presBura. Bj thpse actions equal changes an produced, not 
in the velocities, but in the momenta, i.e. in bodies otherwise &ee to move. 
The changes of velocities which also take place in opposite directtons are 
reciprocally proportional to the masses; because the momenta are changed 



CHAPTER IV. 

THE CONSmAINED MOnON OF A PARTICLE. 
Proposition 27. 

The vdoiAty acqui/red by a partide in aUdmg from 
one point to amother on a amooih curve is the same as 
that acquired by a partide which falls freely through a 
dietcmce equal to the vertie<tl heighi of the higher above 
thb lower point. 

Let A and b be the two points, draw b b' horizontal and 
ab' vertical; let the particle leave a fiq. im. 

■yith a velocity v, and arrive at B with 
a velocity v ; then, if m be the maaa of 
the particle, the number of unita of 
work accumulated in it while it moves 
from A to B will equal (Art. 129) " ^ 

i H C«' — V') 

Now, the only forces that have acted on the particle are 
gravity and the reaction of the curve ; the work done by 
the former of these equals M jf x a b*, and the latter does 
no work, since its direction is always perpendicular to 
that in which its point of application is moving (Art. 103) ; 
therefore 

4m(«'— V*)=M5rXAB' 
or v*— v" = 23xab' 

But this equation likewise gives the velocity (v) of a body 
supposed to leave A with a velocity v, and to fall freely to 
B'. Therefore, Sx. Q. E. D. 
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Cor. — The above propoaition ia true, whether a b is a 
plane curve, e.g. a circle, or a curve of double curvature, 
e.g. the thread of a screw. It will be an iuBtnictive 
exerciae for the reader to make out the kind of effect 
which friction would have on the velocity in both these 
cases : the actual calculation requires the Integral Calculus. 



Propoeition 28. 
If a paHnde, whose nuus ia m, move with a velocity 
V iro a drde, whose radiiia ia r, the force (p) tendwig to 
the ceaUre necessary to keep the body moving im, the circle 
is given by the formula pj-^mv*. 

(1) Let A6CD . . be any regular polygon inscribed 
in a circle whoae centre is 0. If a B is produced to h, so 
y^ 1^ that B H and A B are equal, it 

is plain that H c ia parallel to 
B o J if, then, k c is drawn 
parallel to bh, bhck ia a 
parallelogram whoae diagonal 
BC is equal to the side BH. 
Now Buppoae a particle to move 
from A with a given velocity 
(v), and when it reachea B 
that another velocity (v) is 
impressed upon it in the di- 
rection B o, such that 




At the point B the particle has simultaneously two velo- 
cities V and V, represented in magnitude and direction by 
B K and B H J consequently the reaulting velocity is repre- 
sented in magnitude and direction by B C ; in other words, 
the conseqnence of the impressed velocity {y) is merely to 
change the direction of the motion, the velocity of the 
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particle being still v, bnt tbe motion taking place along 
B c. K when the body reaches c a velocity equal to w is 
impressed on it along the line c 0, the particle will de- 
scribe the side c d with a velocity v. In a like manner it 
may be made to describe in succession aE the sides of the 
polygon with the constant velocity v. 

(2) This result ia true whatever be the number of 
sides, and therefore when the number is very large ; 
when this is the case the intervals between the successive 
impulses are very small. If, then, we suppose the number 
of sides to be indefinitely great we have the case in which 
the particle moves in a circle with a unifonu velocity 
imder the continuous action of a force directed towards 
the centre. 

(3) To find the magnitude of the force (p) let its ac- 
celerative effect on m be/; then the velocity acquired by 
M ia a time ( will be / 1. Now suppose the particle to 
describe one side c^ the polygon in the time t, and sup- 
pose the velocity / f oi v to be impressed instantaneously, 
as in paragraph 1. Then we have BC=vt and BE=vf 
=/(*. Draw en. at right angles to BM J as bc equals CE, 
an equals tik, and therefore Bji=^/t*, Now 

MB : bo:;bc : Bn 
or 2r •.Ttiivt : ^fp 

Therefore /r=v» 

This relation holds good independently of t, i.e. whether 
the sides of the polygon are long or short. It is therefore 
true in the limiting case, when the particle moves in 
a circle and the force acts continuously towards the 
centre. In this case, therefore, we have the force equal 
to m/, i.e. 

*" D,o„..cihyGoogle 
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NJB. If M is given in pounds, r in feet, and Y in feet 
per second, the above formula will give p in absolute 
nnits. If we viBh to obtain F in pounds or gravitation 
unita we must divide its value in absolute units by 32-1912 
or approximately by 32. The formula now proved is 
therefore identical witi that given in Art. 121, and the 
student should refer to that article before going further. 
He will observe that when a body moves in a circle there 
must be some other guiding body to exert on it a force 
directed to the centre ; this is the force F determined in 
the laut proposition. The reaction of the moving body on 
the guiding body is the centrifugal force of the mass h. If, 
owing to the action of the other forces in additicHi to that 
tending to the centre, the velocity of the body varies, the 
force p (and therefore the centrifugal force of m) will 
undergo a corresponding variation, provided the body 
does not leave the ciicle. At any instant the value of p 
(and of the centrifugal force) will equal uv'-t-r, where v 
is the velocity at that instant. 

>'£r.T2S.— A locomotive engine veigblng 9 tons pasaea iDond a curve 
600 Tivib in radius at the rate of 30 milei no horn ; That foica tending 
tovsFde the centre of the earva must be exerted to make it move in thia 
curve? ^n*. 677-6 lbs. 

~ Ex. 729. — If lliis fbrce is supplied by making the inner rail on a loveB 
Uvel than the outer, That ought to be the difference of the level if the dis- 
tance betveen the rails is 4 ft. 9 in. ? Am. 1'92 in. 

[The slope should be such that the resolved part ri the veight along it 
■hall equal the force determiued in the last example.] 

^ Ex. 730. — On the floor r^ a railway cKTriege are chalked two lines sa^, 
y\f, one perpendicular and the other parallel to the direction of the rails ; 
the tines intersect in the point o ; at a height of 4 ft. TerldcaU? over o ia 
held a ball ; tbe train moving at the rate of 30 miles per honr comes to a 
curve whose radius ia 1000 ft. and centre in the prolongation of o ;;' ; if the 
bait is dropped, where will it strike the floor of the carriage ? 

Ant. In o I at Z'9 in. fom o. 
- Es. 781. — A particle ia tied to the end of b string whose length is I; it 
makes s revolutions per second \ show that it nill cone into a position of 
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Kteadj motion when tli« Btxisg makes an angle I with the TeFti<!al given by 
the equation 

[Ktib theieactionltf the &ed point on the body tnuinnittod along ths 
string, the vertical component of t must equal the weight of the body, and 
the horizontnl compocent must he the force tending to the centre necessary 
to keep tie body njoring at the rate of n revolntiona B second in a drolo 
whose radim is { sin 6.] 

Ex, 732. — A body weighing 12 lbs. is suspended by a cord 7 Ft. Img, 
aad makes SO reTolntiona par minnte ; determine the position of steady 
motion and the l^nsion of the cord. 

Am. (1) 86° 16' 66" with the yertical. (2) 6896 abs. un. 
Ex. 733.— A body weighing 20 lbs. is tied to the end of a abring and 
anepeoded is a railway carriage the motion of which is perfectly steady ; it 
comes to a cone 1000 feet in radius, round which it mns at the rate of Ifi 
miles an hour; find the inclination of the string to the Terticol, and the 
horizontal force tliat would have to be applied to the body to keep the 
string vertical. Jn».(l)62'. (2) 0-3026 lbs. 

(jEx. 734. — If the earth were a perfect ephere and at rest, so that the 
accelerative effect of gravity at any point of its stir&ce wne y, show tliat 
the efleet of its receiving its dinrnal rotation will be to redace the Beosible 
Bccelerative effect of gravity to^ M — ^L J at B place whose latittidels L 

[See Ex. 639.] 

Ex. 735.— Given that the acceierative effect of Jupiter's attraction at 
any poiat near its sar&oe is 80 (in feet and seconds), that his radius is II 
times that of the earth, and that he makes one revolution in 10 hours, de- 
termine the ratio of the seneible foice of gravity at his eqtiator to that at 
iia pole. Jm. 0'913 nearly. 

Proposition 29. 

To detefrnvme the time of a STtiaU osaMation of a 
Bvmple penduhi/m (Art. 122). 

Let 8 be the point of auspension of the particle, I the 
length of the pendulum. With centre 8 and radius equal to 
I describe a circle acbh; letACBbe the arc of vibration, 
the middle point of which (c) will be at the lower extremity 
of the yertical diameter c H. Join A B cutting c H in d. 
Take p any point in A c, join p h, p c and draw p N at right 
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angles to c H. The arc A c 1b suppoetid to l3e so small that 
the choid of A fl ma; l>e naed inatead of the arc A c, and In 




like manner of any smaller arc and its chord. For con- 
venience draw A c D on a larger scale ; take O the middle 
point of D : with centre o and radins o D describe the 
circle Dpc cutting P M in ja. Take Q a point very near to 
P ; draw Q M at right angles to c D cutting D^ Ciaq. Join 
op, draw pt &t right angles to M Q. 

Now, the velocity of the particle at P equals VZg . dh 
(Prop. 27); therefore if 8 1 is the time in which it passes 
over the arc P Q we have 
PQ 



since in the limit the particle moves uniformly during 3 1, 
Also we have 

PQ=arc CP— arc CQ=chd. CP— chd. OQ 
^CP--Oa-_CF--CQ- ^ ^ti^tei 
CF+CQ 2CF 

But by similar triangles H : G P :: P : ON 
Therefore CF^=2l.cs 

Similarly co'=2l.CM _.^ , 
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Therefore P0= — : _ — 

V21.C1S 

and 8*^ '•"" =^/±.^ 

Vigl.os.cs V ig Ny 

Now, ultimately p q coincides with the tangent to the 
circle at p ; therefore p qt ia ultimately a righ1>aDgled 
triangle (App. Art. 2) whose sides p q and ptare severally 
perpendicular to Op and p N ; thereftEre by similar triangles 

pq : p t.iop : vp 

Therefore m=2i=^ 

op sp up 

Therefore 8 i= - /-A . H ultimately, 

'V ig op 

and the same being true of every interval of time while 
the body falls from a to G, the whole time, which is the 
limit of the sum of the intervals when their number 
becomes great, will equal the sum of the ultimate values 

of8i,i.e.itwiUequal ./I ."^PSot^.A 
^ \' 4g op 2V g 

And the. time of descending A c is plainly equal to the time 
of ascending c B. Therefore the time of one oscillation 



equals w */ - . 



Ex. 73S. — Wliat is the lengtli of a simple pendnlom irhich at Qraenindi 
OMiUatesiD 1^ second? HcnrmnchBhorter is th« iimple pendulnm vhich 
at Bawnk (Table XV.) oscUioUB in the same time ? 

Am. (1) 7-3387 ft. (2) 0'282il in. 

Bx. 737- — A pendulum whose length ia l makes m oacillationa in one 
day ; its leDg;th changes, aDd it is aav ohseired to moke m + « oscillations 
in one day ; shor that its length has been diminished by a part e^nal to 



IS Se,4(K) seconds, we bftTe 
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m V t-'l "« 

£r. 738. — A psndaliiiii in a cortain place makes in one day m oecilI»- 

tioDB ; OD tmiiporting it to aoothar place it is fouDd to hare the lama 
length but to Idu it oscillalioni a da; ; ihoir that the force of gravitj ha> 
beBD diminiahed bj ita _tli part. 

Ex, 739.— OiTsn the Ungtha of the Heeonda pendnlunu at Grsenvich 
and Paris respectively (see Table XV.), find how manj oecillations a day 
the Oreeuvidi pendulum would make at Paris, Aiu. 86,387. 

Ex. 710.— Giren that a pendulum oecillating BerocdB at the month of a 
Ooal pit giiins 2'21 seconds per diem vhen removed to the bottom of the 
■haft; determine the decreaSB of Iha force of grarity. Jni. 0'0016. 

Ex. 741.— A body leavse c (flg. 168) iritli snch a velocity that i is the 

highest point it reaches, the aic a c being small. Let the are a c be denoted 

by a, and the time of a doable osdllatioa by t. Show that at a time I its 

distance j &om c is giTen by the formala 

. 2rt 

[From Prop. 29 it is plain that the time of describing c p bean to that 
of deacribing c a the same ratio that the arc cj> bears to c^D oi that the 
angl? cop bean to ir. 
Therefore coji" — 

therefore cf-oj. A-cos ll^^-cn mn"?^ 

but 2cn.CH'°cF'ai>d 2cD.ca*cA* 

tbarefore s-«>u^.] 

Ex. 742. — If T is the velocity at c, and e that at a time I, allow that 

O-TCOfl?^ 

Ex. 74S.— In Er. 74! and 742 obt«n the Talne of s and e, whan t is 
reckoned from the instant the body is at a. 

[r«,i™t.n},.] 

Ex, 7ii- — A body vibrates in a small rirenlai arc, the velocity at the 
lowest point being v; vben at its lowest point it has commnnicatad to it a 
veloci^ V at right uigles to its plane of vibration ; show that its plane of 
vibration is turned through an angle of 4fi°, its are of vibration ia inereaaad 
from a, to >, V2, and itg time of oscillation is sensibly nnchanged. 
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Ex. T4S. — la tha lut case, if the velocity is commnnicntHi tu tll« body 
Then at a, ihinr that it witl now describe a horizoDtal circle toimi c, irhoiia 
Hkdina is i, and time of description St. / 

Ex. 7^— If the *i]gl«isc<fig. 168) is denoted by «, the man of the 
body by n, and tha tension of the thread vhen the body is at c by t, ahow 
that T-H^ (3—2 cos »). 

Ex. 747.— In Ex. 741 Bhow that the acceleratjui along the cnrre is^ 



Tibration, show that thu time of Tibiation equals ■- . /— . 

133. Longitudviwl vibratioTis of a rod. — A rod sua- 
pended by one end whoee Length is L, area of eection K, 
and modulus of elasticity E, has attached to the other end 
a particle whose weight is q (which we will suppose so large 
that the weight of the rod can be neglected) ; if the rod is 
allowed to lengthen slowly, a will descend through a small 
distance I equal to lq-i-ee and will continne at rest (see 
Art. 6 and Sx. 149) ; if, however, Q ia allowed to descend 
at once, a certain number of units of work will be accumu- 
lated in it when It has descended through the distance I, 
so that it will continue to descend till the resistance to 
further elongation shall have neutralised them ; a contrac- 
tion will then ensue, and thus Q will vibrate in a vertical 
line about the point (a), at which in the former case it 
would have come to rest. 

Ex. 74B, — Show that when the particle, which eontaina a lbs. of matter, 
ia at a distiince i from a it is moving nnder a force that varies as i, nod 
that the time in wbich it proceeds from the highest ta the lowest point is 



Wfh 



Ex. 749. — In the last example suppose q to be at a distance ( below x 
determine (Le nnmber of units of work aeoumnlnted in il at that inatani 
and Bhow Uiat its velocity (y) is given by the eqoation 
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\8t6 Sr. 119. Tbe stmleiit mnit bear in mind Hut Oia qnantitj ffT ■ 
is the Hodoliu of Elaitieitj reckoned with nferanca to the whole atoaa- 
■eetian of th« rad and in oUolnle onitA. The nnu is trne of the buewsv 
to Bx. 748-1 

Ei. TSO. — If B ^lindra whose hught ia k and ipedflc gnritj > flosta 
with ita aiii TSitical in ■ flnid wboes apedfic gravity ia >,, abow that if il 
ia depraaacd through any diatanee the time in which it will riae from ita 
point of greateat depisaoion to ita gieateit height ii conatant, and will ba 
givan bj the Amniila 
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CHAPTER V. 

THE MOMENT OP INEBTIA. 

De/. — ^If we conceive a body to consiBt of a large 
number of particleg, and multiply the rMtss of each by 
the Bquare of its perpendicnlar distance &om a given line 
or axis, the earn of all these products is the moment of 
inertia of the body vdth respect to that axis. 

134. Propertiee of the moment of inertia, — It will 
appear hereafter that the moment of inertia is a quantity 
that enters into nearly every question in which the rotatory 
motion of a body is concerned ; the present chapter will 
be devoted toproving some of its properties, and ascertain- 
ing its magnitude in certain particular cases. The first 
property ve shall notice is one that follows immediately 
from the definition. Since the mass of a particle and the 
square of its perpendicular distance from a given axis 
are easentially positive, their product must be so too ; 
consequently if we conceive any group of particles to 
coneiet of two or more subordinate groups, the stun of the 
moments of inertia of these separate groups with respect 
to a given axis will equal that of the whole group with 
respect to the same axis : hence if a body can be divided 
into a certain number of parts, and their respective mo- 
ments of inertia are known with respect to a certain axis, 
that of the whole body, with respect to that axis, is fonnd 
by adding them together. 
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ProposiHon ZO. 

Ifiiatht Tnomeni of inertia of any body wkoee mass 

is 11, o&ouf am ams passing through its centre of gravity ^ 

pn.iM. ofnd ij the 'moment of inertia of 

the same body about a paraU^ 

aaAs oiAiiated at a perpendiffular 

distance h from the former, then 

,2. 
I,=l + H A 

Suppose the axes to be perpeudicolar to the plane of 
the paper, let the axis which passes through the centre of 
gravity meet that plane in o, trnd let the other axis meet it 
in 0, ; let F be (me td the particles of which the bodj is 
conceived to he made i^, and let its mass be irti ; join P o, 
P 0|, and o,, and draw P H at right angles to o, ; then 
(Eucl. II. 13) 

OiP*=OP' + 0,* — 2oo, .OM. 
Let OP=r,, 0| P=r,', ON=a!,, and oo,=A, then 

m,r,'*=mir,'+m,A*— 2m,Aa:, (1) 

and the same algebraical formula will be tme whatever 
be the position of P ; hence if m^ r,', r^, x„ Wj, r,', r^, w^ 
&c., . . . are the magnitudes corresponding to other parti-* 
des we shall have 

m,r j'* = m,)-,» + m,A»— 2m,Aa:, (2) 

m,r3'*=7?i,rj'+»ngA'— 2ni^^ (3) 

and so on for every particle. 
Now by the definition 

miri'*+mjr,''4-mjr,'*+. . .=i, 
m,r,'+m.,r,* + nirjrj' +. . . =l 
also m, + m,+m,+ . . . =m 

and by 4^ properties of the centre of gravity (Prop. 16) 

flince the weight of each particle is proportional to its mass. 




MOMENT OF INERTIA, 291 

Therefore by adding the equations (1), (2), (3), &c., 
«e obtain 

i,=i+mA* Q. E. D. 



Proposition 31. 

2f any nv/mher of partidea Kem a pUme, and if i, 
and Ij are respedivdy their mometiia of inertia about 
two redangvla/r axes in that plane, 
and if lie their •mOTnent ofi/nertia 
about an axis perpendieidar to the 
tioo others, and paaai/ng through 
thei/r point of mterseetion, then 

For let a;, ^ be the two axes, the third being perpen- 
dicular to the pluie of the paper, and passing through o ; 
let P be one of the particles whose mass is m ; draw f h 
and PN at right angles to oy and a;, join OP, and letPU 
■i^x, ?v=y, OP=r, then 

.■.mr*=7niB*+my*. (1) 

Similarly, if other particles are taken, and the corre- 
sponding magnitudes are m.,, r„ x^, y^, m^ r,, x„ y^, . . . ., 
Tre shall have ' 

'm^r^*=m^X^*■{■m^y^ (2) 

m^Tj* =77lj K,' + «lj1/,* (3) 

and flo on, whatever be the number of particles. Now 
mT'+«i,r,*+m,r,*+ . . , . =i 
mtc' + m^x^ + m^x^ + . . . . =l, 
m3/'+m,yi' + m,^,»+. . . . =1, 

Therefore, adding together (1), (2), (3), &c., we obtain 
1=1, +1, Q. E.D. 
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of the section of a tbin rod. p tlia dandtj cf 
the nmUrial, ftud I its langtb, tbow that 
it! moment of inertia BbontaD aiie pasa- 
iog thnnigh ddb end and perpeodicolai 
to it equals \piP. 

[If 1 B is tlie line, and a pynunid is 
coDatract«d Those base bd is B eqnaro 
the side of which eqaals a b sod its plans 
perpendicnlar Uhb (compare the end : 1 
An. S2) ; then if ire cooajdw B lamina 
contained by planea diavn parallel to 
the baM throngh the eiliemitieB of anjr 
Email portion rp of a b, its Tolnme will 
nltimotely equal rp xaV; now, th* 
uoaent of inertia of fpeqnali mass of vpnAt', i.e. it equals pitii vol. at 
lamina ; and hence the moment of inertia of the rod equals fix volunu of 
the pyramid-] 

Ex. 7GS.— The moment of inertia of the i«d in the Uat eiampla aboat 
an axis perpendicnlar to its length and passing through it« middle punt 
equal* ^. pkP. 
[See Prop. 30.] 

Ex. 763. — There is a rectangular lamina whose thickness is A^.and sidea 
• and b ; shov that with reference to an axis parallel to a and paasiog 
thioo^ the middle point of i tha moment of inerUa equals — . p £ a &*. 

[The lanuDa can be divided inis a number of lines whose length is b ; 
the momenta of inertia of these can be added together by Art. 134.] 

Ex. 764.— If in the last example the axis is perpendicular to the plana 
and passes through the centre of gravity, show that the moment of inertik 
of the lamina equals r^.f^tb (a'+b^ 

[See Prop. 31.] 

Ex, 7SB. — There is ■ ractangular parallebpiped whose edges are it, i, o ; 
aa axis il drawn through the centre of gravity, and parallel to the edge c ; 
show that the moment of inertia about thataxie equals |2-P'*^'(o' + ^- 

[See Art. 134.] 

Ex. 75S. — Th«re ia a right prism whose base is a right-augled triangle, 
the sides cont^nicg tha right aogte of which are a and b, the height of 
the prism is e. 5how Chat if ao axis be drawn through the centres at 



gravity of the ends the moment of ii 



ia about that u 
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[By Art. 131 sad Ec. TfiS Uia amonnt of inettia about a p 
jtoiiii^ Qit middle poiots of lbs hypotlieniiBeB of the ends is J-.pabe 
x{a'+h*); thei«ait1t IB thaDobC^itedbjPiop. 30.] 

Ex. 767. — Thera is a Tight prism -whose height is sand baas an itOBcelM 
triangle, die bus of which ia a and height A ; if an axis be drawn pasaing 
tlmm^ tb« oeDtrsB of grarity of ths ends its inonieBt of iBsrtia about dial 
Kaaeqru^L.pabc(^*^. 

[Thia prism can be divided into two lesembliag that in tlie last 
•umple.] 

Bx. 7M. — Thsre ia a right prism whoss maas is v and base a ngalai 
polygon the radina of whosa inscribed dicle is r, and length of one aide 
• ; show diat its moment of inertia about its geometrical axis is n ' " 

[Thia prism can be divided into prisms lilu that in the last example.] 

Ei. 7Sa. — If there is a ^lindev irluwa height, is h and ladim of base r, 
•how that its moment of inertia abont it« geometrical axis tuxkah^fhr', 

[If the cylinder reduces to a cinmlar lamina whose thickness ia A, the 
same formnja is of conne tcoe.] 

Ex. 760. — Thei* is a thin dicnlai lamina whose radina is r and thick' 
oaas^; show that the moment of inertia aboutadiBmetereqnalB^pJrr'. 

[See Prop. 31.] 

Ex. 7S1. — There ia a dram tlie length of vhich is a, the mean ndios of 
the end r, and the thickuras i ; show that its moment of inertria about ita 
4xiiTei;D«ariy eqnaUSirpafr'; andthatifteqoaU— > the emr in the 
above detarminatioa of the moment of inertia ia tlie--th part ot tbat 
qnanti^. 

Ex. 762. — There ia a cylinder the lengdi of which ia h and the ladina of 
whoae base ia r ; show that its moment of inertia aboat a diameter of one 
end equals rphr'(— + — \. 

[If we consider a lamina contained between two planes panllal to the 
end and at distances jc and « 4 t^i, it appears trom Bx. 7S0 and Prop. 30 
Out the moment of inertia of the lamina equals } .vpr'Sir^-'f Hx'Ix; 
irhence tfae teiiuired moment of inertia equals the mass <rf a tine the mass 
of each unit of Those lengtb is J . * p r*, together with the moment of inertia 
about one end of a line the mass of each unit of whose length is *pH.j 
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Ex. 703. — Dttwmiae the moment of inertia of s ^lindei about a geoe- 
rating line. 

Ex. 764. — Then is a eone the height of which is h and ndimi of bai« 
r; ehoW—<l) that its moment of iaertJaaboQt its aiu equals ^wphr^; 
(S) that it« mom jnt of inertia abont an axis diavn thcoogh the vertex and 
perpendicalar to llie axis of (he cone eqsaU^irpir'r &■ + _ V 

Ex, 7BS. — Show that the momant of inertia of a ephere about anj dia- 
metAT eqnala fs'P''- 

[The resolts in the laat two eiam[de« eaonot be easilr obtained vithont 
the aid of the integral calcolos.] 

El. 766- — Id the mass of iron deecribed in Er. 12 let an axis be drsvn 
pauing tbrongh the end of the longer rectaognUr piece and bisBoting thoas 
■idee cf the end which ate 6 is. long; delenaine the moment of inertia of 
the maaa with lespaot to that axis.* .dtu. 73,SOO. 

Ex. 767.— Them ii a east-iion eone IS in. high, radiiia of base 8 in. ; 
detwmine iU moment of inertia — (1) about an azia throngh its centra of 
grarit; and panllel to its baae ; (2) abont a paiallel axis distant 4 ft. &om 
thelbmer. Jiu.(l) 3727. (2)4509. 

Ex. 768. — Detannine the moment of inertia abont a rertical edge of 
the oak door described in Ex. 1 7. Ant. 460. 

Ex. 769.— There is a cube of oak whose edge ia 8 in. long; throngh the 
middle of it at right angles to one of its &ces passes a cylinder of oak 4 ft. 
long and 3 in. in diameter j the centres of giavitr of the two figures coio' 
cide ; determine the moment of inertia of the whole about an axis passing 
through the common centre of grarity and perpendieolar to the axis of the 
cylinder and also to a &ce of the cube. Jiu. 16'54. 

Ex. 776- — Detenuiue themomentof inertia of the hoUowlesdeQ cylinder 
dMcribed in Ex, IS about a diameter of its mean section. Ant. '64SS. 

Ex. 771-— If a cylinder like that in the last example is fitted to each 
arm of the figure described in Ex. 769, detenniDe the moment of inertia of 
the whole about the specified axis — (I) when the ends of the leaden cylindels 
coincide with those of disarms; (2) when the other ends of the cylinders 
are in contact with the cnbe. Am. (1) 3U0-S. (2) 28-16. 



Ex. 773. — There is a cast-iron fly-wheel consisting of a rim, fonr spokes 
at right angles to each other, and an axle ; the external and intern^ radii 
of the rim are 4 and 3} ft. respectively, snd its thickneu 8 in.; the sections 
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•f the Bpofeas an each 4 square in., the axle 13 in. in diametei and IS in. 
kngi deMrmine the moment of inertia of the vhole abnit the geometrical 
axis of the axte ; and also detennine the emr if the apobes and oils vere 
neglectAd and the moment of inertia of the rim cslciilal«d hy Ex, 761. 
Atu. O) 60,760. (2) lOOO. 
Ex. 774. — K the moment of inertia of anj liod; with reference to an 
>zia coinciding ivith a given line of particlee he represented b; i, and if 
tile body be nnifonnly expanded by hpat, bo that the linear dimenaione be- 
fore eipanaion are to tiose oiler in the ratio of 1 : 1 + «, show that the 
moment of inertia vith reference to the «sia Coinciding iritb tiie same line 
of porticleg becomes (1 -t- a)*!. 

135. The roMue of gyraiion. — It is evident from the 
definition of the moment of inertia of a body with respect 
to a given axis, that there will be, vith reepect to that 
axis, a line of a certain determinate length k, such that 

where i is the moment of inertia, and H the mass of the 
body ; the line k is called the radins of gyration with 
respect to that axis, and may be defined to be that distance 
from the axis at which the whole mass of the body may be 
supposed to be collected without producing any change in 
the moment of inertia. Thus, it is evident that in Ex. 
751, 754, and 759 the values of the radius of gyration are 

respectively-^ a/ — TK-f^^^~79' Moreover, if 4 be 

the radius of gyration of a body with reference to an axis 
passing through the centre of gravity, and i, its radius of 
gyration with reference to an axis parallel to the former, 
and at a perpendicolar distance from it equal to A, then it 
is evident from Prop. 30 that 

It is to be observed that the moment of inertia is essen- 
tially a mechanical magnitude, while the radium of gyra- 
tion is simply a line ; now, suppose A: to be the radius of 
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gyration of any lamina of uniform dend^, the ares of 
one fiice of which is a, it is not notisaal to speak of that 
area as having a moment of inertia ; when this is done it 
means that 

I = Ai'. 

For instance, in the case of a rectanguhir area whose 
■ides are h and c, the moment of inertia, with respect to 
an axis bisecting the two parallel edges e, is 

^/" 

as is plain from Ex. 753. It is in this sense that the 
term Moment of Inertia is nsed in Prop, 21. Strictly 
speaking, an area has a moment of inertia no more than 
ft has weight. 
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CHAPTER VI. 
d'alembeet's fbinoih^. 

136. Aeanmt of problem to hesohed. — The iminiier in 
which the dimensions of a body influence its motion may 
be illuBtiated as follows : — If we suppose a rigid bar to be 
suspended by one end and to oecillate, the velocities with 
which the different points are, at any insfsut, moving 
stand to one another in a fixed relation ; thus the iiree end 
moves twice as fast m the middle point ; moreover, with 
one exception, each point haa a different velocity &oin 
what it would have if it were detached from the rest, 
and swung freely at the same distance from the centre of 
suspension ; this difference must depend upon the coh&- 
fiive forces which bind the parts of the bar together. The 
coneideratiou of thia simple case points out the two chief 
additional conceptions required for the investigation of the 
motion of a body whose form faaa to be taken into account. 

(1) A means must be obtained for comparing the velo- 
cities of different points of a rigid body revolving round 
an axis, which is done by introducing the conception of 
Angular Veiooity. 

(2) A principle is required by means of which we can 
avoid the consideration of the cohesive forces which hold 
together the parts of the body : this is generally called 
D'Alembert's Principle. 

137. Angular velocity. — If a rigid body revolves round 
an axis, it is plain that the perpendiculars let fall from each 
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point of the body on the axis will, in any given lime, de- 
scribe equal angles ; hence arises the following 

Dtf. — If a body revolves nniformly round an axis, the 
angle (estimated in cvrcftilar measure) described in one 
second by the perpendicular let fall from any point on the 
axis of rotation is called the amgular velocity of the 
body. 

If the velocity is variable, it is measured at any instant 
by the angle that vould be so described if, from that in- 
stant, the velocity continued uniform for one second. 

In the following pages to and fl are used to denote 
angrUar velocity. 

R*. T7S. — A Ixid? Bakes SO nniform nrolntioits in ona minnte ; what 
is iU BUgnlai Tclod^ ? Jm. v. 



E». 777. — Determine the aDgalar Tolocitj of the earth round it 



J!li. 77S. — If ■ body haa m nnifonn angnlst Tdodt^ ■, show tb»t the 
SBcelentiTe effect of the eentrifngtl force of a point in it, ntoated at a di>> 
tance r from the axis, is r ■*. 

138. Impressed forces. — All forces acting on a body 
which do not arise out of the mutual cohesion of its parts, 
are called the im/presBed forces that act on the body. 

Thus, when a cricket-bait is thrown in vacuo, the im- 
pressed force is gravity ; if the ball were pierced by a spindie 
and caused to revolve round it, the impressed forces would 
be gravity and the reaction of the points of support of 
the spindle ; and so on in other cases. 

13&. Effedive forces. — It must be remembered that 
vhen a solid body is in motion each point in it moves 
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along a detemunate line, atraight or curved , according 
to circumBtances. As this fact should be distinctly con- 
ceived by the student, it may be mentioned by way of 
illustration that, when a cart moves along a perfectly even 
road, each point on the circiunference of one of its wheels 
describes a cycloid, the centre of the wheel describes a 
straight line, while any point in one of the spokea de- 
scribes a curve called a trochoid. A similar, though much 
more complicated, kind of motion belongs to the different 
points of a cricket-ball j when in the act of being thrown 
it receives a rotatory motion. The only fact, however, 
that we are concerned with here is that, whatever be the 
motion of the body, each point in it will describe a 
deterr/mwie path. 

Let m be the mass of a particle of a moving body, and 
suppose that particle to describe the path HE ; at H let it 
be moving with a velocity v, and at m' 
with a velocity i/, having described the 
sm^ space between H ti' in the short time 
/. Let it now be inquired what forces act- 
ing on an isolated particle would make it 
move as the particle actually does when 
forming part of the moving body. The points m m' may 
be conaidered to be on the circimiference of the circle of 
curvature at the point H, whose radius r can be determined 
from the nature of the curve hk; hence at m the isolated 
particle muat be acted on by a normal force equal to 

, and the change of velocity muat be produced by a 

— , the time t being supposed 

indefinitely small. If, then, at M we suppose the particle 
to become isolated, its motion retaining the same velocity 
and direction, it will continue to move as it actually does 
daring the next short time, if acted on by the resultant of 
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tlie foiceB m . —, and m ^— : this 'resultant is called 

T^ t 

the effective fca-ce on the particle at H. Hence vre may 
d^ne it in general terms as follows :— 

Def. — If the velocity and direction of the motion of a 
particle, forming part of a rigid body, undergo a certain 
change in an indefinitely short time beginning at a given 
instant ; then if we suppose the particle to be at that insttmfc 
disconnected from the body, and to be acted on by a 
force which produces in that indefinitely short time the 
same change in the velocity and direction, the force Ib 
called the effective force on the particle at that instant. 

140. Effective foreea im. the case of rotatorymolAon. — 
Suppose a particle whose mass is m to be situated at a dis- 
tance r from the axis of rotation of a body, of which the 
particle forms a part ; let a> be the angular velocity of the 
body at a given instant, and at the end of a short time t 
let the angular velocity become »', then at the given in- 
stant the effective ftsrce will consist of two components 
fli r w' along r towards the centre, and m . *- ~^j jn 

the direction of the tangent ; if the angular velocity ia 
uniform, the second component is zero, and the effective 
force is m r (»* actiug along r towards the centre. A force 
equal and opposite to the effective force is plainly the 
centrifugal force of the particle. 

141. D'Alemhert's prmci/ple. — Let it now be inquired 
what are the forces that act on any particle H of the mov- 
ing body A B ; it will be remarked that they can oidy be 
of two kinds, (1) the impressed ioice P transmitted to . 
it, (2) the resultant Q of the cohesive forces which bind 
it to the rest of the body. These two forces must have 
at any given instant a determinate resultant B, and this 
must be the effective force on M at that instant, since if 
H were isolated for a short time, and were acted on by b. 
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its motion would experience the same change in velocity 
and direction that it actually experiences. Now, if a force 
eqnal and opposite to s were to act on h at the instant 
under consideration, it would be in equiUbnum with F and 
Q ; and the same is true of every fu. its. 

other particle of the body; conse- 
quently if we suppose that to each 
particle of the body a force is applied 
equal and opposite to the effective 
force on that particle, these forces 
wit! be in equilibrium with the 
impressed and cohesive forces, and 
we shall have three systems of 
forces constituting a system in equi- 
librium, viz. (1) a system of impressed forces, (2) a sys- 
tem of cohesive forces, (3) a system of effective forces 
applied to the particles in the opposite direction to that 
in which they must act to produce the actual motion of 
the particles. Now, D'Alembert's principle asserts that 
the cohesive forces are separately in equilibrium, and 
infers the conclusion that if forces equal and opposite to 
the effective farces at any instarU were at that instant 
applied to each particle of the body, they VHnUd be in 
equUibrwm'vnth the iitvpreeaed forces, 

Propoaition 32. 

A body, whose mass equals m, is symmetrical with 
reference to a plane contai/ning a certain axis and the 
centre of gravity, the distance of which from the cum 
is denoted by x; if the body revolves round the aaia 
with a v/niform angular velocity ta, the resultant of the 
effecOoe forces equals m x wK 

Let OA be the axis, and bo the revolving body, the 
plane of the paper being the plane of symmetry, we may 
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sappoee it divided into a number of lamiiue, such as D B, 
by plaaee perpendiciilar to a ; then if we find the effective 
force of each lamina, their resultant will be the required 
force. 

(1) Let o, be the centre of gravity of D E, and G, N, its 
perpendicular distance (xj ) from the 
axis A ; Id its plane draw the axef> 
N, y^ N, z, and take F, any small por- 
tion of it, and suppose the mass of p 
to be m, and its co-ordinates to be 
y and z ; also let the angle p Mj y be 
denoted by 6. Now (Art. 140) since 
p describes a circle round N with a 
uniform velocity, its eflfective force 
is ma»*.PN„ which can be resolved 
into two components, viz. mm'y 
parallel to Hj y, and tihia'z parallel 
to N, z. In the same manner, if m„ 
^,, 2„ iti^y y„ z„ . . . are the corre- 
sponding values for other elements 
of the lamina, we shall have forces 
m, <B* y,, m, (0* 3/g . . . . parallel to 
M, y, and m, w' 2„ m, «' Sj .... 
parallel to N, z. Hence (Prop. 16) 
the effective forces on the lamina 

are equivalent to the two 

»• {my+m,i/, + ?>i,yj+. . . }=(B*M,^ parallel toH,y 
andw'{m«+m,2,+m,3, + . . . }=<i>*M, 2 parallel to n,» 
where y, z are the co-ordinates of Oj, and H, is the mass 
of the lamina D Ej if we compound these two forces, we 
shall obtain oi^ . ls^ x, as their resultant acting along O, s^. 

(2) Let the masses of the several laminae into which 

B c is divided be respectively h„ m„ Mj, and let the 

respective distances of their centres of gravity &om a o 
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be Xj, X,, !Bj, . . . . then their effective forces are aeveraUy 

a>'M,a;„ u^m,x,, w'MjSBj, Now, it followB from the 

Bymmetry of the figure, that all these centres of gravity 
are in the same plane, viz. the plane of the paper ; the 
efTecUve forces are therefore parallel, and their resultant 
irill equal their sum, viz. 

«*(M,a;, + M,!B,+M,a:j + . . . .) 
vhich equals to' ax. Q. £. D. 

Cor. — The point at which the direction of the resultant 
of the effective forces cuts the aris is determined thus :— 
Take any point o on the axis, and let N, be denoted by 
0,, and let «„ aj, . . . correspond to the other lamince, then 
if e is the distance of the required point &om o, we have 
(Prop. 16) 

Now in general the rigb<>-hand side of this equation 
cannot* be obtained except by means of the integral 
calculus: one Important exception, however, maybe men- 
tioned, viz. when the body is symmetrical with reference 
to a plane perpendicular to the axis of rotation as well as 
with reference to a plane containing the axis of rota- 
tion and the centre of gravity ; in this case it is evident 
that if we take o at the point where this plane cuts the 
axis, the right-hand side of the above equation will equal 
zero, Le. the force P must act along the intersection 
of two planes of symmetry, so that the direction of the 
resultant of the effective forces must pass through the 
centre of gravity of the body. Examples of this case are 
aupplied by a sphere revolving round any axis, a cylinder 

* The riglitrhaiid ude of th« equation is commmily mritteo a'imtx; 
audit maybs ndded that Zmz^ia one of the threg qoautitiw Xtaxi/, 
lmi/e,imxx, that occur ia ^tfimatio (leatiBea on the dyoamJci of a 
iolid bodj. — See Poisaon, JUiaiiai^ue, roL ii. c. 2. 
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revolving ronnd an axis either parallel or perpendicular 
to ita geometrical axis, and a cone about an axis perpendi- 
cular to its geometrical axis. 

N.B. The resultant of the effective forces is plainly 
equal in magnitude to the centrifagal force of a particle 
of the same nuss as the body, placed at the centre of 
gravity and revolving wiUi the same velocity about tJie 
same axis> 

Bi. 7S0. — & tliin rod whose length is I ia Guteaed b; one end to a 
BplDdls, to vhieli it IB indioed at on &ngta a and round which it mvoItw ; 
ahow that Out diraetJoc of the raaultant of the effecCiTe fbices cnta the 
apindle at s distance &om that end equal to fl cob b. 

St. 7S1. — A cone of cast iron 1 it. high, ths rodioa of whose inae ia 6 
in., MTolvea 30 timeB a minnte roiuid an axil parallel to its geometirieal 
Biia, and poasing thiongh a point io the oiFCamference of the baae; find 
the csntnfilgal force, of the resnltant of the effbctire fbrcea. 

Jiu. 5S2 aba. on. 

Ex. 7S2. — A cflindei of cast iron 3 ft. high, vhoae base is 6 in. in dui- 
meter, rerolves 100 times a minnte with ita axis Tertical round a parallal 
axia at a distance of l^ft. ; find the centrifagal force. Aiu. 43614 aba. nn. 

Ex. 783. — A. vronght-iran rod 10 ft. long and section 1 in. in radina is 
made to rerolve 60 times in a minnte ronnd on axis perpendicnlar to ita 
l«ngth and passing tltroagh one extremity ; find t^e centrifugal force. 

Jn$. 209S3 abs. tm. 

£r. 784. — Two balls of cast iron, one 10 in. and the other 6 in. in dub- 
neter, have tbnr centres joined bj a horizontal lod 3 ft. long ; the; ats 
made to revolve 1 00 times a minnte about a, verljcal spindle, whose dia- 
tance from the centre of die heaviet ball is 1 ft. ; find the preasnre due to 
cantrifbgal force of tlie apindle. Aiu. 8502 aba. nn. 

Ex. 78S. — Two Toda in all respects equal are made to revoHe aboQt a 
vertical apindle ; they are always in the same vertical plane, but on difietent 
aides of the spindle, and are qnit« &eB to move round the top of the spindle 
in that plane ; if the spindle makes * revolatdons per second, determine tha 
positJon of steady motioQ. j^ ^^ ^_ Zg 

Ex. 786. — A shaft of cast iron whose section is 8 in. by 4 in. and whose 
length is 4 ft-, revolves in a horisontal plane ronnd a veitical . axis uf 
wrought iron 6 in. in diameter whose centre is 4 in, from the end of the 
shaft ; if it makes 200 revolutions per minute, determine the number of 
onita of work expended on the friction of the axle caosed by the eenlri- 
fngal force, the axle being well greased (>(>^0'07S). 

Aat. GSS7000 abs. nn. of work par min. 

■ ;(!'-■ 
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142. Pressure <m a fixed aai« of rotadoTi. — The 
■tudeiit mast be on his guard agmnat supposing that Maiio^ 
IB the whole of the pressure on the fixed axis j though it is 
frequently the most important part of it. The complete 
investigation of that pressure lies beyond the scope of the 
present work ; to prevent misapprehension, however, it 
may be well to add one or two of the tesults of the inves- 
tigation. 

(1) The body being supposed symmetrical, as in Prop. 
32, and it being further supposed that no external force, 
such as gravity, acts upon the body, the only impressed 
force will be the ruction dfflfe-ajds, which (Art, 141) will 
therefore equal M X <■>*. J,- , 

(2) If in the last case the axis were vertical, and the 
body acted on by gravity, the horizontal pressure is still 
uxvi*; but there is also a vertical pressure acting along 
the axis equal to the weight of the body. 

(3) If in the last case (2) the body were not symme- 
trical with reference to a plane containing the axis 
and the centre of gravity, there will in general be the 
following pressures : — (a) a pressure equal to the weight of 
the body acting along the axis j (&) in the plane contain- 
ii^ the axis and the centre of gravity a pressure equal 
to H X M^ acting perpendicularly to the axis through a certain 
point whose position depends on the form of the body ; 
(c) in a pl^e containing the axis and perpendicular to 
the former plane, a pail of equal parallel pressures acting 
towards contrary parts constituting a couple (Art. 54), 
whose moment depends on the angular velocity and the 
form of the body. 

In most other cases the pressures on the axis vary from 
instant to instant, and are of a much more complicated 
character than those mentioned above. 
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CHAPTER Vn. 



ON THE KEfETlC ENERQY OF, OR THE WOEK ACCUMULATED 
IN, A BODY THAT EOTATES OH A FDCED AXIS. 

143. The work aceunmlated in a movrng body. — If 
all the forces that act on a body are considered, viz. both 
those which tend to accelerate and those which tend to 
letfflxl its motion, it will be evident that the nmnber of 
nnits of work accumulated in a given interval is the escess 
of the number of units done by the former over those 
done by the Utter ; in other words, it is the (algebraical) 
sum of the units of work done by the impressed forces : 
let this be denoted by the letter d. Now, it will be 
remembered that the effective forces at any iust^ant 
applied in opposite directions would be in equilibrium 
with the impressed forces (Art. 141), and consequently 
(Art. 104) the sum of the units of work done by the 
impressed forces will equal the sum of the units of work 
done by the effective forces; in fact, as the body is rigid, 
its particles undergo no relative displacement, so that no 
workiadoneby or against the forces of cohesion (Art. 103). 
I^t now the different particles of which the body is made 
up be considered, let their masses be severally m.^, in„ 
«!,, . . . and at the beginning of the given interval let 
their velocities be severally v,, v,, Vj, . . . . and at the 
end of it v„ v^, v„ . . . . then (Art. 129) if they had 
moved separately the number of units of work accumulated 
in them respectively would have been im-t (I'l*— v,"), 

iWj ("j*— V,*), ^m, (I's*— V,") Now, these mnst 

be the works done by the effective forces, and therefore 
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0=^711, (y,»-v,") + ^m,(v,'-v,»)+im,(«,*~v,=) + .... 
i.e. the work done by the impreBsed forces in the interval 
equals the change in the kinetic energy of the body. 



PropoaiHoii 35. 

If a body moves rownd a fixed cunetandinagivenm- 
terval of time its a/nguUw velocity is changed from, XI fo ct>, 
the algebraical sum of the number of v/nits of work done 
upon it darmg that interval equals i 1, (w*— W), where 
I, is the momeni of inertia of the body loith referenda to 
the asds. 

For conceive the body to be made ap of particles 
whose respective masses are m.„ m„ m„ .... and whose 
perpendicular distances from the axis are r„ r^, r„ . . . . 
then, nsing the notation of the last article, we have 

V^=r^ fl, V,= r, 11, Tj=r,fl .... 
and Vi=riO), Vj=r^ea, «3=r, «.... 

therefore the number of units of work done upon it during 
the interval equals 

im,r,'(a,»-fl') + Jm,r,'(«'-fi*) + imgr,»(a>»-fl«)+... 
which equals i(<u*—il') (7ft,)"j' + 7n.jr,* + mj)"j"+. . . .); 

now m, r,' + mj7'j'+mgr,'+ ■ . . isthemoment of inertia 
of the body (i,) with respect to the axis of rotation ; con- 
sequently the number of units of work done upon the body 
equals ^ (a>*— fl')ii, or ^ (to'— 11^) M^,', where i, is the 
radius of gyration with reference to the aiia of rotation. 
Q.E.D. 
Cor. 1. If the units of distance, time, and mass, are a 
foot, a second, and a pound, the formula ^ (co' — 11*) h k^' 
gives the change in the kinetic wergy of the body in abso- 
lute units of work. It can be reduced to foot-pounds by 
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dividing by 32*1918 or approximatel; by 32. The angular 
velocities « and CI are expressed in circular measure. 

Cor. 2. If we suppose the axis round which the body 
revolves to be a geometrical line, and the body to move from 
a state of rest under the action of gravity, the angular velo- 
city (m) acquired while the centre of gravity falls tlirough 
a vertical height h can be thus determined : — The kinetic 
energy of the body is jfH k* m*, and this must equal the 
work done by the impressed forces, viz. the reactions of 
the bearings and the weight of the body ; now the former 
forces do no work as their points of application do not 
move (Art. 101 ), and the work done by the latter is h ^ A ; 
therefore 

^Uh, <a*=M g h 

or «"= -TT- 

*i 

Ex. 7S7. — A rod 3 ft. long tnnu raqod one of iU eoAt ftom a positioa 
in vhioh it makes aa angle of 45° «i(Jl the hoiizoa ; find the un gnl^r 
Tslocityit has when in a horiiont&l poEdcion. Jm. 4-7fiT. 

[See Ex. TS1.] 

Br. TSB. — In the last example determine — (1) the velocit; in feet per 
teamA with which the end of the rod mores, and (2) the □umber of degr«ee 
throngh which the rod would movo in one second if it coctinned to more 
anilbcml; with the angular relocit; acquired. 

Jiu. (1) U2Ti. (2) 272° 33'. 

£r. 7S9. — A. cone tnrnH ronnda horiEontal apindTe, pasBing throngh ita 
laitex at light angles to its aiia : what angolu' velocity will it acqniis in 
foiling from iU highest to its lowest position ? Jiu. ■■ '^ ,, • 

[See Ev. 7S4.] 

Ex. 790. — In the last example, if the codb ia of braes, and is 4 ft. higb 
and it» base 1 ft. in radius, what preaaure will be produced on the axis l^ 
its centrifugal force when in its lowest poaitiou f and how manj timw 
greater Ulan the weight is this preasure? 

Jm. (I) B,116 g abs. nn. (2) 3^ tinws. 

Ex. 791.— If the mass of cast iron described in Ex. 12 move round tit* 
aiia asaigned in Ex. 766, determine — (1) the angular Telocity it acqoiiei 
in falling from an ineliuatton of 30° to a boFizontal position, and (2) the 
Dunber of foot-pounds of iroik accumulated in it. 

.ifu. (1) 2-21. CUMS8ft.-pdi. 
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Ex. 792. — A eosa of east iron 16 in. bigh, ^he indiiis of whom Imus is 8 
in., is feBteoed ta the end of a shaft i ft. long at right anglss to its aiia, 
and whose end coiDcidea with its centre of gravity; the'^ole moves about 
a borizontal axis at iigh[ angles to tlis shaft and passing thiongh its 
extremit; ; the centre of gravit7 of the cone descends thiongh a Tcrtical 
hei^t of 2 ft, : find the angular velodtj acquired. Aru. 2-817. 

[See Ex. 787] 
Ex. 793. — If the oak door described in Ex. 17 is pushed open by a 
force of 5 lbs. acting at Bvecy instant perpendicularlj to its face, and at 
a distance of tvo feet &oni the inner edge of the door, determine the 
Bngnlar velocity reqoired in moving through an angle of 90°. 

Am. 1'177. 

[The number of foot-pounds of work done on the door is 5x, and there- 
fore Ihe number of abaolate units of -work is Swg, so that lAiilDjrv; 
-where g b 321912, or approximately 32. See Oor. 1, Prop. S3, and 
Ex. 768.] 

Ex. 794. — A pulley whose moment of inertia is K f and lodins r turns 
freely round a horizontal axis, a fine thread ia wrapped round it to the end 
of which a mass of k, lbs. is tied ; the wei^t of the string and the passive 
resistances being neglected, show that if « is the angular velocity of tbe 
pnlley when n, has descended tbiongh h feet, then 

[The number of absoltite unitf of work done by gravity is H, jr A. The 
kinetic energy of X is J H A* ■*, and, as the velodty of M, is r ot, its kinetic 
energyiBiM.r'..'.] 

Ex. 79t>.— A cylinder with its axis vertJcal turns ronnd a fine spindle 
coinciding with its axis ; a thread is wrapped round the cylinder, and then 
passes horizontally over a pulley capable of revolving round a horizontal 
axlB; to the end of the thread is tied a mass m, ; if m ^, k e> are Ihe mo- 
menta of inertia of the pulley and cylinder, and r and b their radii, and ■> 
the angular velocity of tbe cylinder after h, has hUen through a height h, 
show that if the passice resistances are neglected 

^1- !iy * „ "i 



144. Smeaton^a machme. — For the purpose of testing 
the tmtli of the fonnxila for tbe angular velocity, and con- 
sequently of the principles from which that formula is 
deduced, a machine was invented by Smeaton, which may 
be described as follows : — a b is a cylinder capable of re- 
volving round a very fine and smooth vertical spindle 
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coinciding with its axis ; it is crossed at right angles by 

an arm c D, vhose axis is bisected by that of a b, on which 

m. in. are two masses of lead 

of a hollow cylindrical 

form, and capable of 

being shifted backward 

and forward . on their 

1- respective arms. The 

gwh<Je is set in motion 
by a weight w attached 
to the end of a string, 
vhich, after passing 
horizontally over a 
small pulley p, is wrapped ronnd the cylinder a b. 

St. 7S6. — In Smeaton'B roaebiDe, given the foUowing dimeDsioas, & b is 
3 ft. 8 in. long and fl in. in diamfiter, en is 4 ft. long and 3 in. in diameter, 
tbtj tue joined bj a centre, in shape a cnbe 3 in. along the edge, all of oak, 
the masses of letd ueS jn. in eiternftl diameter and 3 in, long; theatriug 
is long enoagh to cause th« machine to make 1 5 tnrDS before it is unwound ; 
determine the angular veloatj commnnirated to the machine bj a weight 
of to lb*. — (I) Then the leaden cylinden are placed at the ends of the 
arms ; (3) when ibej touch the bees of the cnbe — the inertia of the poliej, 
the weight of the string, and the passive resisbuieeB b«ag neglected. 

Au. (])1204. (2)2916. 

[Employing the reanlta obtained in Ex. 771, it ia easilj shown that the 
mMnent of inertia of the rarolTing piece u 308' II in the Brat case, and 
9S-i6 ;n the second oase.] 

Ex. 787. — In theflrstcaseof the last example determine approximately 
the error in the angular Tslocitj that results from omitting the inertia of 
the pnliej, suppoaing it to be of brass, and to be 3 in. in radios and j an 
inch thi<^ Aiu. 0'D023. 

Ex. 798. — There ia a pnllej whose radius is r, and radios of axle p, the 
limitii^ angle of resistance between the axle and its bearinga is ^ ; a ropa 
(whose weight is to be neglected) is wrapped round the pulley, and carries 
at its end a body whose mass is p ; given m the mass of the pulley and m Jf 
its moment trf inertia; determine the angular veloeity aoqnired by the 
pulley when f has fallen through h feet. 

[If the foree of gcavitj on a mass p" at the end of the rope could j'oat 
overenme tlie friction of the mle we should bare 

i'g(.r-pBia9) = ujpaa<f. 
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This ia, of canres, the squatioD eBtabliahed in Ex. 411, «h«i the rigiilitjr 
of the rope U put out of account, and a is eqo&l to lero ; the furl:«'^, 
howeTBT, are eipresaed in absolute nnits. The loKt therafore which 
piodnees motioD equals the focee of gravity on a maes p-p" i.e. it equale 
<P-P0y, oc 

Hence the work done by the impreBsed forces ia 



\ r-fma^r 



in aheolnte units ; and this most equal the kinetii! energy of the Eystem , 
Til. J (mk' + »*)■*. Therefore 

. 2yi(lT-(p-.-M)painf) , 

Ex. TS9. — A cylinder turns laund an axle whoee radioa ia fi ; it atarta 
with an angulat velocity a: Hg ia the force of gravity at the station, ahoT 
tliat it will be brought to rest by friction after n turns, where 

Ex. 800. — The erindetone deecribad in Er. 16 turns on a betiring of 
cait iron; it makes IS turns per minute : determine the number of turns 
it will make when left to itself, the axle beii^ well greased (ji = O'OTS, see 
p. 169).. Aia. I'Sl. 

[Themoment of iuer^ maybe talen as equal to tiiat found in £Ir. 772, 
and the masa to that found in Ex. 16.] 

Ex. 801.— Bound the wheel described in Ex. 773 is wound a rope 30 ft. 
long, to the end of which ia attached a weight of 2*0 lbs. ; the coefficient 
of frictjcn between the axle and ita beoriog ia 0-075; the weight is allowed 
to tun down: determine the nnmber of rerolndons made by tile wheel after 
the rope hae run out, supposing that the rope doea not slide on the surface 
of the wheel during any part of the motion. Jia. O'SS times. 

145. Atwoad^a mocAme was invented for the purpose 
of determiniiig the accelerative effect of gravity ; for prac- 
tical purposes this can be far more accurately done by 
means of observations of the pendulum ; it however, pre- 
sents a caae of terrestrial motion which admits of very 
accurate observation, and thus supplies a means of testing 
the truth of the fuodameutal principles of dynamics. The 
annexed figure represents an elevation of this machine, 
which can be sufficiently described as follows : — a and b 
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are boms contammg equal weights, and connected by a 
thread acb passing over a 
poUey c, which is supported 
either on friction wheels or 
^_^^_^^^^_^ by the points of screws, one of 
K^ y which is seen at d. The hoi 

i}~ A is made to descend either 

by a flat weight placed on it 
or by a bar e, which is inter- 
cepted by the ring f, throogh 
which the box passes and con- 
tinues to descend till it strikes 
the stage q; the distance passed 
is measured by a scale 
on H I, and the time by a pen- 
, dnlnm E, which may be kept 
I in motion by a clock escape- 
- ment with a weight : the ma- 
chine is levelled by the screws L M.* The weight e pro 
duces a certain velocity while moving over a given distance, 
viz. till E comes to f ; the velocity acquired is then de- 
termined by observing the time in which A moves from F 
to o ; for when e is removed, the boxes a and B will of 
coarse move uniformly with the velocity acquired. 

Er. 802.— In Atwood's mathine if w ia tie mam of a or b, and p t^ 
mssa of the bar, and if mi' is the moment of inertia of Che polle; and r its 
ladina, then t, the velocit; acquiced bj each of the boxes while f movea 
through a distance h, is giTen b; the formula 

(2w + p)r' + mi" 

[The weight of the tlmad and the pueive resistanoes an neglected ; 

consequently in eompariog this resDlt with experiment great core mast be 

taken to snapend the axis of the pulley so that it tonui without friction i 

and a Tery One strong thread shonld be employed.] 




3t: 



* Tonng's Lceturet, p. 766. 



..jhyGoo'jIe 



ATWOOD S MACHINE. SIS 

Ex, SOS. — If in Atwood'i madhine tht pnllej were a solid cylindBr of 
cue inm 2 ft. in diameter and 3 in. thick, the equal weiglite 28 lbs. each, 
tlie bap 2 lb«., what Telocity will the weights hava acquired when the pce- 
pondsrating weight has fallen throngh 1 6 ft, P Jmi. 2-868 ft. per hbc, 

[It may be ohsoned that in the ardinar; form of Atwood'a machine the 
whasls are light brass wheels — not at all resembling that deaoribed in tbe 
toample.] 

146. Thejlywkeel. — When a steam-engine is employed 
HB a prime mover, it is desirable that the angular velocity 
commmiicated to the principal shaft should be as uearly 
as possible uniform ; now it commonly happens that the 
driving pressure is variable, or else acts at a variable dis- 
tance (as in the case of a crauk) ; it may also happen that 
the work to be done by the shaft is intermittent ; for instance, 
it may be required to lift a tilt hammer, Nov, if a sufS- 
dently large flywheel is made to turn with the shaft, there 
will be accumulated in it a number of units of work very 
much greater than that done by a single turn of the crwik, 
or than the number expended on a single lift of the ham- 
mer, and consequently the variations produced in the 
angular velocity will be very small — the diminution of 
these variations being the end to be attained by the fly- 
wheel. In the examples that follow, it is supposed that 
the mass of the wheel (m) is distributed uniformly along 
the circumference of the circle described by the mean 
radius (r). The moment of inertia of the wheel is tiiere- 
fore Mr*. A more accurate determination of the moment 
of inertia could be obtained as in Ex. 773. 

Ex. 80*. — An enpne of 35 horse-power makea 20 reToIntions (i.e. Bp 
ftnd down strokes) per minnte, the fljwheel is 20 n. in diameler, and 
weighs 20 tons : determine the nnmber of foot>-pouDds of woA aocnmnlated 
in it ; and if the work done daring half a reTolntion were lost, determine 
what part of the angular Telo<nt7 wonld be lost bj the fljwheeL 

Au. (1) 807,000 fl.-pdB. (2) ' 

Bx. 805.-~If the engine in the last example were emplojed to lift a titt 
hammer -weighing 4,000 lbs., the centre of gravitj of whidi is raised 3 ft. 
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St SKch Btioke, titd if Ait were donr once roeral; b; tba work ucamulsted 
in tba Sjwheel, what part of its uignlu valodt; wanld it lose 7 

61 
Ei. SOS. — If tlw axis of the flTwheel in Ex. 804 mre 6 in. in diameter, 
and Tare of wniaght iron taming on cast iron well greased (ft — 07S), de- 
tarmine approzimateljthe fractional part of the 3G horse-powern expended 
on turning the BTwbeal for one minute. . 1 

Ex. SOT. — If the flfvheel in Ex, 8M were divided into two piecea alon^ 
B diameter, and if earh piece were connected with the ule by a apoke at 
right an^ea to that diametec, deteimina the tenaion of each spohe aiiaing 
from eaDtrifugKl force ; if the lelocitj of the vheel were liable to be raised 
to 40 tnniB per minate, what ought to be the eection of a WToaght--iron 
apoke whioh would bear tlus tension teilh fnftly f 

Jm*. (I) 625,500 aba. on. (2) lie sq. in. 

[See Ex. 328 and Art. 9.] 

147. M. Morin'a experimenta on friction. — ^A full ac- 
count of M. Morin's experiments will be found in his 
' Notions Fondamentales,' already frequently referred to ; 
it would be incoasistent with the plan of the present vork 
to enter into the details of the methods he employed ; it 
may, however, be stated that the arranj^ement adopted 
was in principle the same as that described in Ex. 611; 
to which it must be added that the rope supporting p was 
of considerable thickness, and passed over a pulley on the 
edge of the table. Now, it will be remarked that in Ex. 
611 and 616, it is implicitly assumed that the tension of 
the horizontal portion of the rope ia equal to the tension 
of the vertical portion; but as in the present case the 
rope is thick, the axle of the pulley rough, and work ia 
expended in overcoming the inertia of the pulley, this 
assumption is untrue ; the formulfie actually employed 
will be seen in the foUowiug questions ; the student will 
probably find little difficulty in investigating them. The 
notation adopted is as follows : — ^p denotes the weight pro- 
ducing motion, T the tension of the horizontal portion ot 

..... ^ ^i^^ 
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the rope ; w the weight of the pulley, I its moment of . 
inertia, r its radius, r, the radius of its axle, /i the co- 
efficieDt of friction between the aile and its bearing, a the 
coefficient of the rigidity of the rope, so that ( 1+ a) T is 
the force to be overcome by p in its descent, / the 
acceleration of p's motion, g the accelerative effect of 
gravity. The aeceleration produced by the weight of the 
rope is neglected. The mode of determining / will be 
understood from the neit question. 

Ex. SOB. — If a drum revolvea in sncli b manner that a point on its dr- 
enrnfeisDce teceWee a, nniform acceleration /, and if a sheet of pnpet is 
wrapped on it, and a peccil with its point resting on the paper is made to 
more in a direction pacallel to the axis Tith a nniform TelocJtj of y font 
per second, show that the corre described on the paper will be a portion of 
a psiabola, and that if c is the semi-latos rectom measmed in feet, wa shall 

[Id the experimenta the parabolic cnrre waa nnmiatakablj obtained, 
whence immediate!; follows the important law that friction ia independent 
of velocity.] 

Ex. S09. — In H. H«rin'B eipenments show that the pressure between 
the axis of the pulley and its bearings is g^ven by the formula 

. /(p + iu-i=^' + T' orO-88p A-^+0'9Bio+0-4t.* 

Ex, 810. — The second formula in the last example being employed, show 
that T is given by the fonnnla 

.(■.....^).,(.-0(.-«..»)-.M=-^ 



• The theorem that v'a' + i' = 0'S6ii + 0-4S where o>i, with an error 
not exceeding ^th part of the true Talae, is due to M. Poneale t ; it may be 
proved as follows :— Let a = r sin «, i - r cos fl .•,p= -/a' + i*. and « must 
have some TaluB between 45° and 90'. Now, if r' = 0-98flt0'*i wa haTO 
r' = r(0-9a sin » + &* cos B); but O-i'-O-eS tao 22° 30", therefore r's 
r K 0-96 w°(fl-'-'^°30') ^j^^^^ ^ j increases from 46° np to 67" Sff. r" 

cos 22= 30" 
will increase from 0-96 r to IM)* r, and as fl increases from 87° SW op to 
B0°, r' decrease* from l'0*r to 0-B8p, and consequently j'neysr differs from ?• 
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Ei. 811.— Abod/whoMWflight is wis caused to slide on a rough hori- 
■ontal plane ti; a fonw r ; after moriiig throogh * ft. it acqniras a velod^ 
• : show that the coefficisnt of friction 0*) ■> giTen bj the eqoation 

148. Compownd pendubiTtie. — The terme centre of 
flnspensioii and centre of oscillation have already been 
explained (Art. 123) ; their propertieB are proved in the 
foUoving propositions. 

Proposition 34. 

If ki it the radius of ^/ration of a body with reference 

to its axis of sibspenaioTi, and h the dista/nce of the centre 

k ' 
of gravity hdow the centre of auepenaion, then -j- is the 

distance of the centre of oa&Hation from the latter 
poi/tU. 

Let A B be ihe body (whose mass is h) oscillating about 
an axis passingthronghsatrightangles to the plane flf the 
paper, which also contains the centre of gravity Q ; join 
s o, draw the vertical line s c, let Oj be the position of q 
at the commencement of the motion, draw g, m, and G h 
na. m. Via. 17B. at right angles to s c, 

and denote G, S C and 
G8C by 5, and 8 re- 
spectively. Now, when 
BGi falls to SG the 
centre of gravity de- 
scends through a ver- 
tical height M, H or 
h (coa ^— COB ^,), If 
then g denotes the 
accelerative effect of 
gravity at the station, and ca the angular velocity acquired, 
we have (Prop. 33, Cor. 2) 
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Let D p be a simple pendulum oscillating abont D, draw 
the yertical line d e, and let p, be the position from whicb 
p begins to move ; draw pn and p, N, at right angles to DE, 
and let D F be denoted by ^ and let p,D£ equal ^,,andPDE 
equal ; then if v is the velocity acquired by tbe point in 
&lling &om F, to f, we have 

v'^2gxvtl^=2gl (cosfl— cosd,) 

and therefore, if w' is the angular velocity of p, we have 

„'"=^(C0B^-C0S5,). 

hi 
Now, if I equals -J-, w' will equal o for all vaJnea of 0, and 

since a b and d p are moving at each instant with the same 
angular velocity, theii oscillations will be performed in 

k * 

the same time, and therefore -J- is the length of the simple 

pendulum OHcillating in the same time aa a B ; hence, if 

in s Q produced a point o be taken, such that a o equals 

k* 

J-, that point will be the centre of oscillation. 

Oor. — ^The time of a small oscillation of B A will equal 

—^ by Prop. 29. 
Vgh 

Proportion 35. 

The centres of osdUoHon amd suspenaum are reci- 
proeaL 

Let A B be the body, Q its centre of gravity, s a centre 
of suspension through which the asis of rotation passes at 
right angles to the plane of the paper, and o the corre- 
ponding centre of oscillation, it is to be proved that 
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these pCHuts are reciprocal, i.e. if o is made the centre of 
^ BuspeDSion, b will be the correaponding centre of 

oscillation. Let k be the radios of gyration round 
a parallel axis through the centre of gravity, let 
s o, a be req>ecti7ely denoted by h. and x, 

or hx=J^ 

Next, let o be the centre of suspension, and y 
the distance from G to the corresponding centre 
of oscillation, then 



and therefore j/=h, or s is the centre of oscillation. 

Q. E. D. 

Ex. 812, — A, tliin rod of steel 10 ft. loDg oselllfttes about an axis passiiig 
thntngh oae end of it: determine the time of a SEnall oscillation; tlie num- 
ber of oscillations it makes in a day ; and the number it will lose in a day 
if the temperature is iacreased hj 15° F. 

Am. [I) ViZt sea. (2)60.251. (3)3. 

Ex. 813. — A peodnlmn oscillates about an axis passing throogh its end : 
it consists of a ateel rod 60 in. long, with a rectangular Baelion J bj J of 
an inch ; on this rod is a steel cylinder 2 in. in diameter and 4 in. lung ; 
when the enda of the rod and cylinder are set square, determine the time 
of a small oscillation. .ins. 1'174. 

Ex. 811. — Determine the radius of gyration with reference to the axis 
of Hnapension of a body that makes 73 oscillationsin fi minuCe.q, the distance 
Ofthe centre ofgravity from the aiia being 3 ft. 2 in, Jaa. 6267 ft. 

Ex. 816. — Determine the distance between the centres of fluspenaion and 
oacillatJon of a body that oscillatefl in 2^ sec. Jus. 20'2«1 ft. 

Ex. 816, — If -^ is the length of a simple pendulum correspoodingf to on 
oa^llatJog rod, show that if it expands nnifoRnl; in the propottion <^ 
1 + a : 1 that the length of the simple pendslum becomes (1 + a) ^. 
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Ex. S1T-— Miann deUrmmed the IsngUi of the seconds pBDdalnin at 
Puis to be 3S'1S8 iucbes ; ha employed a ball of lead 0-533 ineli in dia- 
inatcr, aospended bj an exceedingly flue fibre iritdee -weight could be n^' 
leeted ; * anppoaing the measnrementB mode with perfect accnracj, npon 
the supposition tbat tlie disUnce from the point of snapension t^tbe eentre 
of the ball is the length of the pendulum, shov that the error is less than 
tjie 0-001 of en iacb. 

Ex. 818. — A pendulum consists of a brass sphere i in. in diameter eob- 
pended by a steel irire ^ of an Inch in diameter ; the centre of the sphere 
is 40 in. below the point of sopport:t determine the immbeFofoscillatioiiB 
it irill make in ■ day, and what Bnmber would be obtained on the anpposi- 
tion that the centre of oecUlaUon coincides vith the centre of the sphen 
(f-32). Jm. iiy 66,160. (2)85,212. 

Ex. SI9. — If a sphere whose radius is r is suepended saccessiTely from i- 
two points bj a Tery fins thread, and if the distances of the centre of the 3 
sphere from the points of suspension are cespectirelj A and jf, and if I and i 
f are the distances of the corresponding centres of oscillation bom the ' 
points of suspension, show that '- ■' 

f Ex. 820. — If t and f are the times of a small asoillation of the pendulum 
in the last example corresponding reepectively to I and S, show that the 
aoeelerative effect of gravity is given by the equation 



149. M. Bees^a determination of the accelerative effect 
of gravity. — The last two examples contain the principle 
of the method by which M. Besael detennined the accele- 
rative effect of gravity at Konigsberg.J The pendulum 
was first allowed to swing &om a point of support at a 
distance h above the centre of the sphere, and the num- 
ber of oscillations made in a given time was noted, by 
which t was determined with great accuracy; the wire 
was then grasped firmly at a point lower down, ao that 
the oBcillations were How performed about a point dis- 
tant k' from the centre of the sphere, and f noted as 
before; now k—h' being the distance between two fixed 

* Aiiy, Figure of tht Earth, p. 224. f Biid, p. 225. } Itiid. p. 223. 
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points can be very accnrately determined; the lengtliB 
h and h' cannot be determined without Bome liability to 

eiTOT,butMthey only appear in the small term ^^„ that 

error will hardly affect the determination of g, which can 
by this method be ascertained with extreme accuracy, 

£t. 821. — In thelastflxampIeUtr.A.Hidl'bempectiTeljreefaoDedl, 

SO, and 40 inches, <o that i- i' u «x>ctl7 10 in., but it IB donbtfol whethw 
the 8ep«nt8 T&Iuea of it And V annot as much as ^th of itn inch longer 
than tbs values assigned : detanuine the possible error in the value of ff. 



150. Captain Kater'e method of detenrmi'mg ike ao- 
cderatvoe eff&A of gravity. — This method depends on the 
reci|Htxnty of the centres of oscillation and suspension ; 
the pendulom has two axes (or ' knife edges,' as they are 
called, though they are really wedges of very hard steel), 
by either of which it can be suspended ; now, if the time 
of oscillation about either axis be the same, the distance 
between tiie edges (2) will be the length of the simple 
pendolum; the distance, being that between two 6xed 
points, admits of very accurate measurement, and then g 
is obtained by the formula 

The difficulty of giving the edges their exact position is 
overcome as follows : — On the pendulum rod is placed a 
weight that can be moved up or down by screws; the 
edges are fixed as nearly as possible in the right position ; 
and then by moving the weight up or down, the values 
of ^, and h can be changed until Ic^-i-h equals the distance 
between the edges, i.e. until the number of oscillations 
made in a given time about either edge is the same. 
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151. Impulsive action. — Suppose a sphere Ato overtake 
a sphere B, their centrns moving; in the same line ; it is a 
matter of common observation that they wiU strike, and 
then separate, a moving after impact with a less, and a 
■with a ^ater, velocity than before j the problem we are 
to solve is this: — Given the masses of the bodies and 
their velocities at the instaiit before impact, to determine 
the velocities they will have at the instant after impact. 

Now, it will be observed that thongh the bodies are in 
contact during a very short time, yet that time is really 
finite, and the pressure which the one exerts on the other 
must im^ease from zero at the instant of contact, till it 
attains a very considerable magnitude, and must then 
decrease down to zero at the instant of separation. More- 
over, it appears from Ex. 698, that if a exerts at each 
instant against B a pressure equal to that which B exerts 
against A — in other words, if the action and reaction are 
equal and opposite forces — then the momentmn lost by 
A must equal that gained by B, and the total amoont of 
momentum in a and B before impact must equal the total 
amount after impact. Now, that this is a fact was ascer- 
tained by numerous experiments made by Newton," and 
this ve shall take aa our fundamental principle, viz. that 
the Truymetrdum lost dwrmg the vmpact by one body equals 
that gamed by the other. To prevent misunderstanding, 

* lotioduction to the Prnwtpto, 
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it may be added that the anm of the momeota of the two 
bodies meaDS their algdmiical sum. 

152. ThemeanpresBuTeeceertmi during impacl. — The 
following example is intended to illustrate the fact that 
dnriog impact there is really called into play a very lai^ 
toice which is exerted during a very short time. 

Xi. 822. — A hard maas wmghing $0 lbs. blli from a height oteft.txi 
to a plans nu&iM vhieh at the instant of groatnt comprenion has jieldvil 
to ths extent of ^th of BD inch — thsnuwsitiolf baiDgBnppowdtobsentiielj 
nncomprsssed ; datermins the mean mntoal presein, and the dmstioii of 
wmpraodon tnppoeing it prodaced b; the mtm piesanra.* 

Jtu. (1) 72,000 ^ aba. nn. (2) 0-0004211 sec 

[The prsMttte bj tedi^ through ^th of an inch bringa the mas* to 
iwt.] 

153. Impttet of itielaatic bodies. — When a overtakes b, 
it is plain that so long as A moves foster than b, the two 
Biufacea of contact will be compressed, and the compressioii 
will continue to increase ontil a and b are moving with 
the same velocity ; if the mutual action then ceases, the 
bodies are said to be inelastic. 

Now, let the masses be denoted by a and b respectivel;, 
let R be the momentum lost bythe one and gained bythe 
other during impact, and let their velocitieB before impact 
be V and u, and their common velocity after impact be e ; 
then we obtain from the fundamental principle (Art. 151^ 

A«=AV — R (1) 

bv=bu + r (2) 

whence K=5£fc5) (3) 

A + B ^ ' 

, AV + BD /j\ 

and v= — X-_ (4) 

A + B ^ ' 

In working examples the student is recfHomended to 
proceed from the general principle, or, in other wends, t* 
* FODcelet, Jnfnd. i la Hie. itid, p. IflS. 
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form and then Bolve the equations (1) and (2), and not to 
substitute particular valuee in (3) and (4). If A meet B, 
one of the velocities must be reckoned negative, and the 
bodies will move after impact in the direction of that 
velocity if v be negative. 

Ex. 823. — If X weighing 2 lbs. and moviiig iriCh a Telocity of 20 ft. pot 
second overtakes b weighing fi lbs. aai moving with a Tolocity of fi ft. pel 
Hcood, determine the common relocit; afUi impact. Jnt. SJ ft. per sec 

Ex. 821. — In the last example if the 'bodies had met, determine the 
common valodt; after impact. Jja, 2^ ft par lec. in a'b direction. 

Ex. 82S. — In Alt. 1S3 ahow that the number of abeolate nnits of work 
loit dnring impact eqoala — — ~ ■ . 

Ex. 828.— If a ahol 
msM of wood weighing 

velocity with which the wood begins to more Is ; and state whj this 

ease must be one of ineltutic impact. 

Ex. 827.— If in the last example tt=np, abow that, in canseqnBiie« of 
the impact, n imita of work are lost In every n+ 1. 

154. Impact of daatic bodies. — It commonly happens 
that the mutual action does not entirely ceaae vith the 
compression, but when that ends the bodies begin to re- 
cover their shapes, and thereby continue to press on eadi 
other till the impact terminates. Now, let B be the mo- 
mentum lost by the one body and gained by the other 
during compression, and B* that lost and gained during 
espaneion ; then the whole momentum lost by the one body 
and gained by the other will equal e+r'. But it is found 
by experiment that for the same subatances b bears to 
e' a fixed ratio 1 : X;" therefore h'=Xr, and fi+a'= 
(1 + X) B ; where X is a constant quantity depending on 
the materials of the impinging bodies called the coefficient 
of reatUution ; it is often called the coefficient of elasti- 
city, but must on no account be mistaken for the modulus 

* Hub fbllowi from Newton's eiperiinentB already re&ned to. 
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of elasticity (Art. 6). In tlie two extreme cases of inela^ 
tioity and perfect elasticity, X equals and 1 respectively; 
in other cases X. is a proper fraction. We have already seen 
that if a body whose mass is a, moving with a velocity y, 
overtakes another whose mass is b, moving with a velocity 
c, then the momentum lost by the one and gained by the 

other at the end of compression equals ^ ■'. Hence 

the total momentum gained and lost will equal (1 + X) x 

— ^ ~ ' . And therefore if v and u are their respective 

A+B "^ 

velocities after impact, we shall have 

AV = AV — (1+X)h 
b«=bu + (1 + X)r 
or v=y- a+MB(v-n ) 

A + B 

and «=,,+ (i±^OA(lz£) 

A + B 

It may be added that the remarks made in Art. 153, rela- 
tive to the working of examples, are applicable to iite ease 
of elastic bodies. 

Ex. S2S. — ShoT that c and u aie giTen by the following foimnlB — 

Sx. 829. — Detcnniiie the Telodtiee after impact of a ball (t) vrngbing 
20 lbs. irhich, noring: with a valocitf of 100 ft per aecoud, overtaksa a 
ball (b) treigbiog 50 lbs. and moTing with a velocity of 10 it. pel seoond, 
their coeSdeot of T«stitDtion being j. 

Jm. 1,'i Telocity 36f. b'i veloci^ 63f. 
Bx, S30. — In the last case suppose the heavier body (b) to be at reft: 
detennine tJie velocitiea after impact. 

Jm. A rebounds with a velocitj 7t i b moves fbnrud -with 4 
velocity 42f . 
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Ex. 831. — Obtain ttie velod&ea after impact io Ex. 829, npon the *np- 
poaition tliat the bodiw meet. 

Jm. a reboonda with a Telocity 60, aod B wOk a velod^ 20. 

Ex. 833.— If tlier« are tiro peFfeotly elaitic balls & aiid R of eqoal 
mfuees, and a monng with a velocity t impinges on b at rest, ihow that A 
is brought to rest and b takes the velocity v. If there is a number of 
equal and perfectly elastjc balls, b, c, i>, i, placed in a line, That mmld 
be the ceBOlt <^ i atiiUng b, the directioD d' the impact coinciding vitii 
t^e lias? 

Ex, B33. — If a ball whoee might is A moring vitli a Telocity t meeta a 
b^ wboee weight U s moving with a velmnty d, ihow that in the case of 
perfect eUatici^ the velocities of rebound are given bj the following con- 
struction : — Biaw any line A b, divide it in a in the inverse latio of the 
weights of A and b, and in c in the ratio of their velocicies ; on tile other 
side of o measure ofF □ d equal toae, then a's velocitiy of rebound : b'b 
velocity of rebound : : a n : a ».* 

Ex. 834. — Two baUa weighing respectively 12 and 8 lbs. »fe suspended 
by threads in such a manner that their centiea are 4 ft. below the point* 
of support; when at rest the line joining tlieir centres is horizontal^ if the 
smaller one ia raised go a« to fall through a quadrant, determine the angle 
described by the other eStec impact, if the coefficient of restitation equals |. 
Ant. 86° 1*'. 

Ex. S3S. — If A and b are the weights of two petfectlj elastic balls, if v 
and u are their telocities before impact and v and « theii velocities after 
impact, ahow that 

Ex, S33. — If a ball impinges perpendicularly on a fixed plane with a 
velocity v, show that the velocity of rebound equals h v. 

[It must be remembered that at the end of compresaion the veloi^ty ia 
entiiely destroyed, consequently — AT— B ; hence, if v ia the velocity at 
the endof the impact 4 ir-iT—(l + X)B, whence o- — Xv.] 

Ex. B37. — If bodies are dropped from equal heights on to a fixed hori- 
Eontal plane, show that their coefficients of restitution are in the same 
ratio as the square roots of the heights to which th^ rebound. 

OEr, 836. — A ball is dropped trom a height h; show that the whole 
distajiee it describee before coming to rest equals 



* It was in this forni that the problem of impact was originally aolved 
by Sir C. Wren (vide JUontucla, ToL ii. p. 411). 
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Ex. 8SB.— A ball (a) ii timnrn upward with a relocitj of ISO ft. per 
Beooud ; whan it bu reaehad a height of 300 fL it la mat b; an equal ball 
<f) which haa &llen from a height of 100 ft. ; determine Ihe time afl«c tho 
imunt i>f impact in whieh »aeh will reach the ground, Bssnmiiig that A 
eqnala naitf . Am. a aft«r i\ sac. b after 7^ ««c 

155. Ohliqiu wnpact of emootii hocUea. — Snppotie a 
emooth ball A, moving with a velocity v, to impinge 
obliquely on a smooth ball B, moving with a velocity 
C ; draw the line of ceotree, and resolve T into com- 
ponent vetocitieB v, and v„ the former along, the latter 
at right angles to, the line of centres ; in like manaer 
resolve n into D, and d, ; now V, and u, will remain on- 
changed by the impact, but v, and u, will be changed 
into V, and u, exactly as if the bodies had impinged 
directly with the velocities T, and u, : hfeoce, by com- 
pounding Vi and V, and also Uj and 0„ we obtain the 
required velocities after impact. The general formuUe 
commonly given for these velocities are of very little value, 
as any particular example is much more easily worked by 
proceeding from Brat principles: the following example 
will sufficiently exhibit the method of treating these cases. 

Ex. 840.— Let a and n be two perfectly elaatJe bolls which at the 

w moriDg along the liaes F 1 and (t B, the line of centTM 
CD being Id the same plane aa pa and 
as; Aweighs 10 Iba., movw with a 
velocity of 16 ft. per second, and tba 
angleFACcontaina S0°; b weighs IS 
Iba, moves with a lelodty of S ft. 
per second, and the angle q b d eon- 
tains 60°: determine the vetodtieB 
after impact and thdr directions. 

(o) Before impact as wloci^ at 
right angles to c D li 8, and b'b 4 V3 ; 
they are nnchanged hj the impact 
(b) Before impact a's velocity along en is Sv'S and b'b velocity is— 4; 
they are changed by impact into ~ | (3+ v'3)aad|( — I >8V'3) n^eo- 
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(o) Heoee *'i velocity aft«r impact equali?. (S7 + 8+/S)', and rt 
Telacit7^(268-lflv'3}'; i^. &'b Telodtjeqaalj 11-02 ft. p«t Beeond, aod 

' F and q after impact ar* reepectiTelj 

A t' and B a' where tai f* a c equals '-, and tan a' b d equoli 

^ 3+ ,'3 ^ flv'S-l 

i.e. p* » c equals 46° 86' and a' b n aquaU 83° 68'. 

BythismesTiB the motion of & aod a at the inatant after impact is com- 
pletelj detornuDed. 

Ex. 811. — If a ball l moving; in a direction making an angle of 30° with 
the line of centres overtakes u moving along the line of centres, determiue 
the velocities after impact, if l weighs 12 lbs. and its velocity is 12 fL per 
second, and b weighs 30 lbs. and its velocity 4 feet per second, and the co- 
efficient of restitnlion equals |. 

JM,. (1) Vs vel. 7, cip' (fig. 179)-I30° SV. (2) b'b vet 7. 

Ex. 842. — Referring to the lost two aiamples, how does it appear that 
the impact has prodnced no change in the total momentum of the two 
bodies? 

Ex. 813. — A body whose coefficient of restitution is J impinges with a 
velocity of 30 ft per secoud on a fixed plane in a diracUon making an 
angle of 27° with the perpendicular ; determine the magnitude and direc- 
tion of the velocity after impact, ^lu. (1) lei ft. (2>4S°S2'. 

Ex, in. — If in tbe last example the body hod been inelastie, how would 
H htgia tJi move after impact t 

Ex. ii&. — If in Ex. 843 the an^e of impact is ■ and the angle of Te< 
bound 0, and the coeffident of resdtutiou A, show that 



Ex. 846. — Give a geometrical eonstructjon by which to determine ths 
direction in which a billiard ball most begin bi move so that aft«r one re- 
bound it may strike another ball wboae position ie given, (1) if the coeffi- 
cient of restitution equals unity, (2) if the coefBdeut of restitution equals A. 

Ex. 847. — Extend the constructioD in the lost example to the cass in 
which the ball makes two rebounds &om cushions at right angles to mch 

Remark. — If the surfaces of the impin^ng bbdiea are 
rough, the effect of the tangential impact will generally be 
to produce a lotatoiy motion, as well as to modify the pre- 
viooa motion of the bodies ; the complete solution of this 
case lies beyond the scope of the present work. The same 



SS8 PRACTICAL UECHAMC3. 

remark applies to the case in vhich the motion of oae or 
both bodies suEtaina a resistance appreciable in compariBon 
with the mean impulsive preBsure, 

156. AppUcation of D'Alernbertfs principle to the case 
of impulsive, action, — It vill be remarked that a case of 
impulsive action does not differ CBBentially from any other 
case of motion produced bj force ; the difference in the 
mode of treating these cases arises solely from our inability 
to determine the force exerted at each instant of the 
duration of the impact ; it follows, therefore, that at each 
instant during the collision the effective forces implied in 
the opposite directions would be in equilibrium with the 
impressed forces ; and consequently the momenta produced 
by the effective forces so applied, and those actually pro- 
duced by the impressed forces, will satisfy the conditions 
of the equilibrium of forces. We shall apply this prin- 
ciple to determine the angular velocity communicated by 
a blow to a body capable of revolving round a fixed axis, 
and the impulse produced on the axis by that blow. 



Proposition 36- 

A body capable of turning round a given axis, and 
symmetrical with reference to the pla/ne passing through 
the centre of gravity at right angles to the axis, is struck 
by a blow of given magnitude along a li/ne lying vn that 
plane, to determine the angular velocity coTwtmtnioated to 
the body, and the impulse on the aasis. 

Let the plane of the paper be the plane of Bymmetry, 
and let the axis of rotation pass through o : let r be the 
magnitude of the blow which is delivered along the line 
R N ; draw o 3/ at right angles, and o x parallel to R N ; let H 
be the mass of the body, mJ,' its moment of inertia 
with reference to the given axis, x, y the co-ordinates of 



-tl 
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its centre of gravity, and let ON equal a; let x and t 
be the impulaive reactions of the axis in the directions 
of o a: and o y respectively ; and let w be the angular 
velocity of the body commnnicated by the blow. Con- 
sider any particle P whose co-ordinates are a;,, y^, whose 
distance from o is r, and mass m, and let the angle XOF 
equal 9,, also suppose b. similar notation to be employed for 
the other particles composing the body. Now, the velo- 
city of P is r^o^ in a direction p^. im. 
perpendicular to o p or is equi- y^^ 
valeot to velocities ur, sin ff, 
or (oy^ parallel to ox and 
— ew, cos 0, or —alX^ parallel 
to oy, and therefore the mo- 
mentum communicated to P is ~ 
equivalent to the two m^y,a 
parallel to oa;, and -~m,x^<D 
parallel to o y ; the expressions 
for all the other particles being 
precisely similar. Now, these 
are the momenta that would be communicated by the 
effective forces, the impressed forces being B, T, and x ; 
also it will be observed that the moment of p's momen- 
tum round o ia m,r,*(a ; consequently (Prop. 15) — 
B+x=m,y,»ii)+7ft,yj(B + m3yj®+ . . . 

= (<.(m,y,+mjj/j+m,y3+ . . .) 
— T=m,iCj«+mi^jM+77ijir,ii)+ . . . 

=a(m,,x^+m^^+m,^J+ . . .) 
ftR=m,r,'«+m,r,'»+mjrj'(B+ . . . 

=«(m,T*+m,r,*+w,rj"+ . . .) 
Or by Prop. 16 and Art. 134 — 
s+x=My» 
— T=Miw 
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The first of these eqnationa gives the angular velocity 
eommunicated to the body ; the second and third equations 
give the components of the reaction of the axis, vhich is 
of course equal and opposite to the hlov sustained by the 

N.B. — It vill be an instructive exercise for the student 
to ascertain for what positions of the centre of gravity the 
reactioDB of the axis will be as indicated in the figure : it 
will commonly happen, as he will find, that the reactions 
will in reality act in the contrary directions to those in- 
dicated. 

Eir. 848. — A mufixm Tod 12 ft. long and veiling 10 Ibi. is mspended 
at oae end ; it receiTea at the other, in a direction perpeDdieolar to its 
length, a blow whose momentum is 32 : determine — (1) the •nguloi velocity 
with whidi it begins to mora ; (2) the impulsive pTeesare on the axis ; and 
(3) find how many timee thii impnlse eiceede the blow giTen by a weight 
of J of a ponnd which haa fallen through a height of 4 it. 

Jiu. (1) O'S. (2) 16. (3) 4 times. 

B*. S49. — A beam of oak 10 ft. long and 1 ft. eqnare ie nupendedhy 
an aiU petpendiculu tn one &ceandpiisBiiigtbFDugli the axis of the beam. 
at a distance of 1 ft. from the end ; it ie BUnob at a point S ft. below ths 
axis by a bullet voghing 1 lb. and moving with a veloci^ of 1000 ft. per 
■econd : determine — (1} the impulse on the axis ; (2) the angnlaT velocity 
conunonicated to the beam ; (S) the angle through which the beam will re- 
volve, ^n*. (1)3)0. (2)0-68. (3) 14° ft'. 

Sx. 8S0. — A hanunet'B head weighi tO Iba. and makes SO stroke* per 
minute on an anvil : if the time of aacanding equals that of descending, 
and the blow ja entirely doe to the velocity it acquiies in failing, oon^on 
that blow with the impulse on the axis in the last example. 

Jiu. One half. 
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St. 951. — Determine the impnlne OD the aiia if the man of east iron 
Id Ex. 7B1 etrikes an anvil after filing through the 30°, the blow on the 
anTiI being sapptwed to be giren b; the eztieme adge of the cube. 

Am. SISO. 

]lt will be obaerred that in this eaae the imimUe on the txia is greater 
th«n that which would be prodnced b}r a shot weighing 3 lbs. and moring 
at the lata of 1000 ft. per eecood ; it ia obTJooe that a sncceBaion of euch 
impolsea would tear to [necea the masoar; on which the axis of Bach a 
hammer is snppoTted ; and accordingly it become* a point of great practical 
impoitance to suspend a tilt hammei' in inch a manner that thara shall bs 
no impnlse on the axis. The fbllowing article explains the principle on 
which this is done.] 

157. The centre of perffuaaion Referring to the 

equations {2) and (3) of Prop. 35, ire aee that if the blow 
IR delivered in such a manner that x equals ^^ ,^ 
zero, and ^ equals a y, then x and T equal zero 
separately, and there is no impulsive pressure 
on the axis of suspension ; hence if o be the 
centre of suspension, o the centre of gravity of 
the body, and a point Oj be taken in o Q pro- 
duced ao that 



then if the body be struck by a blov whose direction 
passes through o, at right angles to o 0„ there will be no 
impuldve pressure on the axis, and the point o, is there- 
fore called the centre of percussion ; it evidently coincides 
with the centre of oscillation with respect to the centre of 
suspension o. It must be remembered that the body is 
supposed to be symmetrical with regard to the plane of 
tiie paper, as specified in the enunciation of Prop. 35. 

158. Aafwo/t^xmtaroeoiwrofcrfiom.— -Since the body in 
the last article when struck begins to rotate round the axis 
through o without any constraint, it follows that if the 
body were entirely free, it would begin to move round 
that axis, which is therefore called the axis of spontaneoua 
.,-,„ .^le 
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rotation. If it is given that a body is etnick by a blow r 
along a given line, the axis of spontaneoue rotation is de- 
termined as follows : — Consider the plane passing through 
o the centre of gravity and the direction of the blow ; 
through o draw a line at right angles to this plane, and 
let k be the radius of gyration of the body with respect to 
it : through the oentre of gravity draw a line at right 
angles to the direction of the blow and cutting it in Op 
and on the other side of the centre of gravity take in the 
line a point such that 

OG .ao,=ft» 

then an axis through o perpendicular to the given plane 
is the axis of spontaneous rotation, provided the body is 
symmetrical with reference to that plane. 

It will be observed that if the axis of spontaneous 
rotation is to pass through the centre of gravity, we must 
have in equations (2) and (3) of Prop. 35, both x=0 and 
y=0, and therefore B=0; but from equation (1^« having 
a finite value a B must also have a finite value ; or in other 
words the body must be struck by an impulsive couple 
whose moment is a R, and whose plane passes through the 
centre of gravity of the body ; it will then begin to revolve 

with an angular velocity — j^ round an axis at right angles 

to the plane of the couple, and passing through the oentre 
of gravity. 

Ex. B&2. — A haminer tnnu rotmd a pv«a mis, the Teight of the bend 
IB w, &nd its radios of gyration ia i wiclj lespect lo an axis parallel to the 
given axis and paesing through its centre of gravity ; the weight of the 
handle is «„ its ladins of gjratioa irith leepect to the ans is k.^ and the 
diaiance of iw <Mntre of gravity &om the axis a. If tb« bead of the faammaF 
is BO placed that ila centre of gravity is at the aame distance (i) f^om tha 
axis as the centre ot percDssion of vbole bammer, then 
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St. BI3.— If tha head of tba hunraer in Ex. 851 ib ahiftad m ng to fulfil 
tlie cmditioos of the last ezampU, detenaine tho distance of its centre of 
giavit; tiom the axis of ratation. Jm. 635 tL 

Ex. 6&i. — A sledge bammer a b is movable Kund so axis tbroogb a ; 
it is 6 ft. long and weighe 4 cwt,, it is held in a honzontal position t^ a 
weight of 8 cwt. attached to the end of a Btiing vMch after pauing oTer a 
email pulley is &ste[ied to B (the parts of the string being teitical) ; tba 
hammei vhen alloved to iall into a verdcal poeiUon makes SO oscillatioDe 
per minutfl round A : determine — (1) the centre of percnssioa, and (2) the 
ladioe of gyraljon about an axis parallel to the axie of gaBpengion and pass- 
ing through its centre of gravitj. Jiu. (1) l'S7 ft. (2) 0'87 ft 

£r. 855. — A cjdindrieal bolt of cast iioa 4 in. in ^ameter and S m. 
long ie strock aimnltaneouBly by two equal blowe in oontrarj direction*, 
each at right angles lo an ezti«mil]' of a djametcc of its mean section ; in 
conseqnencs the bolt rotates 250 times in a second : det«rmina the magni- 
tnde of each blow, and compare it with that which the bolt itaaU would 
give if moving with a valoeity trf 1000 ft per B«Cond. 

j«.(0m5. (2)^. 

159. Robi/th'a ballistic 'peadvlv/m., — This machine is 
employed to ascertain the velocity with which a shot leaves 
the moaUi of a cannon. The principle on which it is con- 
structed wUl be most easily nnderstood by describing it in 
its original form ; at present the gun itself is suspended 
and the recoil observed j but at firet it was conBtnicted as 
follows : — A large mass of wood is carefully suspended so 
as to turn freely round a knife edge (Art. 150); the shot is 
fired into this mass, which is backed with iron plates to 
prevent the ball passing through or shivering it, so that 
the shot stays in it, and by the blow causes it to revolve 
through a certain angle (6\ the magnitude of which can 
be ascertained by a riband attached to a point of the 
pendulum which is pulled through a spring sufBdently 
strong to keep the riband straight while the mass moves 
up, and also to prevent any of it returning when the mass 
moves back ; it is evident that the length of the riband 
gives the chord of the are described by the point to which 
it is ^tened, and thus 6 is observed ; the weight w of the 
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pendulum includes that of the shot w ; the distance h of 
the centre of gravity of w from the knife edge is deter- 
mined in the manner suggested by Ex. 854. The radius of 
gyration is inferred from n, the number of small oBcilla- 
tiona made in a minute ; the distance {a) belov the point 
of support of the point in which the ehot strikes the pen- 
dtilum is measured ; and it is (of course) endeavoured that 
this point should a^ nearly as possible coincide with the 
centre of percusBion. FVom these data the velocity v of 
the ahot can be found. 

&. SSfl. — In llia ballutic panduliim show tlut 
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OJV LIMITS. 

THBoroHOtFT the preseat work pardculsr geometrical limits 
have been osed instead of the formuls of the differential and 
int^jTftl calonluB — at least, this has been done as &r as posdble : 
if the reader has not been a^cnstomed to reason on liniits, he 
may perhaps find a difficulty in nnderstonding the propositions 
in which they occur : should this be bo, the following remarks 
may prove useful. 

1. Defmitumofa limU. — Let there be any variaUe magnitude 
z, and let there be a fixed magnitude A ; also suppose that z in 
the course of its. suooeesive changes coniinoaUy approaches a, 
hut never becomes equal to it, though the difference between 
the two magnitudes can be made less than any assigned mag- 
nitude, however small ; Ais then said to be the limit of z. Thus, 
suppose that z denotes the area of a polygon of n sides inscribed 
in a (dicle whose area is a; if we continually increase the 
number of sides, z will continually approach A ; also if we assign 
any magnitude, say one square inch, a polygon with a certain 
number of sides can be found, whose area will difiler from a by 
leas than one square inch; in like maun^if-^, -j^, &c., c£ a 
square inch had been assigned ; therefore the area of a circle is 
the limit of the area <^ the inscribed polygon. 

The simplest form which the reasoning on limito can assume 
is the following : — Suppose it can be proved that two variable 
quantitiee X and t remain equal throughout their variations, 
and suppose that x continually approaches a limit A, while i ap- 
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pro«diea B, then it follows that A must eqo&l b. Thus it can b^ 
proved that the uea of the re^lor polygon inacribed in a circle 
equals the rectangle between Uie Bemi-pt^rimeter and the per- 
pendicular let fall from the centre on one side ; now the limit of 
th0 former is the area of the circle, and of the latter the rect- 
angle between the semi-circumference and eemi-diameter, and 
theiflfbre the area of the circle equals that rectangle ; not, tht 
reader will observe, nearly equals it, but actually equals it. 
Prop. 1 supplies a good example of the same form of reasoning. 
2. On ultimate ralioi. — Suppose there are two variable ma^ 
nitudes x and y whose separate limits are zero ; what, it may be 
asked, is the limit of their ratio - ) The value of this limit 

d^Mods upon drcuiDBtances, and in different cases may hare 
values differing to any extent whntever. Suppose x denotes the 
sine of an arc, and y the length of that arc, when x continuaUy 
diminisbes y ctmlinaally diminishes, and Uteir separate limits 
are nro; it is capable of proof that in tlusoase the limit of - is 

unity; but if x denotes the base and y the hypotenuse of a 
rigfatrangled triangle, whose dimensions Gontinually diminiah 
in such a manner Uiat the angle (a) between x and y continues 
unchanged, then although the separate limits of x and y are 
■ero, the limit of -is cos a j in the fbrmer case a; is frequently 

said to be ultimately equal to y; in the.latt^, as ultimately 
equalsy cos A. 

Aatliie point is of great importance, we will illustrate it by the 
fUlowing case : — Let a r a be a semicircle ; take p any ptnnt in 




Hh circTimfeience,j(anp witli the centre o, and draw pk atii^t 

angles to ao; take <) a point between a and ?, draw quj tuid 
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pp parallel to A a ; let ? T be a tangent to the circle at p, and 
produce h q to meet p t in t. Kow, suppose 4 to move along the 
circumference up to P, then' it is pliun that the limiting valnea 
of PH, PQ, FT, UQ, HT, and QTare separately zero, while P^ ia 
the limiting value of qn, g q, and q T. Under these circum- 
stances it is commonly stated that p n q ta uZf imote^ a triangle 



whence it will of oourse follow that the liniit of — equals — , 
p q ' OP 

and that of — equals— ^. N'ow it will be remarked that ^ 
pq o p PM 

equals — under all drcumstanoee, and therefore in the limit ; 

so that what we have to prove will be done if we can show that 

theliniitof — ^ equals that of ^, i.e. equals that of — -^+— , 

PM PK PHPM 

or, in other words, we have to show that the liniit 0[ — is 

PM 

zero. BatQT . Tg'sPT* (Euol.36 — in.) 

,qTPT PT PT o^ 

.*.=— ^ — ■ — ^ — • Bee. AOP. 

PK TJ PM TJ 

Now tlie limit of p t is zero, while that of T<f is rp, conse- 
quently in the limit the right-hand side <tf this equation equals 

zero, and th^:efoie the limit of — =0. The reader is reqneeted 

to remark particularly, that not only does q t vanish in the limit,, 
for so also do q M and pq, but that in the limit it vanishes in 
cfm^pariaon with tkem. Etence, if we are reasoning upon the 
relations that exist between the limite of the ratios of the sides 
rf p Q M, we may substitute for them tlioee <rf p T m, or vice ver»&, 
the two being ultimately equal. This is done in Prop. 29. 

3. Qttamiities of the second and higher orders. — Suppose 
tberearequantitiesa;, y, 2, Ae.;BUch that ysmai^.^sna^, Ac., 
then p, z, &C., are said to be of the second, third, ix., orders, x 
htang of the first order. If we have quantities, at,, 3;i,&c., which 
are severally equal iopx,qx, &o,, p, q, &&, bdug finite quan- 
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titiee, x,,Xi, &o., are said to be of the fiist ord^. Thus in fig. 
184, pb, PT, HT, are of the firet order, while qt being equal to 
PT*-f-T$ is of the second order. 
. Now, sappose we hare tm equation of the fbUowing kind : — 

PiB+P, a:i+qy=0 (1) 

and snppose we wish to obtain the relation existing between p, 
P], and Q (which are finite quantities) when x becomes in- 
definitely smalL The equaticm ia plainly equivalent to 

p+pp,+<ima!=0 
whidi whffli X ia indefinitely small heocaaea 

F+pp,=0 (2) 

It is io many oaan oonvenioit to keep the ultimate raluee of 
the quantities a and a:i in the equation instead c£ the limit of 
their ratio (p). In this case (1) must be written 

px+p,a:,=0 (3) 

It is plain that (3) is equivalent to (2), and thus we obtain the 
rule that when an equation conaiate of the sum of qnantatiee of 
the first, and of higher orders, it is reduced to its ultimate form 
by strildng oat all termB but those of the first order. The 
following are some of the cases in which this mode c£ reasoning 
has been employed : — 

(a) In the ' equation of virtual velocities ' (p. 202), if any 
one of the quantities (e.g. p^) is of the second order the term iu 
which it appears is struck out of the equation. 

(b) In the lemma on p. 205, let a x be denoted by a, and 
A Y by 6, so that cob A o T equals 1 —J 0*+ . . ., then we have 

xm— An=AZ— AXCOS AOXss^CCO* 

consequently 



unless they are of the second order. 

(c) In Prop. 29, it is assumed that the particle deecribefl the 

arc p Q with a ve'ocity that is ultimately uniform. This cin 
be proved as follows :— 



Let 7 Jenofce the velocity of the particle at p, a the arc p q, 
/ the acceleration of the velocity of the particle nhen at F, Then 
(Prop. 24) 



the ultimate form of this equation Is 
H=v.a( 



r ultimately. 
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